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ABSTRACT

Code_Saturne solves the Navier-Stokes equations for 2D, 2D axisymmetric, or 3D, steady or unsteady,
laminar or turbulent, incompressible or dilatable flows, with or without heat transfer, and with possible
scalar fluctuations. The code also includes a Lagrangian module, a semi-transparent radiation module,
a gas combustion module, a coal combustion module, an electric module (Joule effect and electric
arc) and a compressible module. In the present document, the ”gas combustion”, ”coal combustion”,
7electric” and ”compressible” capabilities of the code will be referred to as ”particular physics”. The
code uses a finite volume discretization. A wide range of unstructured meshes, either hybrid (containing

elements of different types) and/or non-conform, can be used.

This document constitutes the theory guide associated with the kernel of Code_Saturne. The system
of equations considered consists of the Navier-Stokes equations, with turbulence and passive scalars.
Firstly, the continuous equations for mass, momentum, turbulence and passive scalars are presented.
Secondly, information related to the time scheme is supplied. Thirdly, the spatial discretisation is
detailed: it is based on a co-located® finite volume scheme for unstructured meshes. Fourthly, the
different source terms are described. Fithly, boundary conditions are detailed. And finally, some
algebrae such as how to solve a non-linear convection diffusion equation and some linear algebrae
algorithms are presented.

In a seconde part, advanced modellings such as Combustion, electric and compressible flows are pre-
sented with their particular treatments.

To make the documentation suitable to the developers’ needs, the appendix has been organized into
sub-sections corresponding to the major steps of the algorithm and to some important subroutines of
the code.

During the development process of the code, the documentation is naturally updated as and when
required by the evolution of the source code itself. Suggestions for improvement are more than
welcome. In particular, it will be necessary to deal with some transverse subjects (such as parallelism,
periodicity) which were voluntarily left out of the first versions, to focus on the algorithms and their
implementation.

To make it easier for the developers to keep the documentation up to date during the development
process, the choice is made to not base this document on the implementation (except in the appendix)
but to keep as much as possible a general formulation. For developers who are interested in the way
theory is implemented, please refer to the doxygen documentation. A special effort will be made to
link this theory guide to the doxygen documentation.

Code_Saturne is free software; you can redistribute it and/or modify it under the terms of the GNU
General Public License as published by the Free Software Foundation; either version 2 of the License,
or (at your option) any later version. Code_Saturne is distributed in the hope that it will be useful,
but WITHOUT ANY WARRANTY; without even the implied warranty of MERCHANTABILITY or
FITNESS FOR A PARTICULAR PURPOSE. See the GNU General Public License for more details.

LAll the variables are located at the centres of the cells.
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Nomenclature

Greek symbols
aq mass fraction of the continuous phase

o ;  mass fraction of the particle class ¢

£ turbulent kinetic energy dissipation tensor
€ turbulent kinetic energy dissipation

r mass source term

" dynamic viscosity

1 dynamic molecular viscosity

Q; the cell ¢

|2;]  volume of the cell 4

() pressure-velocity correlation tensor

P density field

Pm bulk density

a total stress tensor
T viscous stress tensor, which is the deviatoric part of the stress tensor
Operators

(i)D deviatoric part of a tensor

double dot product

s .
(L) symmetric part of a tensor

tr (:) trace of a tensor
Roman symbols
turbulent kinetic energy buoyancy term

turbulent buoyancy term for dissipation

o Q4 O
™

turbulent buoyancy production tensor

constant of the standard & — & model

R

constant of the standard & — & model

-1 -1

kg/m?

Pa

kgm~t.s73

kg.m~t.s73
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C., constant of the standard k£ — € model depending on the buoyancy term

Cu eddy viscosity constant

f interior or boundary cell face

Fi group of all faces of the cell 7

F center of the face f;; between cells ¢ and j

H,,  bulk enthalpy J/kg

I centre of €;

k turbulent kinetic energy m2.s72

K tensor of the velocity head loss st

P pressure field Pa

Py, average of the pressure field on the interface between the neighbouring cells i and j Pa

P, pressure of the bulk Pa

P turbulent kinetic energy production kg.m~t.s73

P turbulent production tensor kg.m=1.s73

R;; componant ¢j of the Reynolds stress tensor m2.s72

T velocity density correlation vector p’u/, generally modelled by a Generalized Gradient Diffusion
Hypothesis (GGDH): 2L R . Vp

R Reynolds stress tensor m2.s72

Sy, outward normal vector of the face f of the cell 4, normalized by the surface |S|

é strain rate tensor 571

ST.  additional turbulent dissipation source term kgm~t.s™?

STy,  additional turbulent kinetic energy source term kg.m~t.s3

ST,  explicit additional momentum source terms kg.m™2.s72

t time [s]

U, bulk velocity m/s

u velocity field m.s

1 mass fraction of continuous phase

To mass fraction of the particle phase

22, mass fraction of the particle class i
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Disclaimer

Code_Saturne is free software; you can redistribute it and/or modify it under the terms of the GNU
General Public License as published by the Free Software Foundation; either version 2 of the License,
or (at your option) any later version.

Code_Saturne is distributed in the hope that it will be useful, but WITHOUT ANY WARRANTY;
without even the implied warranty of MERCHANTABILITY or FITNESS FOR A PARTICULAR
PURPOSE. See the GNU General Public License for more details."

1.1 Aims of the document

This chapter constitutes an introduction to the theory guide associated with the kernel of Code_Saturne.
The system of equations considered consists of the Navier-Stokes equations, with turbulence and pas-
sive scalars. Firstly, the continuous equations for mass, momentum, turbulence and passive scalars
are presented. Secondly, information related to the time scheme is supplied. Thirdly, the spatial
discretisation is detailed: it is based on a co-located? finite volume scheme for unstructured meshes.
Fourthly, the different source terms are described. Fifthly, boundary conditions are detailed. And
finally, some algebrae such as how to solve a non-linear convection diffusion equation and some linear
algebrae algorithms are presented.

In a second part, advanced modellings are presented with their particular treatments.

To make the documentation suitable to the developers’ needs, the appendix has been organized into
sub-sections corresponding to the major steps of the algorithm and to some important subroutines of
the code.

During the development process of the code, the documentation is naturally updated as and when
required by the evolution of the source code itself. Suggestions for improvement are more than
welcome. In particular, it will be necessary to deal with some transverse subjects (such as parallelism,
periodicity) which were voluntarily left out of the first versions, to focus on the algorithms and their
implementation.

To make it easier for the developers to keep the documentation up to date during the development
process, the choice is made not to base this document on the implementation (except in the appendix)
but to keep as much as possible a general formulation. For developers who are interested in the way
theory is implemented, please refer to the doxygen documentation (see local html documentation). A
special effort will be made to link this theory guide to the doxygen documentation.

You should have received a copy of the GNU General Public License along with Code_Saturne; if not, write to the
Free Software Foundation, Inc., 51 Franklin St, Fifth Floor, Boston, MA 02110-1301 USA
2All the variables are located at the centres of the cells.
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Generic solver capabilities
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2.1 Continuous mass and momentum equations

This section presents the continuous equations. It is no substitute for the specific sub-sections of this
documentation: the purpose here is mainly to provide an overview before more detailed reading.

Balance methodology: The continuous equations can be obtained applying budget on the mass,
momentum, or again on mass of a scalar. A useful theorem, the so-called Leibniz theorem, states that
the variation of the integral of a given field A over a moving domain € reads:

d 0A
— . 1.2.1
" (/Q AdQ> T dQ + - Av - dS, ( )

where v is the velocity of the boundary of 2 and 0f? is the boundary of € with a outward surface
element dS.

2.1.1 Laminar flows

Mass equation: Let now apply (I.2.1) to a fluid volume!, so 9Q moves with the fluid velocity
denoted by u, and to the field A = p, where p denotes the density:

(i(/ de) = %dﬂ+/ pu- dS,
Q Q o2 (1.2.2)

[ (%) a0,

d
the second line is obtained using Green relation. In (I1.2.2), the term X (fQ de) is zero because?

it is the variation of the mass of a fluid volume. This equality is true for any fluid volume, so if the
density field and the velocity field are sufficiently regular then the continuity equation holds:

0

a—? + div (pu) = 0. (1.2.3)
Equation (I1.2.3) could be slightly generalized to cases where a mass source term I' exists:

0

8—? +div (pu) =T, (1.2.4)

but I' is generally taken to 0.

Momentum equation: The same procedure on the momentum gives:

jt( /Q pucm) _ /Q m;ﬁdm /8 _u® (pu)-ds. .

/ 9(pu) +div (u® pu)dQ,
Q

ot

once again, the Green relation has been used to obtain the second line. One then invokes Newton’s
second law stating that the variation of momentum is equal to the external forces:

d
(/pudﬁ) = / g-dsS + /pgdﬂ ,
dt \ /o o9~ o
boundary force volume force (126)

= [ div () +pgd®,
Q

LA fluid volume consists of fluid particles, that is to say it moves with the fluid velocity.
2it can be non-zero in some rare cases when fluid is created by a chemical reaction for instance.
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where ¢ is the Cauchy stress tensor?, g is the gravity field. Other source of momentum can be added
in particular case, such as head losses or Coriolis forces for instance.

Finally, bringing (1.2.5) and (1.2.6) all together the momentum equation is obtained:

0 . . ;
57 (Pw) + div (w® pu) = div () + pg + ST, — pKu+Tu'™, (I.2.7)
where ST, and pK u stand for an additional momentum Source Terms (head loss, treated as implicit
by default) which may be prescribed by the user (head loss, I'u" contribution associated with a
user-prescribed mass source term...). Note that K is a symmetric positive tensor, by definition , so
that its contribution to the kinetic energy balance is negative.

In order to make the set of Equations (I.2.4) and (1.2.7) closed, the Newtonian state law linking the
deviatoric part of the stress tensor g to the velocity field (more precisely to the rate of strain tensor
S) is introduced:

2
7 =2uS" =2uS — st (9) L, (1.2.8)

where p1 = py is called the dynamic molecular viscosity, whereas 7 is the viscous stress tensor and the
pressure field are defined as:

1
P = —tr (g) ,
3= (1.2.9)
g = z-P1
and S , the strain rate tensor, as:
1
S=5Nu+ vu'). (1.2.10)

Note that a fluid for which (I1.2.8) holds, is called a Newtonian fluid, it is generally the case for water
or air, but not the case for a paint because the stresses do not depend linearly on the strain rate.

Navier-Stokes equations: Injecting Equation (I.2.8) into the momentum Equation (I.2.7) and
combining it with the continuity Equation (I.2.4) give the Navier-Stokes equations:

% +div (pu) = T,
0 2 .
HlPw) +div (u®pu) = -VP+dv (u [VquVuT - 3tr (Yo IdD +pg+ ST, — pKu+Tu™,

(1.2.11)

The left hand side of the momentum part of Equation (I.2.11) can be rewritten using the continuity
Equation (I1.2.4):

O pu) +div (@opw) = p 2+ Ly tdiv (o) ut Y- (puw). (1.2.12)
[T —div (pu)]u convection

Then the Navier-Stokes equations read in non-conservative form:
- Tdiv (pu) = T,

2 ,
St Vu- () = -VP+div (u {VquVuT—gtr (VU)IdD +pg+ ST, — pKu+T (u' —u),

(1.2.13)
This formulation will be used in the following. Note that the convective term is nothing else but
Vu-(pu) = div (u® pu) — div (pu) u, this relationship should be conserved by the space-discretized
scheme (see Chapter 4).

3g - dS represents the forces exerted on the surface element d.S by the exterior of the domain Q.
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2.1.2 Turbulent flows with a Reynolds-Averaged Navier-Stokes ap-
proach (RANS):

When the flow becomes turbulent, the RANS approach is to consider the velocity field u as stochastic
and then splat into a mean field denoted by @ and a fluctuating field v’

u=u+u. (1.2.14)

The Reynolds average operator (-) is applied to Navier-Stokes Equation (1.2.11):

dp
il 3 77 =T
5 +div (pT) :
m — 2
p% +Vu-(pm) = -VP+div (u {Vu+VuT - 3tr (Y2) IdD +pg —div (pB)  (1.2.15)

+ ST,—-pKu+T (@" -u),

Only the mean fields @ and P are computed. An additional term R appears in the Reynolds Equations
(I.2.15) which is by definition the covariance tensor of the fluctuating velocity field and called the
Reynolds stress tensor:

R=v®u. (1.2.16)

the latter requires a closure modelling which depends on the turbulence model adopted. Two major
types of modelling exist:

i/ Eddy Viscosity Models (EVM) which assume that the Reynolds stress tensor is aligned with the
strain rate tensor of the mean flow (S =1 (Vu+ Vu”)):

2 _
pR = Spkl- 2urS" (1.2.17)

where the turbulent kinetic energy k is defined by:

k=gir(B), (1.2.18)

and pr is called the dynamic turbulent viscosity and must be modelled. Note that the viscous
part ,uTSD of the Reynolds stresses is simply added to the viscous part of the stress tensor ,ulSD
so that the momentum equation for the mean velocity is similar to the one of a laminar flow
with a variable viscosity p = w; + pr. Five EVM are available in Code_Saturne: k —e, k — ¢
with Linear Production (LP), k — w SST, Spalart Allmaras, and an Elliptic Blending model
(EB-EVM) Bl —v? — k ([BL12]).

ii/ Differential Reynolds Stress Models (DRSM ) which solve a transport equation on the components
of the Reynolds stress tensor R during the simulation, and are readily available for the momentum
equation (1.2.15). Three DRSM models are available in Code_Saturne: R;; — € proposed by
Launder Reece and Rodi (LRR) in [LRRT75], R;; — ¢ proposed by Speziale, Sarkar and Gatski
(SSG) in [SSGI1] and an Elliptic Blending version EB-RSM (see [MHO02]).

2.1.3 Large Eddy Simulation (LES):

The LES approach consists in spatially filtering the u field using an operator denoted by (-). Applying
the latter filter to the Navier-Stokes Equations (I1.2.22) gives:

@ yaiv (o) = T,
4V (o) = -VP+div (28 ) +pg—div (o @)+ ST, — pKu+T (7" ),
(1.2.19)
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where v’ are non-filtered fluctuations. An eddy viscosity hypothesis is made on the additional resulting
tensor:

2 P
pu' @ u = pkld—2urS (1.2.20)

where the above turbulent viscosity pr now accounts only for sub-grid effects.

2.1.4 Formulation for laminar, RANS or LES calculation:

For the sake of simplicity, in all cases, the computed velocity field will be denoted by w even if it is
about RANS velocity field @ or LES velocity field u.

Moreover, a manipulation on the right hand side of the momentum is performed to change the meaning

of the pressure field. let P* be the dynamic pressure field defined by:

2
P* =P —pog-z+ gpk‘, (I.2.21)

where pg is a reference constant density field. Then the continuity and the momentum equations read:

0
a—[t) +div (pu) = T,
p% +Vu-(pu) = —VP*+div (2(w +pr)SP) —div (pR” +2urS”) + (p— po) g
+ ST, —pKu+T (u™ —u).
(1.2.22)
2.2 Thermal equations
2.2.1 Energy equation
The energy equation reads:
p% = —div (¢") + ¢ — Pdiv (u) + pS?, (1.2.23)

"

where e is the specific internal energy, ¢ !

is the heat flux vector, ¢”’ is the dissipation rate or rate of

internal heat generation and S? is scalar strain rate defined by

5% =287 5", (1.2.24)

The Fourier law of heat conduction gives:

¢’ = —\VT, (1.2.25)

where A is the thermal conductivity and 7T is the temperature field.

2.2.2 Enthalpy equation
Thermodynamics definition of enthalpy gives:

1
h=etlp (1.2.26)
p

d
Applying the Lagrangian derivative X to h:

dh de 1dP Pdp
—=—t - == 1.2.2
dt  dt + pdt p2dt’ ( 7
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then
dh _ : " : 2 dpP i dp
i div (A\VT) + ¢"" — Pdivu + pS* + FTERTE
dp d
= div (AVT) +¢"" + puS? + T % d—/t) + pdivu |, (1.2.28)
=0
dp
= div (A\VT) + ¢"" + pS? + TR

To express (1.2.28) only in terms of h and not T, some thermodynamics relationships can be used. For
a pure substance, Maxwell’s relations give:

dh = C,dT + % (1 - BT)dP, (1.2.29)
where [ is the thermal expansion coefficient defined by:
5= _% % - (1.2.30)
The equation (I.2.28) then becomes:
p% = div (CA,, (Vh 1 _p'BTVP>> +q" + puS* + %1;. (1.2.31)

Remark 2.1 Note that for incompressible flows, BT is negligible compared to 1. Moreover, for ideal
gas, B =1/T so the following relationship holds:

dh = C,dT. (1.2.32)

2.2.3 Temperature equation

In order to rearrange the enthalpy Equation (I.2.28) in terms of temperature (1.2.29) is used:

Os| __oQ/p)| _ 1 0p| _ B (1.2.33)
OP | or |p p* OT|p p’ o
and also: \ ) T
. (Vh _1=5 VP) = \VT, (1.2.34)
Cp P
and Equation (1.2.31) becomes:
dr dpP
pCpgp = div (A\VT) + BT+ q" + pS?. (1.2.35)
The Eq. (1.2.35) can be reduced using some hypothesis, for example:
- . 1 .
e If the fluid is an ideal gas, § = T and it becomes:
dr dpP
pCp gy = div (\VT) + -+ q" + pS?. (1.2.36)

o If the fluid is incompressible, 8 = 0, ¢ = 0 and we generally neglect ;52 so that it becomes:

dT
pC.

by = div (AYT). (1.2.37)
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2.3 Equations for scalars

Two types of transport equations are considered:

i/ convection of a scalar with additional source terms:

9(pa) +div (apu) —div (KVa) = ST, + T a"", (1.2.38)
ot N— e N——

advection diffusion

ii/ convection of the variance a”“ with additional source terms:

o <p a72> /&2/ /\/2 /xiin
5 + div (a” pg) —div (K Va’ ) = ST(:,,V2 + I'a”
advection diffusion (1239)
Mt o2 PE "2
2t (va)? - LS o
+ Ot (701) Rfk? @

production and dissipation

The two previous equations can be unified formally as:

9(pY)

—5 T div (puY) —div (KVY) = STy + Y™ + Py — ey (1.2.40)
with:
0 forY =a,
PY — €Y = c o o (I.241)
25—2(2&')2 - g—fk a’? forY =a"?

STy represents the additional source terms that may be prescribed by the user.

2.3.1 Equations for scalars with a drift
The Diffusion-Inertia model is available in Code_Saturne; it aims at modelling aerosol transport, and

was originally proposed by Zaichik et al. [ZSSA04]. Details on the theoretical work and implementation
of the model in the framework of Code_Saturne can be found in technical note H-181-2013-02277-EN.

Aerosol transport numerical model
The so-called diffusion-inertia model has been first proposed by Zaichik et al. [ZSSA04]. It is based on
the principle that the main characteristics of the aerosol transport in turbulent flows can be described

by solving a single transport equation on the particle mass concentration, which reads (using the
notations of P. Nérisson [Ner09]):

oc 9 U oUL\ 0 Q .
ey i i — — —— | — =— | Dv0; —D; = (I.2.42
8t+8mi<{Uf’+Tpg TP< ot T Uk 8xk> axk( Wi+ P )| C) = (12:42)

0 oC
oz, ((Db5ik + Dzik) 3%)

In this equation:

e (' represents the particle mass concentration;
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Uy, is the ¢ component of the fluid velocity;

Tp is the particle relaxation time;

g; is the i component of the gravity acceleration;

D, and DZ; are respectively the coefficient of Brownian diffusion and the tensor of turbulent
diffusivity.

A physical interpretation of the different terms involved in the transport equation of the aerosols
follows:

e 7,9; represents the transport due to gravity;

Uy, Uy,
o —7, a{’l +Us 3 f’l) represents the deviation of the aerosol trajectory with respect to the
T,
fluid (zero-inertia) particle due to particle inertia (which may be loosely referred to as “centrifu-
gal” effect);
0
° 8—Db5ik is the transport of particles due to the gradient of temperature (the so-called ther-
Ty
mophoresis);

0 Q
° 3 (MDsz) is the transport of particles due to the gradient of kinetic energy (the so-called
X

“turbophoresis”, or “turbophoretic effect”).

If the particulate Reynolds number is sufficiently small, the particle relaxation time 7, can be defined
as

_ oy
 18uy
with p, the particle density, p¢ the fluid dynamic viscosity and d, the particle diameter. It should be
underlined that to take advantage of the classical transport equation of the species in Code_Saturne,
Eq. (I1.2.42) is reformulated by considering the variable Y = C/p; (with py considered as a good
enough approximation of the density of the particle-laden flow) and actually solving an equation on
this variable. With a vectorial notation, this equation reads®:

™ (1.2.43)

Y
Por +div ([puy]Y) — div (puy ) Y + div (puy — pu) Y = div ({pr; + pgﬂ ZY) (1.2.44)

where the additional convective flux is:

du . Q
(puy — pu) = Tppg — Tpp-gy — div <pr1 + lerQD;> (1.2.45)

Brownian diffusion
Let us detail Eq. (1.2.42) in case all terms are canceled except the diffusion one:

p% = div ([pr; + pgﬂ yY) (1.2.46)

The coefficient Dy, is theoretically given by the Stokes-Einstein relation:

T
D, = 8

=2 (1.2.47)
6mpy =5

with kp the Boltzmann constant equal to 1.38 x 10723 J K1

4This equation is not exact. In the second member, density has been extracted from the gradient operator, and in the
additional convective flux density was integrated inside the divergent operator, for compatibility reason with Code_Saturne
construction. These approximations do not have major impact.
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Sedimentation terms

Let us now focus on the term simulating transport by the gravity acceleration, in case all terms that
model particle transport and diffusion are set to zero except gravity and the fluid velocity, the scalar
speed uy reduces to:

pUy = pu + Tpg (1.2.48)

Turbophoretic transport

Cancelling all but turbophoresis transport terms (no gravity, no turbulent diffusion, etc.), the scalar
associated velocity uy- becomes:

0
puy = pu — div (meZ) (1.2.49)

Turbophoresis should move the particles from the zones with higher turbulent kinetic energy to the
lower one. The fluid turbulent diffusion tensor can be expressed as:

D =rr{u ®u) (1.2.50)

With a Eddy Viscosity turbulence Model (EVM), one has

2
(W' ©u) = kL —vrS (1.2.51)
Also, for the k — £ model:
3C.k
== 1.2.52
i 2 ar € ( )

where C), = 0.09 is a constant and o7 the turbulent Schmidt, and © is defined by:

Q=-* (1.2.53)

3C, k
: T _ _ [k
with Tfp =T = 570 g




Chapter 3

Time stepping
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3.1 Time discretisation of a transport equation
At first, the physical properties of the flow are computed (density, viscosity, specific heat etc.): indeed,
they may depend upon the variables (such as the temperature for example).
The time scheme is a #-scheme:
# =1 for an implicit first order Euler scheme,

(1.3.1)

0= % for second order Crank-Nicolson scheme.

For the second order scheme, the time step is assumed to be constant.

If required, the equations for the turbulent variables are solved (turbulent kinetic energy and dissipation
or Reynolds stresses and dissipation), using a #-scheme again. For the k — & model, an additional step
is carried out to couple the source terms. For the Reynolds stress model, the variables (turbulent
stresses and dissipation) are solved sequentially, without coupling.

Next, the equations for the scalars (enthalpy, temperature, tracers, concentrations, mass fractions...)
are solved, also with a 6-scheme.

Finally, all the variables are updated and another time step may start.

The general equation for advection (valid for the velocity components, the turbulent variables and the
scalars) is re-written as follows in a condensed form; the mass equation (% +div (pu) =T see Equation
(I.2.4)) has been used to split the time derivative:

pait” + YV - (pu) — div (KVY) = 8; (@, 9) Y + 8¢ (D,0) + T (Y™ ~Y). (13.2)

In Equation (1.3.2), ® represents the physical properties such as (p, K, yit, -..),  represents the variables

of the problem such as (u,k,¢,...), S; (®, )Y is the linear part of the source terms and S, (P, ¢)
includes all other source terms.

Therefore, four different time steppings are used, they all define the time at which the quantities are
evaluated:

i/ 0 is the time stepping applied to the variable Y™+ = gy"*! 4 (1 —9) Y™,
ii/ 4 is the time stepping applied to the physical properties,
ili/ O is the time stepping applied to the mass flux,

iv/ g is the time stepping applied to the source terms,

If = 1/2, or if an extrapolation is used, the time step At is constant in time and uniform in space.

3.1.1 Physical properties ¢

The physical properties of the flow (density, viscosity, specific heat...) are:

e either explicit, defined at the time step n.

e or extrapolated at n + fg using the Adam-Bashforth time scheme (in this case, the time step is
assumed to be constant).

Under a more general form, this reads:

(I)n-‘ra(p = (1 + 9@) on — 9<I> (I)"_1’ (133)
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03 =0 standard explicit formulation,
fs = 1/2 second order extrapolation at n + 1/2, (1.3.4)
e =1 first order extrapolation at n + 1.

3.1.2 Mass flux

For the mass flux, three time schemes are available. The mass flux may be:

e explicit, taken at time step n for the momentum equations and updated with its value at time
step n + 1 for the equations for turbulence and scalars (standard scheme).

e explicit, taken at time step n for the momentum equations and also for the equations for turbu-
lence and scalars.

e taken at n + 6 (second order if 8 = 1/2). To solve the momentum equations, (py)"fereF

and (pu)" 10"

extrapolation:

are known. Hence, the value at n + 0 is obtained as a result of the following

(pw)™ 0 =2 (pu)" O — (pu)" PO (1.3.5)

At the end of this phase (after the pressure correction step), (p g)"“ is known and the following
interpolation is used to determine the mass flux at n + 6 that will be adopted for the equations
for turbulence and scalars:

1 1-46
n+0p n+1 F n—1+0g

See the programmers reference of the dedicated subroutine for further details on the computation of
the mass flux.

3.1.3 Source terms

As for the physical properties, the explicit source terms are:

e explicit:
[Se (@, )]" = S, (@™, o), (1.3.7)

e extrapolated at n + fg using the Adams-Bashforth scheme:

[Se (@, )" % = (14 6s) Se (2", ") — s Se ("1, ") (13.8)

By default, to be consistent and preserve the order of convergence in time, the implicit source terms are
discretized with the same scheme as that is used for convection-diffusion of the unknown considered,
i.e. taken at n 4+ 6:

[Si (@, ) Y™ = §;(@m+0+ o) [y 4+ (1—0)Y™] . (1.3.9)

Remark 3.1 The implicit source terms taken also at n+ 6 for 0s # 0, while for s = 0, the implicit
source terms are taken at n+ 1 , this to enhance stability.
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3.1.4 General time discretized form

For the sake of clarity, it is assumed hereafter that, unless otherwise explicitly stated, the mass flux
is taken at n 4 fr and the physical properties are taken at n 4 0¢, with 8 and 63 dependent upon
the specific schemes selected for the mass flux and the physical properties respectively and all s are
denoted by 6.

Under a general form, the discrete counterpart of Equation (I1.3.2) at n + 6 reads:

A% (Y™ —y™) 4 VY™ (pu) — div (KVY™) = [S;(D, 9)Y]" ™ + [S.(@, )], (1.3.10)

Using the standard #-scheme Y ¢ = gY"*! + (1 — ) Y™, the equation reads:

é (Y —y™) 40 [VY™ T (pu) — div (KVY™" ] == (1-0) [VY™ - (pu) — div (KVY™)]
+5; (@, ™) [Y™H 4 (1= 0) Y] + [Se(®, )" 7.
(1.3.11)

For numerical reasons, the system is solved in an iterative and incremental manner, with the help of
the series 5Yk":11 = Yknjll — Y"1 (with, by definition, Y7 = Y™). More theoretical details of such
an iterative process are given in §6.1.

3.2 Pressure-based velocity-pressure solver

The aim of this section is to describe how Navier Stokes equations are solved for an incompressible or
weakly compressible (dilatable or Low Mach algorithm) combined with an implicit Euler time stepping
or a second order Crank Nicolson time stepping.

The set of equations to be solved is

P22 4 T (pu) = div (o) — div (pR) + ST, — Ku+ pg +T (™ —u) |

8@t = = = = - (1.3.12)
P

- =T

5 Tdiv (o) =T,

where p is the density field, u is the velocity field to be solved, [ ST, — K u+pg | are sources terms (note
that K is expected to be a positive definite tensor), g is the stress tensor, composed of the viscous
tensor 7 and of the pressure field as follows

¢ = 1-PL,
T = 2uS+<m§u>tr(S)1, (1.3.13)
s = 5 (Tu+ )

where p is the dynamic molecular viscosity, x the volume viscosity (also called the second viscosity,
usually neglected in the code, excepted for compressible flows). S is called the strain rate and I" is an
eventual mass source term.

3.2.1 Segregated solver: SIMPLEC

A fractional step scheme is used to solve the mass and momentum equations (see Chorin [Cho68]).

The first step (predictor step) provides predicted velocity components: they are determined in a
coupled way solving a 3N X 3N system. The mass equation is taken into account during the
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second step (corrector step): a pressure Poisson equation is solved and the mass fluxes at the cell faces
are updated.

See the programmers reference of the dedicated subroutine for further details on the SIMPLEC solver.

Prediction step

In this section, a predicted velocity field @ is obtained by solving the momentum equation of (1.3.12)

u—u" ~n . ~n ~n T 2 ~n
Sy, tYE () = div |:(,Uz+ﬂt) (Vu oy (ly +9) — 5t (ly +9))]

convection

p

viscous term

— V[(P*)"] —div (pR"” +2urS”) + (p— po) g (1.3.14)

+ T(w"-u) — pKu +ST;+ST"™a
= p——

Mass source term  Head loss user source terms

For more details, see § M and N. The programmers reference of the dedicated subroutine can also be
helpful.

Correction step

The predicted velocity has a priori non-zero divergence. The second step corrects the pressure by
imposing the nullity! of the stationary constraint for the velocity computed at time instant t"+!. We
then solve:

(pu)"** — (pw)"*!

= —vépnt?
At - ’ (1.3.15)
div (pu)"*t =T,
where the pressure increment P is defined as:
§pntl = pnto _ pn-ito, (1.3.16)

Remark 3.2 The p and p quantities remain constant over the course of both steps. If there has been
any variation in the interval, their values will be modified at the start of the next time step, after the
scalars (temperature, mass fraction,...) have been updated.

For more details, see § M and O. The programmers reference of the dedicated subroutine can also be
helpful.

3.2.2 Variable density conservative solvers

Some flows such as those encountered in fire are natively unsteady. In addition, density varies with
mixture and temperature. Thus, the temporal variation of density in Navier-Stokes equation has to
be considered to get unsteady phenomena such as flame puffings. The SIMPLEC algorithm detailed
before rewrites for a variable density field:

e the prediction step solves the momentum equation with an explicit pressure:

ny __ n—1,n
% +div [T ® (pu)"] = —Vp" + divF + p"g. (1.3.17)

Lor the density time-variation is the corresponding algorithm is chosen.
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e the correction step computes the pressure increment dp"+t! = p"*t1 — p” used to correct the
velocity respecting mass balance equation:

nun+1 _ nay

P P gt
. At (1.3.18)
Pt —p" : nt1
AT + div (pu) =T
Combining the two equations of (I.3.18) leads to a Poisson equation on the pressure increment:
pn _ pn—l
div (—AtVop™t) =T — Qv (pu) (1.3.19)

3.2.3 Variable density semi-analytical solvers for fire modelling

The algorithm detailed in this section is not conservative, and is based on the state law for density.
The idea is to use an analytical expression for the total derivative of density, expressed in terms of the
solved variables involved in the state law and the total derivatives of these scalars, which are derived

dY
from their non conservative balance equations (pa =div (KVY) + Sy):
1dp 1= 9p dY,

N

1 Z dp

;E - ; ai}/pg == 7 7 le KVY ) + SYP] . (1320)
p:l :

These scalars have to be independent to avoid counting several times their effect on the mass accu-
mulation. One has also to bear in mind that the total derivatives are dependent of the state law for
density.

Therefore, the correction system (1.3.18) written in a non conservative form reads:

()" = (P) _  5ntn

W At (1.3.21)
& + div (pu)n+1 _ gn-i-l .Vp" =T,
and leads to a new equation for the pressure increment:
dp ~ .
a + div (pu) + div (—AtVep" ) —u" TVt =T (1.3.22)

Using the expression for the corrected velocity:

At

u't =g - —=vp"th (1.3.23)
pr
in equation (I.3.22) leads to:
At n n+1 : n+1 ~ d
p—an -Vop"tt — div (AtVop" ) =T+ u- Vp" — E — div (pu). (I.3.24)
Using some relationships between differential operators one obtains:
At At At
—Vp" - Vop"Tt = div <Vp"5p”+1> — op"Tldiv (Vp”), (1.3.25)
p" p p"
leads to a steady convection diffusion equation for the pressure increment:
At At d ~
div (wVpnép"H) —div (anp") Spntt —div (Atydp”'H) =I- d—': — pdiva (1.3.26)
—_———

- diffusion
convection

This equation is solved in two steps with dp = dp; + dpa to split it into a pure diffusive step (which is
the only remaining step when the density is constant) and a convective/diffusive step:
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1. the first step solves the following equation which is closed to the equation solved in the standard
algorithm,
d -
— div (AtVSpyt) =T — d—f — prdiv (1.3.27)

2. the second step solves the following steady convection diffusion equation (see §6.1):

At ) At /
—div (ﬂp“) op T+ div (nw”ép;“) — div (Atvops ™) =
’ Atp At (1.3.28)
div (p,ﬂp”) op Tt — div (anp”(Sp’fH)




Chapter 4

Space discretization
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4.1 Introduction
4.1.1 Definition and notations

Within the framework of the finite volume approach, the equations are integrated over each cell of
the mesh (or control volume ;). This section is limited to a brief description of the way 0!"-order,
convection, diffusion and gradient terms appearing in the equations are integrated using the budget
methodology. Specific attention is devoted to the calculation of gradients, since it is a major charac-
teristic of the co-located finite volume method (all the variables are associated with the same point,
namely the cell centre!).

Let Ngey; be the number of cells, then each discretized field Y has N.¢;; degrees of freedom, which are

denoted by Y;, i € [1, -+, Neey] given by definition by:
1
Y, = / YdqQ. 1.4.1)
ol Jo, (

As each discretized field Y is supposed to be linear in every single cell, Y; can be identified by the
value of the field in I, the cell center of €;:

Y, =Y, (1.4.2)

0'-order terms: Then, terms of order 0 (i.e. terms that are not space derivatives) are integrated
to introduce their average over the cell. For example, pg becomes [Q;| p;g. In this expression, |€2;| is
the measure of cell volume €; and p; denotes the average of p over the control volume (the cell) £,

applying (1.4.1).

Divergence operator—conservative gradient terms: The divergence terms (or fluz terms, or
again conservative terms) are integrated using the Green relation to introduce cell faces values so that
fluxes appear naturally. For example, a term such as div (YQ becomes?

/ div (Y1)dQ = ) Y58, (1.4.3)
Q;

fEF;
In expression (1.4.3), face values of the field Y appear. They are defined as:

1
Yy = —/YdS, (1.4.4)
151y Js
so that the relationship (I.4.3) is exact. As the field Y is linear over the face f, Yy can be associated
to the face centre F":

Yp =Y. (1.4.5)

In the following sections, faces F; are usually split into two categories: the interior faces f;; € Fi™
separating two neighbouring cells i and j; and the boundary faces f, € F£**. Outward (with respect
to the cell i) normals are respectively denoted S;; and S;,, which means that S;; is oriented from i
toward j.

Then Y is expressed as an average of the degree of freedom, which are for the interface f;; the value
of Y; and Y but also the gradients in these cells. The use of gradients to reach an higher order in
space is called reconstruction in the coming sections. The detailed computation of fQi div (Y;) dQ is
given in § 4.4.1.

IThe centre of a cell is a geometric point associated with the cell and located preferably inside the cell. Nevertheless,
the word centre shall not be taken literally, especially in the case of polyhedral cells that do not have a regular shape.

2in div <Y;>, Y might be the pressure field P, this term then corresponds to the pressure gradient in the momentum

equation.
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Convection operator—mass flux terms: Let us now focus on the convective term div (Y pu). This

Y
% will be treated together. As a matter of fact, if the field Y is

transported by the convective field pu, the balance of the quantity pY over a cell ¢ is written using

Leibniz theorem as:
d opY
el Y dQ = ——dQ You-dS
de </Q g ) o, Ot * /09 P e

= / oY +div (Ypu) d€Q,
Q;

term and the unsteady term

(1.4.6)

ot
the second line is obtained using Green relation.

Moreover, the unsteady and convection terms are usually written in a non-conservative form that is
in continuous formalism:

9(pY) _ oy
En =Py + VY - (pu) +T'Y. (1.4.7)

Note that for (I1.4.7) to hold, the continuity equation (I1.2.4) must be fulfilled. If (1.4.7) is required even
for discrete volumes, the convection term must be defined as:

+div (Ypu)

VY - (pu)dQ = div (Ypu)dQ —Y; [ div (pu)dQ,
= / Ypu-dS — Yz—/ pu-dsS, (L.4.8)
= Y (Y=Y (pw);- Sy,
feF:

the second line is obtained using once again Green relation. In formula (I1.4.8), one still has to express
the face value Y; and also the value of the mass flux (pu) Iz S £t all the available convective schemes
(upwind, centred, SOLU, etc.) are presented in § 4.2. Let rhy, be the outgoing mass flux from cell ¢
through the face f:

iy, = (pu)y - Sy, (1.4.9)

note that this convective flux is naturally defined at cell faces and thus is stored over there in the code.
In the following, the convection term is denoted as follows:

/ VY - (pu) d2 = Z Cy, (my,, Y), (1.4.10)
& FEF;
where Cy, (riy,, V) is defined by:
qu‘, (mf, Y) = (Yf — K)mfl (1411)

Laplacian operator—diffusive terms: Let us discretize the diffusive term div (KVY):

/div (KYY)dQ = > EK;V;V-S;, (1.4.12)
Q; feF:

where K is the face diffusivity, and VY is the face gradient, their computation will be detailed in
§ 4.3. In the following, the diffusive term is denoted as follows:
div (KVY)dQ = Y Dy, (KfY), (1.4.13)
Q
¢ fEF;

where the diffusive flux Dy, (K;Y') over the face f is defined by:
Dfi (Kf, Y) EKfny'ﬁfi' (1.4.14)
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Note that the diffusive flux D;; (Ky,;, Y) over the interior face f;; lost by the cell i is gained by j, in
other words:
Dij (Ky,;,Y) = —Dji (K, Y). (1.4.15)

Remark 4.1 The diffusion operator can be extended to anisotropic tensor diffusivity K.

More geometrical quantities: To end up the general description of the discretized operators, let us
introduce some geometrical quantities which will be used during the approximation process of linking
face fluxes to cell centred quantities. For consistency and to reach a higher order in space, the values
of the variables at points I’ and J’ have to be used. These points are respectively the projection of the
centres I and J along the orthogonal line to the interior face f;; passing through F'. When considering
a boundary face f3, I’ is defined as the projection of I on the normal to the boundary face f3 passing
through F'. All the geometrical definitions are recalled in Figure 1.4.1. Using Taylor series from the
values at I and J and from the cell gradient in the respective cells, one can write for any field Y

Y}I

12

i+ VY- I = Y, +VY-II,
(1.4.16)

Yy o~ Yy4+VY-JI = Y+ VY L

Note that for orthogonal meshes (where I’ = I for all faces of all cells), no reconstruction (1.4.16) is
needed, and therefore the distance |II’| measures the non-orthogonality of the mesh. The computation
of V.Y is presented in § 4.4.1 and § L.

Furthermore, the intersection between IJ and the corresponding interior face f;; is denoted by O. The
distance |OF| measures the offset of the mesh.

Eventually, a weighting factor a;; is defined to measure the distance of the cell center I to the face f;;
relatively to the other cell center J:
FJ
Qi = ——.
I/J/
Note that the distances I’J’ and F'J’ are defined algebraically, that is:

(1.4.17)

I'J-s,
|S]
LJ/ : ﬁij

|S;

’
Sy4]

rJy

)

(14.18)
FJ

and are supposed to be positive if the mesh is star-shaped. Note also that o;; is oriented from ¢ to j
and
o + oy = 1. (1419)

See the programmers reference of the dedicated subroutine for more informations on the convective
and diffusive terms in Code_Saturne.

4.2 Convective term

Using the notations adopted in § 4.1.1, the explicit budget corresponding to the integration over a cell
2; of the convective part V,Y - (pu) has been written as a sum of the numerical fluxes C;; (1,5, Y)
calculated at the interior faces, and the numerical fluxes Cjp, (rhyp, Y') calculated at the boundary faces
of the computational domain Q defined by Equation (I.4.11).

Note that Cyy, (s, Y') makes appear the boundary conditions of the field Y and are described in detail
in Chapter 5. The value of Y}, is expressed as follows:

Yy = A?b + B?bY[/. (1.4.20)
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(a) Internal face (b) Boundary face

Figure 1.4.1: Sketch of geometric entities.

The value of the convective flux Cj; (m fiso Y) depends on the numerical scheme. Three different types
of convection schemes are available in Code_Saturne.

4.2.1 Upwind

For a 1%t-order upwind scheme, the convective flux reads:

C’Z;.pwind (mija Y) = (Y;ffwi"d _ Y;) i, (L.4.21)
with
ind Y; if iy > 0,
Yf'{jﬁ)“)l'ﬂ, - (1.4.22)
Y; if hy; < 0.

4.2.2 Centred

For a centred scheme, the convective flux reads:

Cemtred (g, V) = (Yot = ;) ring, (1.4.23)

with
Yﬁintred — ainI/ + (1 _ aij) YJ/. (1424)

Remark 4.2 We actually write
centire 1
Viemred — oY+ (1 — aiy) Y + 3 V)Y +V,Y]-OF, (1.4.25)

which ensures the second-order discretization in space for Y. The factor % is used for numerical
stability reasons.

4.2.3 Second Order Linear Upwind (SOLU)

For a 2"%-order linear upwind scheme, the convective flux reads:

2Extrapolation of the upwind value at the faces centre.
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CEOM {1y, V) = (YEORV = Y7 ) iy, (1.4.26)
with
Y +V,Y - IF  ifr; >0,
Yt = (1.4.27)
Y; +Y,Y - JE if g < 0.
Cg)OLU

The boundary value of is calculated as:

Yi+ VY - IE  if g 2> 0,
Yfi‘OLU _ (1.4.28)

A?b + B?bY]/ if my;, < 0.

Remark 4.3 A slope test (which may introduce non-linearities in the convection operator) allows
to switch from the centred or SOLU scheme to the first-order upwind scheme (without blending).
Additionally, the default option to deal with Yy, is computed as a weighted average between the upstream
value and the centred value (blending), according to users’ choice.

4.3 Diffusive term

Using the notations adopted in § 4.1.1, the explicit budget corresponding to the integration over a cell
Q; of the diffusive term div (KVY) has been written as a sum of the numerical fluxes D;; (Ky,;, Y)
calculated at the internal faces, and the numerical fluxes Dy, (K, , Y) calculated at the boundary faces
of the computational domain €2 defined by Equation (1.4.14).

Note that Djy, (Ky,, Y) makes appear the diffusion boundary conditions of the field ¥ and are de-
scribed in detail in Chapter 5. The value of the flux Dy, of Yy, is expressed as follows:
Dy
1S]y,

= - (af,+ Bivr). (1.4.29)
The value of the diffusive flux D;; depends on the reconstruction of the field ¥ and also on the

interpolation at the face of the diffusivity K from the cell values. Two interpolations are available:

i/ a harmonic interpolation which reads:

KK;

K Jrarmeonic = 1.4.30
T aijKi + (1 - aij) K (1430
ii/ an arithmetic interpolation which reads:
arithmetic 1
Kgrihmetic = 5 (Ki+ K;) (1.4.31)

Note that to ensure flux continuity at the internal faces f;;, one should use the harmonic mean,
whereas the arithmetic mean is set as the default option because it has been proven to be more robust
numerically.

4.3.1 Without reconstruction

For a non-reconstructed field, the diffusive flux reads:

K|S,
Dé\;Rec (Kf Y) — fij ]|
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4.3.2 Reconstructed

For a reconstructed field, the diffusive flux reads:

ec Kfz §l
Dg' (K, Y) = _I]/J/j| (Y =Yy). (1.4.33)
Remark 4.4 In fact, it is actually written that
ec Kfz j ﬁz |
Dfe Ky, Y) = ——===(Y;i-Y))
. T B (1.4.34)
fij 1245 , ,
T 3 (WY +V)Y) (L' —JJ),

which ensures the second-order discretization in space for Y. The factor % is used for mumerical
stability reasons.

4.4 Gradient calculation

The aim of the present section is to describe the algorithms available in Code_Saturne to compute
cell gradient for scalar or vector fields. The first one uses an iterative process to handle with non-
orthogonalities. It is robust but requires computational effort. The second one, the least square
method, minimizes a function. It is quick, but less accurate.

For both methods, the adaptation to gradients of vectorial fields is also presented.

Please refer to the programmers reference of the dedicated subroutine for further details.

4.4.1 Standard method: iterative process

General description

(a) Internal face (b) Boundary face
Figure 1.4.2: Sketch of geometrical quantities.

Notations of the geometrical quantities are recalled in Figure 1.4.2. To compute the cell gradient V,Y
of the scalar field Y let us start by its definition:

€| VY = / VY dQ = Yds. (1.4.35)
Q; o0,
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In order to take the mesh non-orthogonality into account, a Taylor series (1%*-order) of VY is used as
follows:

Ty = [ wvae- ¥ vis,+ X vise

& figeFint freFeTt

= ) YrSy+ ) YrSa,
fig€Fit foeFe=t

= Z [Yo + VoY - OF|S;; + Z lesy A, + By, Y] Sip, (1.4.36)
fieFimt freFemt

= Y leyYi+ (-ag)V)lS,+ > |¥,V-0F|s,
fijeFint fijeFint

+ Z sy Ag, + By, Y1r] Sy,
fb€]:fl't

The variable €5y is set to 0 for an increment of a variable3, to 1 for the variable itself in order to take
correctly the boundary condition into account.

Using the following 1%¢-order in space approximation

Vi Y = % VY +V,;Y],
Y = Y1 +V,Y-II'.
Equation (1.4.36) becomes:
1|V, Y = Z [Oéini +(1— )Y + % (VY +V,;Y) - OF| S,
fij€Fimt

+ > lesyAp, + BpYi+ B Y,V - II'] Sy,
freFgTt

Bringing V,Y terms all together on the left hand side, we have:

1
1| VY — Z 521'3/ : (Ol@ﬁij) - Z By VY- (II'® S;,) = Z (Y + (1 — ) Y5)] S;j
figeFimt freFpet figeFint
1
fijeFint
+ Y [eovAp + BpYil S,

fo E]:fzt
(14.37)

3Then a homogeneous condition has to be imposed.
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Without reconstruction

On an orthogonal mesh, or if chosen, only 0?"-order contributions are considered. Everything is as if

II’ =0 and OF = 0 in the previous calculation:

| V,Y = /szQ: Z Yfzjﬁij+ Z Y5, S
i fijG}-f"t beff""t
= Y e Vi+(—ai))YiS;+ > lesvAy, + By Y1l Sy,
fijG}—f”t fbe]-'f“
hence
1
yNfeey — ] Yo leiYr+(L—ai)Yn)) S+ Y (eovAp, +BpY)Sy| . (14.38)
" LrgeFim freFeet

Remark 4.5 The non-reconstructed gradient is denoted by YfVReCY, and is then very easy to compute
thanks to the Equation (1.4.38). However, it is neither accurate nor consistent on a non-orthogonal
mesh.

Handling with reconstruction: iterative process
In order to solve system (1.4.37), all terms containing V,Y" are implicit, whereas all terms with VY

are explicit, we then use the series ((52§Y)k . defined by:
IS

VY = yNfeey,

(1.4.39)
SVItly = vitly - vy,
and the associated system is:
1
VI lIll= Y SOF®S;— Y Bpll®S,| = ) lagYi+(1-ay)Yy)S,
fijeFint foeFemt fijeFint
Lok
+ ) VY (0F®S,)
fijeffnt
+ > lesvAp + BpYil Sy,
freFgot
(1.4.40)

or, as the following relationship stands:

VY = VY + 6T,
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1
OVTY 1= Y SOF®S;— Y Bpll'®Sy| = —[¥Y+ Y [(ayYi+(1-0)Y;)]S;
f’ij E]:Z'nt fbeff‘“ fijej:gnt
1 k k
+ Y S (@v+y)-(eres))
fijeFint
X [evan + By (Yt Y 1)) S,
foeFemt

(1.4.41)

The Equation (I.4.41) is a local 3 x 3 matrix which unknowns are each of the three components of the
vector 522”1}/. Finally, for each cell i we get:

62?1_1}/ Ci,a:x Ci@y Ci,xz Rﬁzl
5251;;1}/ ) Ozy;{‘ Ci,yy Oi7yz = Rf;l ) (1442)
525:;_1}/ Ci,zz Ci,zy Ci,zz Rijl
svi Y o R
with:
1
C, = Iul- Y. JO0F@S;— Y, Bill'®s,,
fijeFint freFeet
R = VY 4+ Y [(agYi+ (1 - 0)Y))] S,
. fueri™ (1.4.43)
k k
+ Z §(ZZY+ZJY>(@®§1])
fij€Fint
+ Y JevAn+ By (Vi WY - I1) | 8,
freFgmt

The invert of the matrix Qz is used to compute ((52’;“5/) and so (ZfHY). The iterative process
stops as soon as the Euclidean norm of the right-hand-side Ef“ tends toward zero (i.e. when the
Euclidean norm of (52?3/) tends to zero) or when the number of iterations reaches the maximal

number of iterations.

4.4.2 Standard method: iterative process for vectorial fields

In this section, the adaptation of the calculation presented in § 4.4.1 is adapted to vectorial fields. Some
minor modifications are required, especially for the boundary condition treatment, but the core of the
formulae are the very similar. The notations of the geometrical quantities are recalled in Figure 1.4.2.

The definition of liy reads:

Iﬂilz.yz/ Zydﬂ:/ v®ds. (1.4.44)
- . 09

7

The same Taylor series as (I.4.36) of V v is used:
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|Qi|liﬂ = szQ = Z Qf,ij ®§U + Z Uy, ®§ib7
o figeF{mt foeFemt
= D w®S;+ Y vp®Sy
fij e]:iint fbe]:iezt
Y lormeoress X [wdoen, wlose  qus
fij e]:iint fbe}‘iemt,
= Z [(Ozijyj +(1—- Oéij)yj)] ®§ij + Z |:lfijy : @} ®§ij
fig€F™t fij€Fint
+ Z [GJEAfb Jréfb ’QI/] ® Sip-

foeFert

Once again, the variable €5, is set to 0 for an increment of a variable, to 1 for the variable itself in
order to take correctly the boundary condition into account.

The same 1%'-order in space approximation as in the scalar gradient calculation is used:

1
zfuy - 2 [EIQ+EJQ} ’
vp = vy +Vou- Il
Equation (I1.4.45) becomes:
1
UYp = > |y + (- o)y + 5 (E#*L@ ‘OF | ® 8,

fijeFint

foeFeot

Note that, there is no simple possibility here to bring Z# terms all together on the left hand side,
because the term B 5 (Z,y) -(II'® S;;) cannot be factorised easily, and thus will be explicit:
2\

1
|Qi‘ ZZ—Q - Z 5229 : (@(@ﬁ”) Z [(aijyi + (1 - Oéij)yj)] ®§ij

fis€Fimt fij€Fimt
1
+ Z §ljy'(0l®§ij)
fije]::nt
!/
+ X |+ By u]eset 3 B Te (88,
freFemt freFeet

(I.4.46)

Without reconstruction

Without reconstruction, the vectorial gradient reads:

1
NRec, __
li v = ‘Qz| Z [aijyl + (]- - aij)yj)] ®§” + Z (652Afb +§f& . 21) ®§1b . (1447)
figeFint foeFeTt
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Handling with reconstruction: iterative process

The series ((52’?@) is defined by:
—*7/ keN

Vv = YNy,

= = (1.4.48)
SVitty = Vity — Y,

A system similar to Equation (1.4.41) is obtained for each cell 4

SVt -0 = R (1.4.49)
with:
1 1
¢ = 1- 1] Z §@®§ij’
! fi EFint
1
k k
§i+1 = _Ziﬂ"‘r ‘Qz| Z [(O"ijyi +(1 _OQJ) )] ®§”
X 1f“€f5' (1.4.50)
top L 5 (ZerTe) (CEes,)
z fije]:;'nt
1
+ | | |:€6yAfb +§fb (Qi + zfﬂ . LII):| ®£ib'
Y peFent

Remark 4.6 Note that the matriz C, in (1.4.50) is not the same as in (1.4.43). First of all, there is
no boundary term and thus its invert t has not to be recomputed at each iteration (except if the mesh is
modified). This matriz thus only measures the quality of the mesh (if the mesh is orthogonal, C’ =1
for all cells). Secondly, this matriz is dimensionless, whereas in (1.4.43) C., has the dimension of a
volume. This choice has been motivated to minimize truncature errors.

4.4.3 Least-square method

Notations of the geometrical quantities are recalled in Figure 1.4.2. The aim of the present algorithm
is to compute the cell gradient V,Y of the scalar field Y using a least square method. The idea is to
evaluate the gradient of the variable at the cell faces using the value of the gradient at the cell centres.
The method is supposed to be not as robust as the iterative process presented in § 4.4.1, but much
more efficient.

Let introduce VY -d;; an estimation at the internal face f;; of the gradient projected in the direction
d;; (which will be chosen afterwards). Let also define the analogous quantity for boundary faces f:
VY -dy (d;, will also be chosen afterwards).

The goal would be to find V,Y such that, for all faces the following relationships hold:

Vi¥-diy = ¥y, V- dij,

(1.4.51)
V,Y-d, = szy'dib'

The previous equality is generally not reachable for all the faces, so the problem is reformulated as the
minimisation of the F; function:

Fi(v) = % > [y dy; =V Y -dij]z e ST [uedy - Y,Y - dy)”, (1.4.52)

jENeigh(i) freFeat
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where j € Neigh (i) is the neighbouring of the cell . By default, the neighbouring is composed of cells
which share at least a face with ¢. But extended neighbouring can be used.

To minimize JF;, derivatives with respect to the components of the vector v are computed, the resulting

system is solved and V.Y is defined as v,,;, such that F; (v,;,) is minimum.
In order to solve the systems for each cell i separately from one to an other, vectors d,; and d;;, are
chosen so that the quantities Zfin . dij and ybe - d;;, do not depend on neighbouring cell gradients

V,Y. The following choice makes it possible:

1J
dij = ﬁ7

|LJ| (1.4.53)
4o LE
Zib - |E‘ — L%

Thus, for internal faces f;;, d;; is the normalized vector joining the centres I and J oriented from cell

i to j. The quantity Yfin ~d;; is given by:
Y;

Y, —
Y.d. =21 __"* 1.4.54
zfij =ij |LJ]| ( )
For boundary faces, the choice d;;, to be the outward normal implies:
Yf — Y[/
Vi, Y ody = 7[,@' : (L4.55)

where Y}, is expressed thanks to the boundary conditions (see Chapter 5) and the value Y} is given
by formula (I1.4.16) recalled hereafter:

Yo = Yi+WY-II
(1.4.56)
Vi, = A+ ByYi = A} + B, (Y + T - II)
Eventually we get:
A9, + (BY, —1) (i + Y, - 1I)
V.Y -dy= (1.4.57)

[I'F| ’

Equation (I.4.57) makes appear a term in V.Y and thus should be injected into Equation (I1.4.52)
before deriving it. Thus (I.4.52) becomes:

1 2
F@ o= 5 X 0 dy ¥y, Y -y
jENeigh(i) ) (I 4 58)
1 BY 1 A5+ (B, -1)Y, h
+ o5 Y o (dy - eI -
2 2 I'F IF
 EFent

Then we cancel the derivatives of F; (v) with respect to the v components:

OF;
e (v) = Z {(Q'dij) d;; — (Zfijy'dij) dij:|
- jENeigh(i)
BY —1 BY —1 A% +(BY, —1)Y; g _q
+ Z v- dib_fbil diy, — T 11" - ! ( d ) dy, — T 11
= I 123 123 T
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OF;
A 3 x 3 system for each cell 7 is got by writing

o2 (V;Y) =
VY -C. =R, (1.4.60)
with
B — BY —1
gl = Z dZJ ® d'LJ + Z (”’ ’ H) <d1b - fb/ II’) )
JENeigh(i) fyeFeat |I F |I'F| -,
Z Z A?b—’_(B?b_l)}/; Bg—l , (1.4.61)
R = (zfuy ' dij) dij + 7 dy — =77 1L |,
jENeigh(d) ‘ focFent [I'E| \Q\
using (I1.4.53) this gives:
IJ®I1J By -1 BY -1
Qi = Z 7 + Z <”ib - ‘I’F‘ II' | ® Ny — |J}b/F| iy,
jENeigh(z) |7| foeFert 1"F
g g (1.4.62)
1J Afb + (be - 1) Y B?b —1 ,
Bo= 2 MimYigget b ['F] 2 = gy L
jENeigh(z) |—| freFeat = FAF AR

Remark 4.7 i/ Note that the 3 x 3 C, tensor is symmetric.

i1/ For cells i having at least a boundary face f,, the tensor C must be recomputed at each time
step, for the other, the tensor C only have to be recomputed “when the mesh is updated (in ALE
for instance).

iti/ If the user chooses not to reconstruct the gradients (which introduces a lack of consistency on
non-orthogonal meshes), then the gradient is computed thanks to formula (1.4.38).

iv/ For highly non-orthogonal meshes, an extended support* can be used (see different support in
Figure 1.4.3) and can drastically improve the results when using tetrahedral meshes.

4.4.4 Least-square method for vectorial fields

In this section, the adaptation of the calculation presented in § 4.4.3 is adapted to vectorial fields. Some
minor modifications are required, especially for the boundary condition treatment, but the core of the
formulae are the very similar. The notations of the geometrical quantities are recalled in Figure 1.4.2.

The functional to be minimized is defined by

1 2
Fi (Q = 9 Z ‘£ : dij - lfijﬂ : dij + 5 Z ‘E “dyy, — lbe “di| (1.4.63)

jENeigh(i) freFeat

To minimize F;, derivatives with respect to the components of the vector ¢ are computed, the resulting

system is solved and liy is defined as Lo such that F; (Emin) is minimum.

In order to obtain a simple system, the same choice as in (1.4.53) is made on d;;. Concerning d;;,, an
other choice ensuring that VY - d;;, does not depend on V,Y" is made:

I
dij = %7

2] (1.4.64)
. IE
Zib T ‘E| .

4the support is the set of neighbouring cells used in the cell gradient computation.
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S  Support actuel

Support etendu

~

Cellule courante : I

Figure 1.4.3: Available supports for computing the gradient with the least square method.

Thus, for internal faces fi;, d;;
cell ¢ to j. The quantity Vf‘ v-d;; s given by:
ij

v, — v

is still the normalized vector joining the centres I and J oriented from

od,. === 1.4.65
¥y, 2 i = =g (1.4.65)
For boundary faces, the choice d,; implies:
V. u-dy =l (1.4.66)
:fby Zib — |E‘ ; 4.
where v, is expressed thanks to the boundary conditions (see Chapter 5).
Then we cancel the derivatives of F; (Q with respect to the ¢ components:
. . OF;
A 3 x 3 system for each cell 7 is got by writing B (Eﬂ) =0:
Vuv-C =R, (1.4.67)
with
C, = ) dy®dy+ )Y, dy®dy,
jENeigh(i) foeFeet
yran (B‘;i *l) v, (1.4.68)
_ . =7 =
£ = Z X v (di; ® dy;) + Z IF] ® dyy,-
jENeigh(i) foeFgrt

Remark 4.8 Note that the 3 x 3 gi tensor is slightly different from (1.4.60) and does not depend on
boundary condition coefficients (and thus does not require re-computation if the mesh is not modified).
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4.5 Advanced topic
4.5.1 Rhie & Chow filter

Please refer to the programmers reference of the dedicated keyword arak.

4.5.2 Handling of the hydrostatic pressure

Please refer to the programmers reference of the dedicated keyword iphydr.

4.5.3 Pressure extrapolation at the boundaries

Please refer to the programmers reference of the dedicated keyword extrag.



./doxygen/src/structcs__stokes__model__t.html#arak
./doxygen/src/structcs__stokes__model__t.html#iphydr
./doxygen/src/structcs__var__cal__opt__t.html#extrag

Chapter 5

Boundary conditions
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5.1 Introduction
Boundary conditions are required in at least three main cases:

e calculation of the convection terms (first order derivative in space) at the boundary: the code
uses a mass flux at the boundary and requires the value of the convected variable when the flow
is entering into the domain (or more general wave relations in the sense of the characteristic
curves of the system entering the domain);

e calculation of the diffusion terms (second order derivative in space): the code needs a method to
determine the value of the first order spatial derivatives at the boundary, these define e.g. the
stresses or the thermal fluxes at the wall;

e calculation of the cell gradients: the variables at the boundary faces allow the code to define the
gradient inside the cell connected to the boundary (e.g. the pressure gradient or the transpose
gradient terms in the stress-strain relation).

These considerations only concern the computational field variables (velocity, pressure, Reynolds ten-
sor, scalars solution of a advection-diffusion equations etc.). For these variables !, the user has to
define the boundary conditions at every boundary face.

The boundary conditions could be of Neumann type (when the flux is imposed) or Dirichlet type (when
the value of the field variable is prescribed), or mixed type, also called Robin type (when a combination
linking the field variable to its derivative flux is imposed).

The code (see the programmers reference of the dedicated subroutine) transforms the boundary con-
ditions provided by the user into two internal formats of representation of the boundary conditions.

A particular treatment is performed on walls: wall functions are used to model the boundary layer
flow in the vicinity of the wall when the mesh is too coarse to correctly capture the sharp variations
of the fields with a linear profile in the near wall cell. This will be detailed in the next sections.

A particular treatment on symmetry boundaries is also performed for vectors and tensors whereas a
symmetry boundary is equivalent to an homogeneous Neumann condition (zero normal gradient) for
scalar fields.

The physics model that the user wishes to apply needs to be translated into pairs of coefficients entering
the linear system of equations that the code will solve. For any variable Y for every boundary faces
f» these coefficients are:

° (Aftb, B?b) used by the gradient operator and by the advection operator. The value at the
boundary face f; of the variable Y is then defined as:

be = A?b + B?bY[/. (151)

° (Asz Bsz) used by the diffusion operator. The value at the boundary face f; of the diffusive flux

@ip of the variable Y is then defined as (see Equation (1.4.29)):
Diy (K, Y
1S]y,
Note that the diffusive boundary coefficients are oriented, which means that they are such that
if Dy (Ky,, Y) is positive, this flux is gained by Y;.

The definitions are recalled on Figure 1.5.1.

IThe other variables (the physical properties for instance) have a different treatment which will not be detailed here
(for instance, for the density, the user defines directly the values at the boundary. This information is then stored; one
is referred to cs_user_physical_properties (see the programmers reference of the dedicated subroutine) or phyvar for
more information).
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Bord du domaine de calcul

Sp
Domaine de calcul \
I 9 n normale sortante
: - de norme 1
I F
y A\ / §\\ ™
fI ’ int \’;.\;. ‘ j;'mp, ext

Coefficients d’echange

h,
int

"y

Figure 1.5.1: Boundary cell.

Example 5.1 The heat flux q,, from a solid wall to a laminar flow is defined and discretised as

Ty =T
G = AVT ng = —A% = —hint (T — Tr), (15.3)

where hiny /I'F is the exchange coefficient between the wall and the fluid point I'.

o [f the wall temperature T, is known, Tp = T, is set as Dirichlet condition, q,, will be a result of
the simulation, and the gradient and diffusive fluz coefficients are as follows:

AL = T, Al = —hinTw,
To ’ (L5.4)

I _ o
BY = 0, BL = hin.

o If the wall heat flux q, is known, this is a Neumann condition and Tr = T, will be a result of
the simulation and the gradient and diffusive flux coefficients are as follows:

A = - ) Af = Quw;
f in ”’ (L5.5)

!
B, 0.

|
-

B,
5.2 Standard user boundary conditions

The user generally gives standard boundary conditions, which are:

Inlet: it corresponds to a Dirichlet boundary condition on all the transported variables (and should
therefore be given by the user) and to a homogeneous Neumann on the pressure field.
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Outlet: it correspond to a homogeneous Neumann boundary condition on all the transported vari-
2P

ables. For the pressure field, a Dirichlet boundary condition which is expected to mimic 5 = 0
noT

for any vector T parallel to the outlet face (see §5.4.4 for more details). This condition means

that the pressure profile does not vary in the normal direction of the outlet. Warning: if the
outgoing mass-flux is negative, i.e. if the outlet becomes an inlet, then the mass-flux is clipped
to zero. Moreover, since the pressure field is defined up to a constant, it is fixed to a reference
pressure Py at an arbitrary chosen outlet boundary face. The user can choose an other desired
face where a Dirichlet on pressure is prescribed.

Free inlet/outlet: it corresponds to the standard outlet when the flow is outgoing (see §5.4.4), but
to a free inlet when the flow is ingoing. The Bernoulli relationship is used to derive a boundary
condition on the pressure increment to couple velocity and pressure at these free inlet faces. Note
that no clipping on the velocity is imposed. The same boundary conditions as for outlet on the
other variables is imposed. For more details please refer to §5.4.5.

Walls: This particular treatment will be detailed in the following sections. For the velocity, the aim
is to transform the Dirichlet boundary condition (the velocity at the wall is equal to zero, or the
velocity of a moving wall) into a Neumann boundary condition where the wall shear stress is
imposed function of the local flow velocity and the turbulence characteristics. A similar treatment
using wall functions is done on every transported variable if this variable is prescribed. The
boundary condition on the pressure field is a homogeneous Neumann by default, or alternatively
an extrapolation of the gradient.

Symmetries: This condition corresponds to a homogeneous Neumann for the scalar fields (e.g. the
pressure field or the temperature field). For vectors, such as the velocity, it corresponds to impose
a zero Dirichlet on the component normal to the boundary, and a homogeneous Neumann on
the tangential components. Thus, this condition couples the vector components if the symmetry
faces are not aligned with the reference frame. The boundary condition for tensors, such as the
Reynolds stresses, will be detailed in the following sections.

See the programmers reference of the dedicated subroutine for further details.

5.3 Internal coding of the boundary conditions — Discretiza-
tion

As already mentioned, the boundary conditions set by the user for the variable Y are translated into

two pairs of coefficients (A?b, B?b) which are used by the gradient operator and by the advection

operator, and (A{b, Bf;) for use by the diffusion operator, this for all the boundary faces f3.

Let us first recall the general form of the transport equation of a variable Y, which could be a scalar,
a vector or a tensor:

Y
C,O% + CVY - (pu) =div (KVY) + STy. (1.5.6)

In the Equation (1.5.6) p is the density of the fluid, (pu) the convective mass flux of the variable Y, K
its conductivity or diffusivity and S any additional source terms. Note that K is the sum of molecular
and turbulent diffusivity in case of RANS modelling with an eddy viscosity model. The dimension of
K for different variables is displayed in Table 5.1. The value of C' is 1 for all the variables except for
the temperature where C is the specific heat C),. If the variable Y is the variance of another scalar,
then its diffusivity is deduced from the scalar itself.

5.3.1 Basic Dirichlet boundary conditions

Imposing a basic Dirichlet condition Y;‘an on a boundary face f; is translated into:
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Y K

symbol | name units symbol name units
Ui velocity m.s ! por p+ pt | dynamic viscosity kg.m~1l.s71!

pressure kgm™t.s72|| At time step s

temperature | K A thermal conductivity kg.m‘s_:;.K_l

=Wm lLK™!
h enthalpy m2.s72 A/ Cp thermal conductivity over specific heat | kg.m~!.s7!
= Jkg !

Y variable unit of (V) K conductivity or diffusivity kg.m~t.s!

Table 5.1: Definitions and units of K for the most common equations.

AS = Y Al = —h Y,
T ’ To (L5.7)
Bj = 0, Bl = hint.

The term h;,; is a internal coding coefficient (automatically provided by the code) similar to an
exchange coefficient. Its value for particular variables is given in Table 5.2.

Remark 5.1 Y;Z”p must be specified by the user. The boundary type code is 1 (see Table 5.3).

5.3.2 Neumann boundary conditions

Imposing a Neumann condition ngnp on a boundary face f; is translated into

A9 = B Al = Dpimp
. rin * ’b (L5.8)
g _ I—

B, 1, B, 0.

Remark 5.2 D%np must be specified by the user. The boundary type code is 3 (see Table 5.3).

5.3.3 Mixed or Robin boundary conditions

As explained in the introduction 5.1, the simple case of a heat flux ¢,, from a solid wall reads: g, =
Ty — T, A
AVT n, = —)\% = —hint (T — Tr) where hjp = a3 is displayed in Table 5.2. As presented
in § 5.3.1, Dirichlet condition T = T, simply leads to Af = —h;,;T,, and Bf = h;p,. In some
cases, heat transfer outside the flow domain is described by a one-dimensional conduction equation
q = —hezt (TRer — Ty) in which some reference temperature Trrr is given and the coefficient heys is
known from an analytical or experimental correlation. Equaling this to the heat flux computed in the
first fluid cell at the boundary gives heyt (TrEF — Tw) = hint (T — Tr). This relation between the

variable and its gradient at the boundary is called a Robin or mixed boundary condition.

More generally, to impose an external Dirichlet Y?"P ¢* at some distance outside the boundary face,
this is done by a user prescribed external coefficient hey+ (see Figure 1.5.1), and the boundary condition
coefficients then read:
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hemt

A9 — __rext  yimp, ext’ Af = —h, yimp, ext
Fo hznth+ hea:t i I , (159)
By = M Bl = he
Fo hint + hemt ’ i v
. hz’ntheact . . .
where heq is defined by hey = I — The harmonic mean (as in (1.4.30)) comes from summing
int ext

of resistances instead of conductances. Note that this case reduces to Dirichlet condition if h.,: tends
to the infinity.

Remark 5.3 Both Y™ ¢t qnd h.,, must be specified by the user. The boundary code is 1 (see
Table 5.3). Take care that an outgoing fluz is counted positively.

5.3.4 Convective outlet boundary conditions

If the user wishes to impose a convective outlet (also called radiative outlet) condition which reads:
)¢ )4
i bl
ot * on

where C' denotes the convective celerity, then the internal coding reads:

0, (1.5.10)

1 h;
A = Y] Al = ——2_yp
I 1+ CFL b 1+CFL /¥ (L5.11)
e _ _CFL Bl _ Rint
fo 1+ CFL’ ib 1+ CFL’
where CFL = Cﬁt
IF

Remark 5.4 Both C and Y7 must be specified by the user, the boundary code is 2 (see Table 5.3).

5.4 Wall boundary conditions

This section is dedicated to wall boundary conditions for the velocity, and any transported scalar (such
as the temperature, the enthalpy, etc.) when a wall boundary value is prescribed and a wall function is
set by the user. The dedicated boundary conditions of the turbulent variables (k, €, R;;) are detailed
in Chapter 7. Here is a link to the programmers reference of the dedicated subroutine.

Simplified balance analysis proves that the fluid velocity profile or the Temperature profile are highly
non-linear for turbulent flows in the vicinity of walls.

The aim of wall functions is to model the vicinity of the wall by substituting the Dirichlet condition on
the fluid velocity and on the scalars such as the temperature (u;, = Vyau, T, = Twan Where v, is
the velocity of the wall and T,y is the temperature of the wall) by a Robin-type boundary condition
linking the wall shear stress to the velocity of the fluid, and the thermal wall flux to the temperature
within the first cell.

5.4.1 Velocity boundary condition for smooth walls and rough walls

We assume it is projected onto the tangent plane to the wall (if it is not, then the code projects it).
The fluid velocity in the reference frame attached to the wall ("relative” velocity) projected to the wall
writes uj, = (1—n®n) - (uy — Vyan)-

The orthonormal coordinate system attached to the wall writes R = (t, —n, b):
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Y h'mt
symbol | name units homogeneous to | units
. 1 M+ 2 -1
u velocity m.s i3 kgm™<.s
At
-1 -2 -1
P pressure kg.m™'.s 7 s.m
A+ C, .
T temperature | K At Cppu/or kg.s 3. K1
I'F
Wm=2. K1
A+ C,
h enthalpy m2.s2 M kg.m=2.s71
I'F
Jkg™!
Y 1 it of(Y K k 2571
scalar unit of(Y) I3 g.m~2.s
Y Dim.p
symbol | name units homogeneous to units
U velocity m.s~! ((t+ pe) Vu) - n kg.m~1.s2
D pressure kgm=1.s72 || (AtVP) - n kgm=2.s71
T temperature | K (AN Cput/o)VT) -n | kg.s™?
W.m =2
h enthalpy m2.s72 (A Cp+ ui/o)VH) -n|kg.s™>
Jkg™! W.m =2
Y scalar unit of (Y) || KVY -n kg.m=2.s71. unit of (V)

Table 5.2: Definitions and units of hjn: and D™P for the most common equations.
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up

ot = is the unit vector parallel to the projection of the relative velocity at I’, u},, in the

|ug |
plane tangent to the wall (i.e. orthogonal to n),

e —n is the unit vector orthogonal to the wall and directed towards the interior of the computational
domain,

e ) is the unit vector which completes the positively oriented coordinate system.

In this reference-frame the wall distance of the cell centre to the wall I’ F' is denoted by y.

The objective of wall functions is to increase the exchange coefficient to reflect the higher level of mixing
effectively taking place in the near wall cell due to turbulence and due to effectively much sharper
gradients of the computed variable than the linear profile assumed inside each cell by Finite Volumes
discretisation. The end result (Cf (1.5.27)) will be to correct the laminar coefficient, h;n,: = A/y, by a
dimensionless analytical function (a "wall function”) u™ that represents the realistic non-linear profile.
The correction is moreover proportional to the cell centre to wall dimensionless distance, y*+, over
which a linear profile assumption may or may not be appropriate. These functions u™ and y* that
depends on the level of turbulent kinetic energy, are made dimensionless by:

e cither the wall shear stress 7,4, only (this is called ”one scale friction velocity” wall function),

e or by the wall shear stress 7,4 and the turbulent kinetic energy (this is called ”two friction
velocity scales”).

When the mesh is made fine enough to capture the sharp variations of the variables near the wall,
wall functions are no longer needed, variables are simply given Dirichlet values at the wall and the
laminar exchange coefficient is correct. However the more basic versions of the turbulence models
("high Reynolds” k — € or Reynolds stress transport) will not be able to automatically ”relaminarise”
(i.e. reduce the turbulent mixing effect to zero at the correct rate of decay as y tends toward 0) and
erroneous predictions will result (generally too much friction or heat transfer). When using a refined
near wall mesh, "down to the wall” or ”low Reynolds” versions of the turbulence models must be
selected (e.g. v2 — f or elliptic blending models). However in this case one must make sure the mesh
is fine enough.

To allow use of standard high Reynolds models whatever the mesh density, ”scalable wall functions”
can be activated. This consist in shifting slightly the wall outside of the mesh if the first cell lies in the
viscous sub-layer. ”Scalable wall function” only work with the ”two friction velocity scales” version.

The wall functions are usually derived from Eddy Viscosity Models such as k — €, thus the coming

2
sections assume that R = gk; - 2VT§D.

One friction velocity scale

The simplified momentum balance in the first boundary cell reads:

ou
) 2 =, 1.5.12
(M :uT) &y Twall ( 5 )

Let u* be the friction velocity defined by:

Twall
ot =, el 1.5.13

+
<1 + “T) ou” (L5.14)

the equation (I.5.12) can be rewritten:
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where vt = |u},| /u* and yT = yu*/v.
oul,

The mixing length model states v = L2, S, where the stain rate S reduces to By

in the wall vicinity.

The mixing length is proportional to the wall distance according to the Prandtl model

L, = RY,

where k = 0.42 is the Karman constant.

(L5.15)

Two areas are therefore defined, one where ur/p < 1 called the viscous sub-layer where pr/u is

neglected in (I1.5.14) the velocity profile is found to be linear:
ut =y,
the other where #TT > 1 and the velocity profile becomes logarithmic:
ut = %ln (y") + Clog:

where Cjog = 5.2.

(1.5.16)

(15.17)

(1.5.16) is valid for y™ < 5 and (1.5.17) for y* > 30 so there is a gap (corresponding to the so called
buffer layer) which more sophisticated models can cover, but they are not detailed here. Instead
we introduce a dimensionless limit distance which crudely separates the viscous sub-layer from the
logarithmic region writes yltm Its value is 1/k in general (to ensure the continuity of the velocity

gradient) and 10.88 in LES (to ensure the continuity of the velocity).
The u* is computed by iteratively solving(I.5.16) or (I.5.17):

u* — |Q;’| v
V. Y
v
W)’ = exp (—KClog) "
() = K luh |+ (ur)? otherwise solve iteratively in ¢
= — .
In (y(z ) ) + £Clog + 1

Therefore, the value of Z—i in the two layers reads:

+

— ot <t
e 1 ify™ <wyr.,
+ +
Yo = Y otherwise.
u+

1
—In(y* Cio
nn(y )+ log

Two friction velocity scales

o lyupl o 4o
if lim?

(L5.18)

(15.19)

The simplified momentum balance (1.5.12) still holds, but is non-dimensioned not only by the wall
shear stress but also the turbulent kinetic energy. More precisely, let ui = 4/+/C.k be the friction

velocity based on the turbulent kinetic energy in the first cell.

This definition is in fact valid only for high-y™ values and a blending is performed in case of the

intensity of turbulence is very low:

ukE\/gyh;I/I‘f'(l—g)vCuk,

(1.5.20)
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where g is a blending factor defined by g = exp (—{fj) (see []).

The friction velocity v* is now defined by:

ur = Twall (I.5.21)
PUK
Equation (I1.5.12) can now be rewritten:
Out
QI B (L5.22)
+
) Oy
where ut = Euﬂ' but y,j = Bk,
3 3

1 3 k2 3 k2
Let us now remark that vy = C} \/EC,;‘ — = uyL,, where L,, = C; — is the integral length scale.
€ €
Again using the Prandtl model (1.5.15), the following equation is obtained:

+

)
(1+ ry}") azy% =1 (1.5.23)
k

The two areas defined in the previous section (I1.5.19) that are the viscous sub-layer and the logarithmic
layer still hold, but with y,j instead of yT:

+
I _ iyt < ot
i 1 if yr <y,

+ + 1.5.24
I = Y therwise. ( )
u+

1
; In (y]j) + Clog

Rough wall functions

+

When specifying a rough wall function with 2z as roughness, the value of L: reads:
+ +
ZT = < +yz . (L5.25)
—1 <y 0) + Clog
K Z0
Wall shear stress with wall functions
The previous sections can be summarized as follows:
poyt
Tn=mm= c(l-non) - (u - tyu) (1.5.26)

where the rescaling factor Z—: depends on the wall function is given in (I.5.19) or (I1.5.24). Note that
the wall shear stress is therefore parallel to the wall and fully implicit if the #-scheme on the velocity
is implicit.

The internal pair of boundary condition coefficient for the diffusive term for the velocity are

Alf = _hfh”d l —n®n)- Uyatl — hint (ﬂ : Qwall) n,
b . ) (1.5.27)
égb = hfIUid (é —n® ﬂ) + hintﬂ ®n,
where
poyt
hftuia = === (L5.28)

TFut’
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Velocity gradient boundary condition with wall functions

The gradient of the fluid velocity is of great importance for turbulence models as it appears in the
production term. Moreover the profile of dissipation is even less linear than u™ (it is hyperbolic) and
would also require a wall function. A common correction in open literature is to directly modify these
source term in the near wall cell volume integral. However this deeply modifies the code structure
and the linear system solver. In order to implement this while still remaining within the standard
boundary condition structure, ther current code version follows the suggestion of [BM00] which consists
in prescribing a slip velocity at the wall so that the velocity gradient evaluated inside the cell by the
standard Finite Volumes linear profile is more consistent with wall function.

A dedicated boundary condition for the velocity gradient is therefore derived in presence of wall
function to be consistent with the logarithmic law giving the ideal tangential velocity profile.

On the first hand, the theoretical gradient is:

u” theo u*
= — (1.5.29)
oy ) KY
On the other hand, the normal finite volumes gradient of the tangential velocity reduces in the case of
a regular orthogonal mesh (see notations in Figure 1.5.2):

T r
Uy + Uy T

r\ calc ro__ .7 — —up
Ou e (1.5.30)
oy )1 2y 2y

Bord du domaine de calcul

N

Domaine de calcul

n

normale sortante
de norme 1

Figure 1.5.2: Boundary cell - Orthogonal mesh.

We then assume that u”; can be obtained from u} and from the gradient of u” calculated in G from
*

the logarithmic law u’; = u} + 2y : ” and we thus obtain equalizing (1.5.29) and (1.5.30) (the formula

is extended without any precaution to non-orthogonal meshes):
3u*

up =up — or (I.5.31)

The normal derivative at the wall is prescribed to zero. If the value obtained for y* at the wall is lower
than y;gm, a no-slip condition is prescribed. Finally, one can also make explicit the velocity of the wall
in the final expression: The internal pair of boundary condition coefficient for the diffusive term for
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the velocity are

Ay = (L—cofimp) (L—n®n)  wyay + Uy - 1) 1,
= (L5.32)

where cofimp =1 —

St if y* > y; . and cofimp = 0 otherwise.

5.4.2 Scalar boundary condition for smooth walls

In this section, the wall functions applied to transported scalars Y (such as the temperature T for
instance) are described. The reference ”Convection Heat Transfer”, Vedat S. Arpaci and Poul S.
Larsen, Prentice-Hall, Inc was used. The approach is really similar to what is performed on the fluid
velocity:

e if the wall value Yy, is imposed, the Dirichlet boundary condition is substituted by a Robin-type
one where the diffusive flux is function of the cell centre scalar value,

e if a Neumann value is imposed (that is to say that the user has prescribed the flux of Y'), then
the wall function is used to evaluate the corresponding wall value Y, which is displayed by the
code.

Let us recall that g; (Ky,, Y) is the wall diffusive flux for the scalar Y, and the simplified scalar
balance reads:

oYy
aiv (Ky,, Y) = — (be + Cl:_z:) 872/ (1.5.33)

Remark 5.5 the flux is positive if it enters the fluid domain, as shown by the orientation of the y

axis

The following considerations are presented using the general notations. In particular, the Prandtl-

c
Schmidt number writes o = % When the considered scalar Y is the temperature 7', we have

o C = C, (specific heat capacity),
e K = )\ (molecular conductivity),
1Cy
A
or = Prr (turbulent Prandtl number),

qib = %f“ﬂ = ()\ + CPNT) or (flux in W.m™2).
|7|fb or Ay

e hence, 0 = = Pr (Prandtl number),

In order to make (1.5.33) dimensionless, we introduce Y* defined using the flux at the boundary g;s:

* qib
Y =- 1.5.34
SCun ( )
For the temperature, we thus have:
*x _ qib
T = _ 1.5.35
o (15.35)

We then divide both sides of equation (1.5.33) by ¢;, and after some algebrae it comes:

1 1 vr 8Y+
l=(—-—"4+—— ) =—— L5.
<0‘+0‘T u>0y+ (15.36)
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where v_ v
v=F vp = 2L yt = Y+: wall

; ; - o (L5.37)

5.4.3 The three layers wall function of Arpaci and Larsen

In order to compute the theoretical scalar profile, we integrate equation (1.5.36) to obtain Y]‘f'. The
1 1
only difficulty then consists in prescribing a variation law of K = — + —
g or vV
In the fully developed turbulent region (far enough from the wall, for y* > yg' ), a mixing length
hypothesis models the variations of vy:
vr = Ky ug (1.5.38)

Additionally, the molecular diffusion of Y (or the conduction when Y represents the temperature) is

1 1 v

negligible compared to its turbulent diffusion: therefore we neglect — compared to — T Finally we
g or vV

have:

K=" (15.39)

On the contrary, in the near-wall region (for y < yf ) the turbulent contribution becomes negligible

1 v 1
compared to the molecular contribution and we thus neglect -z compared to —.
or vV g

It would be possible to restrict ourselves to these two regions, but Arpaci and Larsen suggest the
model can be improved by introducing an intermediate region (y;” < y* < y5 ) in which the following
hypothesis is made:

vr 3
— = (y+) (1.5.40)

where a7 is a constant whose value is obtained from experimental correlations:

or
= IT 1.5.41
= 7000 ( )

Thus the following model is used for K (see a sketch in Figure 1.5.3):

1
- if y© <y
g
1 +\3
k=4 1yaW) v oy (1.5.42)
g ar
+
=2 if y3 <yt
ar

The values of yl+ and y; are obtained by calculating the intersection points of the variations laws used
for IC.

The existence of an intermediate region depends upon the values of o. Let’s first consider the case
where o cannot be neglected compared to 1. In practise we consider o > 0,1 (this is the common
case when scalar Y represents the air or the water temperature in normal temperature and pressure
ai(y+)?
ar

1
1000\ # 1000%
Y = () s =/ (1.5.43)
g ar

1
conditions). It is assumed that — can be neglected compared to in the intermediate region.
o

‘We thus obtain:
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Figure 1.5.3: % + éVTT as a function of y* obtained for 0 = 1 and o = 1.

The dimensionless equation (I1.5.36) is integrated under the same hypothesis and we obtain the law of
+

y_.
Y+
+
Y 1 .
yF= o if y* <y
+ +
Y Yy ot < ot < ot
—=—"-—7— ify] <yT <y
Yt oo, T e 2 (1.5.44)
2a1 (y*)?
+ +
Y Y ot +
Vol LTy Y
Y= %ln(gfr)—i—as

where as and agz are integration constants, which have been chosen to obtain a continuous profile of

Y+
1
as = 1503 az = 1503 — T <1 +In ( OOOH)) (1.5.45)
2K orT

Let’s now study the case where o is much smaller than 1. In practise it is assumed that o < 0.1 (this is
for instance the case for liquid metals whose thermal conductivity is very large, and who have Prandtl
number of values of the order of 0.01). The intermediate region then disappears and the coordinate
of the interface between the law used in the near-wall region and the one used away from the wall is
given by:

s =2 (L5.46)

RO

Y

The dimensionless equation (1.5.36) is then integrated under the same hypothesis, and the law of Y+
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is obtained:

+ o
== it y* <y
g
+ +
Yy y+ if gt < gt (1.5.47)
Y+ o Y "
—In(==)+oy
k Yo

Wall diffusive flux with wall functions

The previous sections can be summarized as follows:

C +
vy (Y = Yaun) (L5.48)

qib =

where the rescaling factor }y,—: depends on the wall function is given in (I.5.44) if o > 0.1 or (1.5.47) if
o <0.1.

The internal pair of boundary condition coefficient for the diffusive term for the variable Y are

Alfb = —hpwidYwall,
(L5.49)

Bifb = Nfid,

Cu y*
where hfluid = ﬁﬁ

5.4.4 Outlet boundary condition on the pressure

In this section the boundary condition on the pressure at the outlet is detailed. Some assumptions are
made to derive this boundary condition which consists of a Dirichlet (combined with a homogeneous
Neumann on the velocity) based on the pressure field at the previous time step. On basic configurations
such as a channel or a pipe where the outlet is orthogonal to the flow, the shape of the pressure profile
in a surface parallel to the outlet is approximately the shape of the pressure profile at the outlet. This
hypothesis is valid for established flows, far from any perturbation. In this configuration one can write:

9’P
onor 0,

where n is the outward normal vector and 7 is any vector in the boundary face.

Then remark that the value at the boundary face fj is linked to the pressure value in I’ by the
relationship:
be = Pp +Z1PI/7F

If moreover we assume that the pressure gradient in the normal direction is uniform, and that all the
I’ related to the outlet faces are on a single plane parallel to the outlet, then the value of V,P - I'F is
constant for all the faces and denoted R.

Furthermore, the pressure is defined up to a constant, so the code chooses to fix the pressure at
Py to a given outlet boundary face f,*"*?. Therefore the pressure field is shifted by the constant

Ry =Py~ P = Py — (P{™ + R).
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All that together gives
be - PI'+R+R0,

= Pu+R+P— (P;’,’"”JFR) ,
) 1.5.50
— Put  R-PIP (L5.50)
—_———
constant denoted by R

= Py +R

To conclude, the outlet boundary condition on the pressure is a Dirichlet based on the value in I’ (at
the previous time step) and shifted to impose the value Py at a given face f5.

5.4.5 Free inlet/outlet boundary condition on the pressure incre-
ment

In this section the boundary condition on the pressure increment at the free inlet is detailed. For the
other variables (even the pressure itself), the treatment is similar to §5.4.4.

Let us start with the Bernoulli relationship between a boundary face f linked to a point on the same
stream line far away from the computational domain:

1+ K 1
Pr—psg- (2 —2g) + —5—pruy -ty = Poo = pocg + (Lo = o) + 5 Poollee " e (.5.51)
where K is a possible head loss of the fluid between the infinity and the boundary face entrance (which
the user may play with to model the non-computed domain).

Assuming that the stream line is horizontal, that the density is constant over the stream line and that
the fluid velocity is zero at the infinity, the Equation (1.5.51) becomes:

N 1+ K
Py =— 5 Priy - Uygs (1.5.52)

where we recall that P* is the dynamic pressure.

For stability reasons, the Equation (I1.5.52) is implicit in time as follows:

1+ K
P]f’""'l = —%pfg? -@’J}"'l. (1.5.53)
This implicitation is crucial to make the calculations stable.

The prediction-correction velocity-pressure coupling algorithm requires boundary conditions on the
pressure increment (computed in the correction step), and therefore relation (I1.5.53) is derived to
obtain boundary conditions on the pressure increment. Recall that the correction step reads:

(pw)"" — (p")
= —-ViP, 1.5.54
A7 Y (1.5.54)
the pressure increment 6P = P*"+!1 — P*™ at the face is consequently given by:
1+ K - At
0P; = —P;’" — %pfg? . (u — V6P> . (1.5.55)
p f

Neglecting the tangencial velocity component at the entering faces ((pg)? o~ (,DQ)? ‘nn = rgirtﬂ) and
f

approximating P;’" with its cell-center value, Equation 1.5.55 reads:

1+ K 7 At 90P
5pf:_pi*v”_+7ﬂ (a.n_ta(;) )
p On J,

1.5.56
213, (1.5.56)
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Variable Admissible Values
Velocity U 1 2 3 4 5 6 9
Pressure P 1 2 3
Scalar turbulent variables |k, €, o, f, w||1 2 3 5 6
Reynolds stresses R;; 1 2 3 4 5 6
Y (except variances) Y 1 12 |3 5 |6
Variance of a variable Y 1 2 3

Table 5.3: Admissible values of boundary conditions for all variables.

0P 0P; — 6P .
Noting that =1 , (I1.5.56) is rewritten as:
on f I'F
dP; = Ajp + BiL0P;,
with:
1 1+ K my
A9 — _prnr - .
op 1+CFL ( i 2 18],
FL
Bip = < )
1+CFL
where the C'F'L is defined as: 14 K A
CFL — -~ 2y
2 py |S‘f

n

(15.57)
) ’ (15.58)

(15.59)

Remark 5.6 CFL is a positive quantity for ingoing flows, which ensures stability.

Remark 5.7 The formulation (1.5.59) is nothing else but a convective outlet on the pressure increment

(see §5.5.4).

Checking step

Before computing the pairs of boundary condition coefficients, a step of checking is performed. Basi-
cally, the code checks that the user has given a boundary condition to all boundary faces, and that

the setting between all the variables is compatible (see Table 5.3).




Chapter 6

Algebrae
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6.1 Iterative process

See § E.

6.2 Linear algebrae

See § L.




Part 11

Advanced modelling



Chapter 7

Turbulence modelling



Code_Saturne

EDF R&D Code_Saturne Theory Guide documentation
Page 65/428

7.1 Eddy viscosity Models (E VM)

In this section eddy viscosity hypothesis is made which states that the Reynolds stress tensor is aligned

with the rate of strain S:

2
p@zzgpk;fQuTéD (IL.7.1)

7.1.1 Equations for the variables % and ¢ (standard © — = model)

P o + Vk - (pu) — div [(,u—&- Mt) Vk] = P+G—pe+ Tk + STy,
0 . g :
Pafi + Ve - (pu) —div [(u + Mt) VS] = Cﬂ% [P+(1-C,)G] — pCEz% +I'e'™ 4 ST,
€
(I1.7.2)
where P is the production term created by mean shear:
D 2
P = -pR:Vu=—|-2u5" +opkl| : 5,
) 3 (11.7.3)
= Z;LtéD :éD — gpktr (l@) ,
and G is the production term created by gravity effects:
1
g=-Evp.g (IL7.4)
POt -
The dynamic turbulent viscosity reads:
k2
e = pC’“?. (I1.7.5)

STy, and ST, stand for the additional source terms prescribed by the user (in rare cases only).

The constants of the model are given in the Table (7.1):

Cu Cey |Cey |0k o.

0.09 |1.44 192 |1.0 |1.3

Table 7.1: Standard k — ¢ model constants [LS74].

C., = 01if G > 0 (unstable stratification) and C., =1 if G < 0 (stable stratification).

See the programmers reference of the dedicated subroutine for further details.

7.1.2 k — e —v2/k elliptic blending turbulence model

The BL-v2/k [BL12] is a elliptic-blending based v2 — f model. Tt is a low Reynolds number model
and as such the wall distance of the first off-wall cell centre must be of order of unity when expressed
in viscous unit.

The following gives details about the model followed by some description of its implementation into
Code_Saturne.
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Model description

This eddy viscosity model solves for k and e as turbulence variables, representing respectively the
turbulent kinetic energy and its dissipation rate, as well as two non-dimensional variables, ¢ = W/ k
and a. The first of these latter two represents the ratio of wall normal Reynolds stress to turbulent
kinetic energy (thus being a measure of the near-wall turbulence anisotropy) and the second is a wall
proximity sensitive quantity (i.e. it takes the value 0 at a wall and 1 in the far field). The coefficient
« is solved for via an elliptic equation (L representing the turbulence length-scale):

a—L*Aa=1 (I1.7.6)
The ¢ transport equation reads:
Y e fur PP 2y vk div (Y4 2 (IL7.7)
dt w PR T kot 2" 5, )7 o

The aim of the BL-v2/k model is to stand as a code-friendly version of the v2 — f model of [Dur91].
In both the wall normal stress v? is used in the vy definition to correctly represent the near-wall
turbulence damping (7" is the turbulence time-scale and C),, = 0.22 is calibrated in the logarithmic
layer of a channel flow):

vp =Cupk T (I1.7.8)

The elliptic blending approach mainly allows for an improved robustness. Indeed, the original v2—f
approach solves for the quantity v2? and a variable f derived from the wall normal pressure term' and
defined as:

1| 2 vZ
f= z ——v0yp —2vVv - Vv + 5? (I1.7.9)
\i,_/
®32
with f being solved using an elliptic equation:
f—L*Af = fn (I1.7.10)

Similarly to the o equation, this elliptic operator allows to represent the non-local effects induced by
the incompressibility of turbulence. The quantity f5 is obtained by considering homogeneous modelling
(i.e. Af =0) of f using for pressure strain-rate term the model of [LRR75]. The correct asymptotic
behaviour of the variable v? is ensured by the following boundary condition:

_2 2.2
Jim f = lim 22

lim f = lim ——5 (IL.7.11)

This requires a balance between O(y?*) terms which proves to be numerically problematic. In the
BL—va/ k model the elliptic equation is simply solved for a non-dimensional quantity with an homo-
geneous Dirichlet boundary condition, therefore alleviating the stiffness associated to the boundary
condition of the elliptic variable. The inclusion of « in the definition of f allows a blending between
the near-wall and the homogeneous form f = (1 — a?) f,, + a3 fj, in the ¢ equation. For the f;, model
the proposal of [SSG91] is preferred for its better reproduction of the pressure term in a boundary
layer.

The model also solves a k-¢ system somewhat modified compared to the one generally adopted by
v2 — f models. The k and ¢ equations adopted by the BL-v?/k model read:

d  p iy [(” + ”t) Vk} Ol — a)* o, (000,00 (9h0,0) (IL.7.12)
dt 2 op €

lthe pressure term ¢354 is not decomposed but modelled as a whole
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de  CaP —Cle ) vy
= *d 5+ — IL.7.1
dt 7 Tdvilg s )¥E (IL7.13)

The k equation includes the so-called “E term” dependent on the second velocity derivatives squared,
similar to that introduced into the e equation by [JL72], and the homogeneous part of the dissipation
rate is independently accounted for (following the suggested formulation of [JH02]). This implies that
the quantity € resolved by the model has a different definition to that conventionally employed in k-&
schemes (i.e. a change of variable ¢ — ¢ + (1 — )£ E + 119;;k). This has the beneficial effect of
reducing the Reynolds number dependence of the near-wall value of the turbulence variables and of
the time and length scales, T and L respectively, yielding better near-wall prediction of the blending
variable and the turbulent viscosity, and hence mean flow quantities, for both low and high Reynolds
numbers.

A further feature is that the coefficient C7, is taken as a function of the turbulent transport of k to e
ratio (as proposed by [PLD96]):
3/2
) (I1.7.14)

This improves the predictions of the dissipation rate in the defect layer of a channel flow (where the
turbulent transport becomes significant) and yields better results in wake flows [PLD96]. Full details
of the scheme can be found in [BL12].

div (v¢ /oL NV k)

Cl, =Ce — 043(0.4 — C¢2) tanh ( .

in extenso definition

Equations: Equations for the turbulence kinetic energy &, the turbulence dissipation rate €, the non-
dimensionnal wall-normal Reynolds stress component ¢ = v2/k and the elliptic blending parameter «
are given in Eq. (I1.7.12), Eq. (I1.7.13), Eq. (I1.7.7) and Eq. (II.7.6) respectively.

Scales and constants: The definition of the turbulent viscosity is given in Eq. (I1.7.15). The near-
wall and far field models, f,, and fj, for the ¢ source term, f are expressed in Eq. (I1.7.16) and
Eq. (IL.7.17). The definition of the variable coefficient C7, is given in Eq. (I1.7.18)

Finally the time and length scales entering the definition of v, the equation of € and the definition of
fn as well as the equation of « are given in Eq. (I1.7.19). The viscous limiter used as lower bound of the

time scale has a finite wall value and therefore enables avoid the singularity consecutive to the definition
2

of the € sink term if the term — ;‘26— were used in place of — ;"25. Similarly a viscous (Kolmogorov)
limiter is used for the length-scale definition L to avoid numerical problems which would raise in the
« equation numerical resolution if the length-scale were to tend to zero at wall. The upper limiter
Tiim is used to enforce the Bradshaw hypothesis (proportionality between shear stress and turbulent
kinetic energy in a boundary layer ww/k = C(= 0.6/1/3 with the present approach)), and corrects, in
a wider range of cases, the excessive production rate returned by the eddy viscosity formulation (i.e.
allowing a linear rather than a quadratic dependance on S for large strain rate).

vy = Cppk min(T, Tjipm) (I1.7.15)
EP
= ——= I1.7.1
fu=-52 (11.7.16)
1 P 2
= —— -1 — - = 11.7.1
=g (a-1+a2) (¢-3) (w7.1)

div (v /oxVk)

€ €

C*Q = 052 + a3 (054 — 052) tanh (

3/2
) (IL7.18)
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k2 v 11.7.19
0.6

Constants: Table 7.2 gives the value adopted for the constants of the model.

Ce1 Cop Ceg Coy op 0c

144 183 23 04 1 15

CM Cr (g Cn Cv Cy Op

022 4 0.164 75 1.7 09 1

Table 7.2: Constants of the BL-v2/k model

Boundary conditions

The turbulent variables wall boundary conditions are given in Eq. (I1.7.20) (y being the wall-distance)?:

lim k=0
y—0
vk

lim e = lim —
y=0 y=0 Y2 (IL.7.20)
limp=20
y—0

lima =0
y—0

Remaining issues

3 3 3
o The actual source term (0x0;U;) (0x0;U;) should be written as ZZZ (0k0;U;) % and not
i=1 j=1k=1
2

3 3
Z Z Z 0x0;U;) as it is, incorrectly, in the present implementation.
=1 \j=1k=1

e Issues regarding grid/code dependancy of this term have already been raised [Iac01]. Alternatives

may be worth investigating, such as (8jjUi)2.

7.1.3 Spalart-Allmaras model

The Spalart-Allmaras turbulence model [SA92] is an EVM RANS model developed in the 90’s in
aeronautics, and is therefore well suited for studying a flow around an air-plane wing for instance.

?Note that the ¢ wall boundary condition is halved compared to what is used in the ¢ — f model (iturb=50)
consequently to the change of variable described above
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Model description

It consists in a transport equation of a scalar & directly linked to the turbulent viscosity pr.

More recently, this model has been extended by Aupoix [AS03] to rough wall for studying atmospheric
flows. It was also successfully applied to flow in turbo-machinery where variants of this model has
been developed.

The transport equation of 7 (pseudo turbulent viscosity, which tends to it far from walls) reads®

2
- 1 . " )
+Vi-(pu) = cp1 pST—Ccw1 fuwp (V) +; [diV (1 + p2)N7) + cpap |ZD|2} +T (" — 0" )4+ ST "™ P4 STP

d
4 (I1.7.21)
where 7" is the injection value of 7 in case of any mass source term, and ST."” and ST5"" are
respectively the implicit and explicit additional user source terms and where

ov

Por

pr = pfuv
3
X
fvl = T4 3
X3+ ey
1
X = -
v
S = +2Lf’02
K2d?
. (I1.7.22)
fv2 B a v+ f/fvl 1
1+chs]°
o=l
g = T+ Cy2 (r6—r)
r = min [ﬂ, 10]
Sk2d?
The constants are defined in Table 7.3.
g Ch1 Cv2 R Cw2 | Cw3 | Cul Cwl
1
2101355 | 0.622 | 0.41| 0.3 | 2 |71 | B2t
K o

Table 7.3: Constants of the Spalart Allmaras model.

3the present formulation is a simplified one presented by Aupoix [AS03] where transition terms have been neglected.
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Time stepping

Equation (I1.7.21) can be rewritten with the #-scheme presented in Chapter 3 as

implicit term

[p + max <cw1pr22 — ¢p1pS, O> — TP GF”} sl

At
~n+1 : H + pﬂn ~n+1
+6 Vov < (pu) — div |[——Vv
— o
implicit part of the convection (11723)

implicit part of the diffusion

_Um - (pu) + div {WW}
ag

2
+ep1pST" = Cut fup <d) + % Vi |? T (5" — ™) 4+ STPp™ 4 STe*P

A

where §pntt = pntl — pn,

~n

1% ~
Remark 7.1 The term <cw1prd2 — cblpS) 18 implicit so that U does not require any clipping to

remain positive if an upwind convective scheme and no flux reconstruction are chosen.

Boundary conditions

Smooth walls: the boundary condition on 7 is a standard zero Dirichlet boundary condition on the
walls (see Chapter 5 for the encoding of standard Dirichlet conditions).

Note that the model gives a log law outside of the viscous sub-layer, i.e.:

v o~ ku*d

. (I1.7.24)
~ U
S ~ —
kd
Rough walls: In case of rough walls, let us define:
Xrough = X + chd -
rough
drougn = d+do (I1.7.25)
do = exp(—8.5k)hs~0.03h,

where h; is the roughness size. The Dirichlet boundary conditions is replaced by the following Neumann
boundary condition:

o 17|fb
= = (I1.7.26)
on fo do
A development in series in then written:
vg, =vp =Ny v-I'F (I1.7.27)

Finally, that is a Robin type boundary condition formulated as follows in Code_Saturne:

by, = A% — B iy (IL.7.28)
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with A?b =0 and
do

gy — % 11.7.29
b dy +TF ( )

Inlet: the profile of 7 is imposed, the value is deduced from the profiles imposed on k£ and ¢ for a
k — € turbulence model assuming 7 ~ vy.

See the programmers reference of the dedicated subroutine for further details.

7.2 Differential Reynolds Stress Models (DRSM)

In this section, the presented models solve a differential transport equation on the Reynolds’ stresses
tensor.

7.2.1 Equations for the Reynolds stress tensor components R;;
and c (LR R model)

3R
P ot

+Y R (pu) - dg(,u¥§> -

H&
H\d

+G+o-

H(T)

+TR™ + ST,
2

P+ G- pC., % 4T + ST,

S8

= 4 Ve (pu) — div (u¥e) = d+C.

Efv\m

Pat
(I1.7.30)

where P stands for the turbulence production tensor associated with mean flow strain-rate and g is
stands for the production- tensor associated with buoyancy effects:

P = —p[R-Yu' +Yu-R
- £-¥ Yu-&, (I1.7.31)
G = [r®g+ger].

where r = p/u/ is modelled through a Generalized Gradient Diffusion Hypothesis (GGDH): r ~ % . fg .

and G. = Max (07 %trg).

Remark 7.2 Under Boussinesq assumption (p varies only in the buoyancy term in the momemtum
equation, lineraly with respect to 0, the velocity density correlation becomes pf'u’

With these definitions the following relations hold:

k = %trﬂ,
B (I1.7.32)
P o= 3tr(B),
@ is the term representing pressure-velocity correlations:
2=¢ +o,+¢ +0 (IL.7.33)
_ € LD
21 = —pCy kR
¢ = —CP", (11.7.34)

¢ = —C3G".

<
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The term ¢ is called wall echo term (by default, it is not accounted for: see html programmer’s

—w
documentation of the subroutine and the appendix Q).

The dissipation term, ¢ , is considered isotropic:

2
e=zel (I1.7.35)

The turbulent diffusion terms are:

4 = Cudis (ih-3R),
o (IL.7.36)
d = C.div (peR'V5>.

In the rare event of mass sources, I‘RZ-L and I'e? are the corresponding injection terms. STg,; and ST
are also rarely used additional source terms that can be prescribed by the user.

c, |C. |C, |C, |Ci |Cy |C3 |Cs |C7 |C

0.09 [0.18 |1.44 |1.92 |1.8 |0.6 |0.55 |0.22 [0.5 |0.3

Table 7.4: Model constants of the LRR R;; — ¢ model [LRR75].

7.3 Large-Eddy Simulation (LES)
7.3.1 Standard Smagorinsky model

w=p (CsA)* /25 : 5, (IL.7.37)

where E the filtered strain rate tensor components:

5-5"= % va+(Zn)]. (IL.7.38)

Here, @; stands for the i*" resolved velocity component .

C is the Smagorinsky constant. Its theoretical value is 0.18 for homogeneous isotropic turbulence, but
the value 0.065 is classic for channel flow.

A is the filter width associated with the finite volume formulation (implicit filtering which corresponds

to the integration over a cell). The value recommended for hexahedral cells is: A = 2 |Qi|éwhere |€2]
is the volume of the cell <.

See the programmers reference of the dedicated subroutine for further details.

4In the case of implicit filtering, the discretization in space introduces a spectral low pass filter: only the structures
larger that twice the size of the cells are accounted for. Those structures are called ”the resolved scales”, whereas the
rest, u; — Uy, is referred to as ”unresolved scales” or ”sub-grid scales”. The influence of the unresolved scales on the
resolved scales have to be modelled.
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7.3.2 Dynamic Smagorinsky model

A second filter is introduced: it is an explicit filter with a characteristic width A superior to that of

the implicit filter (A). If Y is a discrete variable defined over the computational domain, the variable
obtained after applying the explicit filter to Y is noted Y. Moreover, with:

|

L = 10u-1®1,
T = URU-URT, (I1.7.39)
I = 191-i9%
Germano identity reads:
L=T-71. (I1.7.40)

Both dynamic models described hereafter rely on the estimation of the tensors T and 7 as functions
of the filter widths and of the strain rate tensor (Smagorinsky model). The following modelling is
adopted®:

T, — \trTo,;, = —20A?Dy, Dy,
o= Y (IL.7.41)

mij— 18y = —207A°[Dy|Dy,
where @ stands for the implicit-filtered value of a variable uw defined at the centres of the cells and
u represents the explicit-filtered value associated with the variable u. It follows that the numerical

computation of L;; is possible, since it requires the explicit filtering to be applied to implicitly filtered
variables only (i.e. to the variables explicitly computed).

On the following assumption:

C=cC (I1.7.42)

and assuming that C* is only slightly non-uniform, so that it can be taken out of the explicit filtering
operator, the following equation is obtained:

L?=c(a-5), (I1.7.43)
with:
0y = —2A%Dy|Ds;,
’ e (I1.7.44)
T S
Bij = —2A7[Di;|Di;.

Since we are left with six equations to determine one single variable, the least square method is used®.
With:

E=L-C(a-§), (IL.7.45)

the value for C' is obtained by solving the following equation:
0L E_ I1.7.46
5 (I1.7.46)

54;; stands for the Kroeneker symbol.
6tré has no effect for incompressible flows.
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Finally:
c-M:L 11.7.47
T HLTAD
with _
M=a-3 (IL.7.48)

This method allows to calculate the Smagorinsky ”constant” dynamically at each time step and at
each cell. However, the value obtained for C' can be subjected to strong variations. Hence, this
approach is often restricted to flows presenting one or more homogeneous directions (Homogeneous
Isotropic Turbulence, 2D flows presenting an homogeneous span-wise direction...). Indeed, in such
cases, the model can be (and is) stabilized by replacing C by an average value of C' computed over the
homogeneous direction(s).

For a general case (without any homogeneous direction), a specific averaging is introduced to stabilize
the model: for any given cell of the mesh, the averaged Smagorinsky constant is obtained as an average
of C over the ”extended neighbouring” of the cell (the set of cells that share at least one vertex with the
cell considered). More precisely, the average value (also denoted C' hereafter) is calculated as indicated
below:

=== (11.7.49)

See the programmers reference of the dedicated subroutine for further details.
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Compressible flows

See § A.
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8.1 Pressure-based solver




Chapter 9

Combustion
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9.1 Introduction
9.1.1 Use & call

From a CFD point of view, combustion is a (sometimes very) complicated way to determine p, the
density.

Depending on the presence of a match or not, two solutions exist, known as ignited and extinguished.
From a numerical point of view, it means that these two solutions have two attraction basin; the more
representative the model, the more difficult the stabilisation of the combustion (may be difficult to
ignite).

However, combustion models needs few extra fields of scalar with regular transport equations, some of
them with a reactive or interfacial source term.

This version of Code_Saturne focuses on steady industrial combustion processes; propagating fires are
out of the present range (but in the short coming release).

In Code_Saturne modelling of combustion is able to deal with gas phase combustion (diffusion, premix,
partial premix), and with solid or liquid finely dispersed fuels (fixed and fluidised beds are out of
range).

Combustion of condensed fuels involves one-way interfacial flux due to phenomena in the condensed
phase (evaporation or pyrolisis) and reciprocal ones (heterogeneous combustion and gasification). Many
of the species injected in the gas phase are afterwards involved in gas phase combustion.

That is the reason why many modules are similar for gas, coal and fuel oil combustion modelling.
Obviously, the thermodynamical description of gas species is similar in every version as close as possible
to the JANAF rules.

All models are developed in both adiabatic and unadiabatic (permeatic : heat loss, e.g. by radiation)
version, beyond the standard (-1, 0, 1), the rule to call models in usppmo is:

-1 unused

ippmod(index ; model)

ippmod(index ; model) = 0 simplest adiabatic version

ippmod(index ; model) = 1 simplest permeatic version (I1.9.1)
and possibly:

ippmod(index ; model) = 2.p p adiabatic version

ippmod(index ; model) 2.p + 1 p permeatic version

Every permeatic version involves the transport of enthalpy (one more variable).

9.1.2 Gas combustion modelling

Gas combustion is limited by disponibility (in the same fluid particle) of both fuel and oxidizer and
by kinetic effects (a lot of chemical reactions involved can be described using an Arrhenius law with
high activation energy). The mixing of mass (atoms) incoming with fuel and oxydizer is described
by a mixture fraction (mass fraction of matter incoming with fuel), this variable is not affected by
combustion.

A progress variable is used to describe the transformation of the mixture from fuel and oxydant to
products (carbon dioxyde and so on). Combustion of gas is, traditionnaly, splitted in premix and
diffusion regimes.

In premixed combustion process a first stage of mixing has been realised (without blast ...) and
the mixture is introduced in the boiler (or combustor can). In common industrial conditions the
combustion is mainly limited by the mixing of fresh gases (frozen) and burnt gases (exhausted) resulting
in the inflammation of the first and their conversion to burnt ones ; so an assumption of chemistry
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much faster than mixing (characteristic time for chemistry much smaller than characteristic time for
turbulent mixing) induces an intermittent regime. The gas flow is constituted of totally fresh and
totally burnt gases (the flamme containing the gases during their transformation is extremely thin).
With this previous assumptions, Spalding [S71] established the "Eddy Break Up” model, which allows
a complete description of the combustion process with only one progress variable (mixture fraction is
both constant - in time - and homogeneous - in space).

In diffusion flames the fuel and the oxydant are introduced by, at least, two inlets. In ordinary
industrial conditions, their mixing is the main limitation and the mixture fraction is enough to qualify
a fluid particle, but in turbulent flows a Probability Density Function of the mixture fraction is needed
to qualify the thermodynamical state of the bulk. So, at least, both the mean and the variance of
the mixture fraction are needed (two variables) to fit parameters of the pdf (the shape of whose is
presumed).

Real world’s chemistry is not so fast and, unfortunately, the mixing can not be as homogeneous as
wished. The main part of industrial combustion occurs in partial premix regime. Partial premix
occurs if mixing is not finished ( at molecular level) when the mixture is introduced, or if air or fuel,
are staggered, or if a diffusion flame is blown off. For these situations, and specifically for lean premix
gas turbines [LW00] developed a model allowing a description of both mixing and chemical limitations.
A collaboration between the LCD Poitiers [RCP04] and EDF R&D has produced a simpler version of
their algorithm. Not only the mean and the variance of both mixture fraction and progress variable
are needed but also their covariance (five variables).

9.1.3 Two-phase combustion modelling

Coal combustion is the main way to produce electricity in the world. Heavy fuel oil combustion have
been hugely used to produce electrical energy. Biomass is a promising fuel to be used alone or in blend.

Advanced combustion process may include exhaust gases recycling, pure oxygen or steam injection, so
this release of Code_Saturne takes into account three oxidizers (tracked by three mixture fractions).

Coal is a natural product with a very complex composition. During the industrial process of milling,
the raw coal is broken in tiny particles of different sizes. After its introduction in the boiler, coal
particles undergoes drying, devolatilisation (heating of coal turn it in a mixture of char and gases),
heterogenous combustion (of char by oxygen in carbon monoxide), gasification (of char by carbon
dioxide or by water steam in carbon monoxide), leaving ash particles.

The description of fuel evaporation is done with respect to its heaviness : after a minimum temperature
is reached, the gain of enthalpy is splitted between heating and evaporation. This way the evaporation
takes place on a range of temperature (which can be large). The total evaporation is common for
light (domestic) oil but impossible for heavy ones : at high temperature, during the last evaporation,
a craking reaction appears : so a particle similar to the char is leaved. The heterogeneous oxydation
of this char particle is very similar to coal char ones.

Each of these phenomena are taken into account for some classes of particles : a solid class is carac-
terised by a coal (it is useful to burn mixture of coals with differents ranks or mixture of coal with
biomass ...) and an initial diameter, for heavy fuel oil, liquid classes refer to initial diameter (neither
possibility of blending after injection nor cofiring with oil and coal). Code_Saturne computes the num-
ber, the mass and the enthalpy for each class of particles by unit of mass of mixture; allowing the
determination of local diameter and temperature (for each class; e.g. the finest will be be heated the
fastest).

The main assumption is to solve only one velocity (and pressure) field: it means that the discrepancy
of velocity between coal particles and gases is assumed to be negligible.

Due to the radiation, evaporation and heterogeneous combustion, temperature can be different for gas
and different size particles : so the specific enthalpy of each particle class is solved.

The description of coal pyrolysis proposed by [K76] is used, leading to two source terms for light and
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heavy volatile matters (the moderate temperature reaction produces gases with low molecular mass,
the high temperature reaction produces heavier gases and less char) represented by two passive scalars
: mixture fractions. The description of the heterogeneous reaction (which produce carbon monoxide)
produces a source term for the carbon: the corresponding mixture fraction is bounded far below one
(the carbon can’t be free, it is always in carbon monoxide form, mixed with nitrogen or other).

The retained model for the gas phase combustion is the assumption of diffusion flammelets surrounding
particle (for a single paticvle or a cloud), this diffusion flame establish itself between a mixing of the
previous gaseous fuels issued from fast phenomenon (pyrolysis or fuel evaporation) mixed in a local
mean fuel and the mixing of oxidizers, water vapor (issued from drying) and carbon monoxide issued
from slow phenomenon (heterogeneous oxydation and gasification of char). The PDF diffusion app-
rocah is used to describe the conversion of hydrocarbon to carbon monoxide (hydrocarbon conversion
is assumed fast vs. mixing); the further conversion of carbon monoxide to carbon dioxyde was (in
previous release, still existing for fast first evaluation of carbon dioxide usefull to initialize the kinetic
model) ruled by mixing or is (now recommended for better prediction of carbon monoxide at outlet
and corrosion risks) kineticaly ruled with respect to the mean mass fraction and temperature (reach
of equilibrium assumed slow vs. mixing). Special attention is paid to pollutant formation (conversion
of HyS to SO4 involved in soot agglomeration, NOx formation).
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9.2 Thermodynamics

9.2.1 Introduction

The description of the thermodynamical of gaseous mixture is as close as possible to the JANAF
standard. The gases mixture is, often, considered as composed of some global species (e.g. oxidizer,
products, fuel) each of them beeing a mixture (with known ratio) of elementary species (oxygen,
nitrogen, carbon dioxide, ...).

A tabulation of the enthalpy of both elementary and global species for some temperatures is constructed
(using JANAF polynoms) or read (if the user found useful to define a global specie not simply related
to elementary ones; e.g. unspecified hydrocarbon known by C, H, O, N, S analysis and heating value).
The thermodynamic properties of condensed phase are more simple: formation enthalpy is computed
using properties of gaseous products of combustion with air (formation enthalpy of which is zero valued
as 02 and N2 are reference state) and the lower heating value. The heat capacity of condensed phase
is assumed constant and it is a data the user has to enter (in the corresponding data file dp_.FCP or
dp_FUE).

9.2.2 Gases enthalpy discretisation

A table of gases (both elementary species and global ones) enthalpy for some temperatures (the user
choses number of points, temperature in dp_*** file) is computed (enthalpy of elementary species is
computed using JANAF polynomia; enthalpy for global species are computed by weighting of elemen-
tary ones) or red (subroutine pptbht). Then the entahlpy is supposed to be linear vs. temperature
in each temperature gap (i.e. continuous piece wise linear on the whole temperature range). As a
consequence, temperature is a linear function of enthalpy; and a simple algorithm (subroutine cothht)
allows to determine the enthalpy of a mixture of gases (for inlet conditions it is more useful to indicate
temperature and mass fractions) or to determine temperature from enthalpy of the mixture and mass
fractions of global species (common use in every fluid particle, at every time step).

9.2.3 Particles enthalpy discretisation

Enthalpy of condensed material is rarely known. Usually, only the low heating value and ultimate
analysis are determined. So, using simple assumptions and the enthalpy of known released species
(after burning with air) the formation enthalpy of coal or heavy oil can be computed. Assuming the
thermal capacity is constant for every condensed material a table can be build with ... two (more
is useless) temperatures, allowing the use of the same simple algorithm for temperature-enthalpy
conversion. When intermediate gazeous species (volatile or vapour) are thermodynamically known,
simple assumptions (e.g.: char is thermodynamically equivalent to pure carbon in reference state;
ashes are inert) allow to deduce enthalpy for heterogeneous reactions (these energies have not to be
explicitely taken in account for the energy balance of particles).
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9.3 Gas combustion

Flames with gaseous fuels can be categorized in premix, diffusion or partial-premix.

9.3.1 Premix: Eddy Break Up

The original Spalding model [S71] was written for a situation where the whole boiler is filled with the
same mixture (only one inlet); the motto of which is ”If it mizes, it burns”. If the chemistry is fast
vs. mixing, fluid particles are made of fresh gases or of burned ones. This situation is described by a
progress variable (valued 0 in fresh gases and 1 in burnt ones) with a source term: the reaction one.
The mixture of totally fresh or totally burnt gases, called intermittency, leads to a maximal variance
of the progress variable determined by the mean value of the progress variable.

C”I2nax = (Cmoy - Omin)-(cmax - Cmo}’) = Cmo}"(l - Omoy) (1192)

The mixing of fresh and burnt gases is the dissipation of this variance and it induces the conversion of
fresh gases in burnt ones. So the source term for the (mean) progress variable is the dissipation of its
(algebraic) variance. Be careful: in Code_Saturne the variable chosen to describe the reaction is the
mass fraction of fresh gases (valued 1 in fresh and 0 in burnt), so:

S(¥ig) = ~Cobu 7 [  Yig (1 - Yig)] (11.9.3)

Where Cy},, is a constant, supposedly ”universal”, fitted around 1.6 (only advanced users may adjust
this value).

Some improvements have been proposed, and largely used, for situations with mixture fraction gradient
(staggering of reactant(s)) but are not theorically funded. The simplest extension is available (options
2 and 3 ) in Code_Saturne with one extra equation solved for f the mean of mixture fraction: the
corresponding hypothesis is “no variance for mizture fraction” ... a little bit surprising in an EBU
context (maximal variance for progress variable). The choice of the fresh gas mass fraction appears
now to be quite relevant : the computation of species mass fraction can be done, with respect to the
mean mixture fraction, both in fresh (the mass fraction of which is Y,) where species mass fraction are
obvious and burnt gases (the mass fraction of which is (1 — Yf,)) among which species mass fraction
come from a complete reaction assumption (as introduced hereafter for diffusion flame).

Yiel = Yfgf +(1- Yfg)'nlaX <O ; J= fs)

1_fs
Yox = Yig(1—f)+ (1 —Yfy). max (0; fs];f) (I1.9.4)
Yprod = (1_Yfg>-(l}{s3 11_£>

Where fs is the stoechiometric mixture fraction.

In adiabatic conditions the specific enthalpy of gases (in every combustion model the considered enthalpy
contains formation one and heat content, but no terms for velocity or pressure) is directly related to the
mixture fraction (as long as the inlet temperature for air and fuel is known). When heat losses, like
radiation, are taken into account, an equation has to be solved for the mean enthalpy (such an equation
is needed so when some inlets have different temperatures -partial preheat- enthalpy is then used as an extra
passive scalar). In industrial processes, the aim is often to transfer the heat from burnt gases to the
wall; even for heat loss the wall temperature is near to the fresh gases temperature and the main heat
flux takes place between burnt gases and wall. So, in Code_Saturne, the specific enthalpy of the fresh
gases is supposed to be related to mixture fraction and the specific enthalpy of burnt gases is locally
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computed to reach the mean specific enthalpy. By this way every heat loss removed from the mean
enthalpy is charged to the hottest gases.

- . h—Yig . hig(f)

h = ng . hfg(f) + (1 — }/}g) . hbg =4 hbg = (1195)

where f is here the local mean of the mixture fraction or a constant value (in the regular EBU model).

9.3.2 Diffusion: PDF with 3 points chemistry

In diffusion model, the combustion is assumed to be limited only by mixing (between air and fuel), so
the reaction is assumed to reach instantaneously its equilibrium state and the temperature and concen-
trations can be computed for every value of the mixture fraction. In Code_Saturne the implemented
version uses an extra hypothesis: the reaction is complete; so if the mixture is stoechiometric, the
burnt gases contains only final products (none unburnt like CO, except definition of product including
a specified ratio of CO). As a consequence, every concentration is a piecewise linear function of the
mixture fraction (subroutines: d3pphy, d3pint, cpcym, fucym).

/
0< f < fs 5 Yz(f) = Yair + ? (YS - Yair) (11'9’6)
S
) _ f= s
fs < f <1 H Yz(f) - Ys + 1 f (quel - Ys) (11'9'7)
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Figure 11.9.1: Mass fraction of global species are piecewise linear with mixture fraction.

Where fs is the stoechiometric mixture fraction, Y the concentrations in products of the complete
reaction of a stoechiometric mixture (in such products, the chemical reaction is no more possible :
inert). Beware to distinguish Yf,e mass fraction of a species (depending on f) and Yi,e mass fraction
of species in the inlet condition for the fuel stream (Y; gye1 = Yi(1) Y air = Y3(0)).

The diffusion model uses two equations for the mixture fraction and its variance. Both of them having
no reaction term. The mean and the variance of the mixture fraction are used to fit parameter of a
Probability Density Function, with a presumed form, for the mixture fraction. In Code_Saturne the




Code_Saturne

EDF R&D Code_Saturne Theory Guide documentation
Page 84/428

shape proposed by [BD78] with a rectangle and Dirac’s peak is used (subroutines copdf, cppdf,
fupdf).

Fuel air ratio : lean

P(f)

Variance : moderate

Dirac’s peak for oxidizer

rectangle for mixture

0 1 f

Lean variance Strong variance

Fuel Dirac’s
peak

4

Oxydizer Dirac’s peak

Figure 11.9.2: Examples of presumed PDF: cheapest form.

The determination of the mean concentration is done by integrating the local concentration weighted
by the probability density function. As a matter of fact, integrating the product of a piecewise linear
function by a constant (height of the rectangle) is a very simple exercise: analytic solution is available
(the original formulation [BD78] which uses 8 function was much more computationaly expensive).
In adiabatic condition, the specific enthalpy of the mixture is a linear function of the mixture fraction
(the enthalpy is not modified by the reaction). As for premixed combustion, the following assumption
is done “the hotter the gases, the worse the heat losses”, so the enthalpy of pure oxidizer and fuel are
supposed to be not modified in permeatic conditions, the enthalpy of products hg (at the stoechiometric
mixture fraction) is an unknown or auxiliary variable. The enthalpy of the mixture is supposed linear
piecewise with f (like concentrations but with an unkwnon at fs) and the resulting mean enthalpy
(weighted by PDF) is linear in hs. Fitting with the equation for the mean enthalpy (which takes in
account radiation and other heat fluxes), hs is determined and, consequently the temperature at fs
and the mean temperature can be computed.

As an example of the capabilities of the simple pdf used in Code_Saturne, computations for the deter-
mination of the value of this auxiliary variable are detailed hereafter.
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Figure 11.9.3: Enthalpy of products is determined to take in account the heat losses.

0<f</fs ; he=hox+(hs—hoyx) %
f<F<1 ;) hy= f;ifui_ll_h + (hs — hfyel) % (I1.9.8)
/ W)PUNT = Dohox + Dbt
/ Joe = minlfe 1) he(f).H.df (I1.9.9)
fi,0 =min(f1, fs)
. /fz,r = max(fs, f2) b (F).Hdf
J1,r = max(f1, fs)
/ WGP = Dohog + Dihie
+ Hhog (o — fro) + H.(hs — hair) {f’gg_fﬁf} (11.9.10)

Js-Puel — hs f227,_ - f127r
+ H'T'(flr - fl,r) + H~(hs - hfuel) {2(‘](.5_1)}
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1
| PG = Dodox+ Dihia

(f30 = f70)

+ H hoy (f?,é_fl,f) — H hoy 2 f
S

Ho, ; 2 terms

fS (f2,r - fl,r)
(fs—1)
Hpel 5 2 terms

(f22,€ - f12,£) B (f2,r - fl,r) (f22,r - f12,r)
H%{ 27, (=D 2R

H™ ; last terms

(f22,r - flz,r)

+ thuel Q(f—l)
s

— H hpyal (IL9.11)

With h, enthalpy on the lean side of fs, h, enthalpy on the rich side; Dy the Dirac’s peak in pure air,
D, Dirac’s peak in pure fuel, f; begin of rectangle, fo end of rectangle, H heigth of rectangle.

This expression for enthalpy includes a last term linear in hg , identification with the transported
enthalpy (solved with source term for radiation and so on) allows to determine its value:

7 h— [DO-hair + Dl-hfuel + {HOX + Hfuel}}

/ WP =h e b= T (119.12)
0

9.3.3 Partial premix: Libby Williams models

Code_Saturne has been the test-bench for some versions of Libby-Williams model [LWO00], like for the
models implemented and then incremented by [RCP04] and [RO5].

The Libby & Williams model have been developed to address the description of the combustor can of
gas turbine in regime allowing a reduction of NOx production using (sometimes very) lean premix. By
this way, the combustion occurs at moderate temperatures avoiding the hot spots which are favourable
to thermal NOx production. Because of the moderate temperatures, the chemistry is no more so fast
and the stability is questionnable. To ensure it a diffusion flame called pilot takes place in the center of
the combustor. So, if the main flow is premixed, both pure fuel and pure oxidiser are introduced in the
combsutor leading to continuous variation of the equivalence ratio (always the mixture fraction).This
situation is clearly out of the range of both EBU and PDF models, moreover the limitation by the
chemistry is needed (for stability studies).

Originally, Libby & Williams proposed a presumed PDF made of two Dirac’s peaks, Ribert showed
that this PDF could be determined with only the mean and the variance of the mixture fraction and
a reactive variable (by now, the mass fraction of fuel is used). Then some undeterminations seem
awkward and Robin et al. propose a four Dirac’s peaks PDF whose parameters are determined with
the same variables and the solved (transported) covariance (of the reactive variable and the mixture
fraction) as an extra solved field. With the condition corresponding to every Dirac’s peak, a global
chemistry description is used (the source term for every variables is a weighting of the reaction fluxes).

With two peaks distribution, the two-variable PDF is restricted to one line, crossing the mean state
and the slope of which is the ratio of variances (choice of the sign is user free, ... but relevant: expertise
is needed). The correlation between variables is unity. On this line the distribution is supposed to
obey a modified Curl model [Cur63].

With three or four peaks distribution, the whole concentration space is available and the determination
of the covariance allows evolution of the correlation (with f and Y'f, it has been shown that the
correlation is positive in mixing layer and can become negative across the flame: the particle nearer of
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Figure 11.9.4: PDF recommended by Libby & Williams: still undetermined.

stoechiometry being able to burn -then destroy Yf- faster than the particles in poor regime).
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Figure 11.9.5: PDF form in LWP approach: succesive modified Curl distributions.

In adiabatic conditions, the temperature can be computed for every pair (f,Y fuel), allowing the
determination of the kinetic constant.
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As previously, with heat losses, it is assumed that the hottest gases have lost the more (of their
thermal enthalpy), the enthalpy of the products at stoechiometric point (fs,0) is an auxiliary variable,
the enthaply being considered as a piecewise bilinear function. Fitting mean transported enthalpy and
integrated ones, allows to determine the enthalpy of stoechiometric products, then the enthalpy and
temperature in the peaks conditions and, in fine the reactions fluxes.

9.3.4 Numerical Recipies for PDF

Some applied mathematics are involved in pdf parameters determination (rectangle and modified Curl)
and for integration (species mass fraction, temperature, density and so on).

Some tests, done by [Sapll] show weak discrepancies between species mass fraction with respect to
the shape of the PDF (among Beta, rectangle and peaks, Curl; for similar mean during variance
dissipation).

Rectangle and Dirac’s peaks probability density function

This type of pdf is used in diffusion flames both for gas combustion or dispersed fuel ones (coal and
heavy fuel oil). In gas mixture, the pdf is build for an equivalence ratio for fuel (inert scalar variable)
ranging on [0, 1]. For dispersed fuel, due to vaporisation, or pyrolysis, and heterogeneous combustion
two or three gaseous fuels are taken in account, each of them having its own inert scalar, so the PDF is
build for an inert scalar which is the total of passive scalars for volatiles matter (coal and biomass) or
hydrocarbon vapor (heavy fuel oil). The algorithm for pdf parameters determination, can be written
in a general form on every variable’s range.

If the allowed range for the variable iS [ fmin; fmax), knowing the mean and variance of the variable allow
to determine first the shape (alone rectangle, rectangle and one Dirac’s peak at one boundary, two
Dirac’s peak at boundaries and rectangle) and then, the three pertinent parameters (three conditions
given by momenta mg = 1,m; = mean, my = mean? + variance).

1. For a lonesome rectangle Dirac’s peak intensity is null, the three parameters are: the begining
and end values of the rectangle and its heigth.

2. For a rectangle with a Dirac’s peak at one boundary (which is determined during the choice of
shape), one of the rectangle edge is fixed at this boundary, so the three parameters are : the
other rectangle edge, height of rectangle, intensity of the Dirac’s peak.

3. For a two Dirac’s peak distribution, both rectangle edges are at the boudaries, so the parameters

are the rectangle height and the Dirac’s peak intensity.

The choice between the four possible forms can be done by previous test on the variance. Defining v
and vs by:

1 P _Fe-3p

f< 5 = vl = 3 ,7 v2 = —3 ) (I1.9.13)

?2% IR el s f) . (1*f)~(2;3-(1*f)) (1.9.14)
Vf = ol =min (J; (- ) (I1.9.15)
VF = U2—max( 2g3f (1 f)-(2;3-(1—f))) (11.9.16)

Depending on the value of variance and naming Dy and D;, the Dirac’s peak magnitude, fo and f3
the begining and end of the rectangle and h its height, the determination is:
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1. if the variance is lower than vy, the pdf is only made of a rectangle (symetrical with respect to
the mean)

Do=Di=0; fo=f—\[3f2; fo=F— /37 (IL9.17)

2. if the variance is greater than ve, the pdf is made of two Dirac’s peak and a rectangle (over all
range); (be careful the mean of square is neither the variance nor the square of mean; but the
sum of them)

fo=0; fs=1; Do=3.f2—4f+1; D; =3.f2-2.f (I1.9.18)

3. if the variance is greater than v; and lower than ve, the pdf is made of only one Dirac’s peak (in
0 if the mean is lower than one half in 1 otherwise) and a rectangle.

~ "‘2’ ~
fg% = Dl:O?f2=0;fs=32'_J};Do=1—2.<]{;> (11.9.19)
i L L 3f2—Af41  2f-1-f
fz5 = Do—o,fg—l,frz_w,pl_ﬁ

4. every time, the height of the rectangle obeys the same relation :

1— Dy— D,
h— 11.9.20
fa—fa ( )

Curl distribution

The Curl distribution is only composed of two Dirac’s peaks. Such a distribution needs four parameters
(two positions and two amplitudes), only two moments (mean and variance) are known, the completness
is the third, so an extra assumption is needed : the standard Curl distribution assumed amplitudes
values (the mean for the richer, the remainder to one for the leaner), a modification of the Curl
distribution is given by an extra constraint : use of recurrence relation between Beta function allows
to determine the third moment ( linked with skewness) and to modify amplitudes of peaks. In this
Code_Saturne release, only regular Curl distribution is implemented and used (discrepancies in species
mass fractions using the modified Curl are not worthy of this option introduction). Looking for P
and P, the amplitudes, and f; and f5 the positions, with constraints from completeness, mean and
variance, it comes :

P+P = 1=P=1-P (I1.9.21)
- f—P.f1
PifitPofy = fopp=i-BS1 (11.9.22)
1- P
PLfP+P.f = P=f+= (11.9.23)
A=f- \/J‘A”E.l A (11.9.24)
Py
. [ P
_ 2 1
=T\ "R (11.9.25)

f1 and f> may be inside [0, 1], the first proposal by Curl (in the context of liquid-liquid extraction,
the interfacial mass flux does not modify mass of each phases) is:

Pi=1-fiP=f

fi=F41- o (11.9.26)
fA=F)
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Obviously, maximal value of variance induces Dirac’s peak positionned at boundaries.

Formulae in (I1.9.21) can be used to determine the peak’s magnitude if any extra condition is retained.
In the context of pdf, the Beta function have the fame of fairly good representation of micro-mixing,
so the third momentum of a Beta distribution is easy to determine (thanks to recurrency), used as a
constraint for a modified Curl model, it comes :

T a+2

3= —— "~ f2 11.9.2
=3 +5+2 / (I1L.9.27)
— —2 o r
pi g 1Z2f — (I1.9.28)

f A=+ f
PP A+ —s P {44+ =—5 2 +1=0 (11.9.29)
f//2 f//2

Some numerical evaluations don’t show large discrepancies (among mass fraction or temperature) so this
option is not currently available.
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9.4 Coal, Biomass, Heavy Oil combustion

9.4.1 Introduction

Pulverised coal combustion is described (excluding grid burning) allowing the use of mixture of coals
(or of coal and biomass) and a description of granulometry (as many classes of initial diameter as
wished). After a particle enters the furnace, radiation increases its temperature.

1. As particle’s temperature increases, evaporation of free water (if any) begins. During evaporation,
the vapor pressure gradient extract some water from the particle. The interfacial mass flux brings
some mass, water and enthalpy (computed for water vapour) then latent heat is taken from the
particle’s enthalpy so the heating is slowed (during evaporation, the water can’t reach the boiling
point). Fuel oil is supposed to be dry.

2. After drying is achevied, the temperature reaches higher level, allowing the pyrolysis phase to
take place. The pyrolysis is described by two competitive reactions: the first one with a moderate
activation energy is able to free peripherals atoms group from skeleton leaving to light gases and a
big amount of char; the second one with an higher activation enrgy is able to break links deeper
in the skeleton leaving to heavier gases (or tar) and less char (more porous). So a complete
description needs two sets of three parameters (two kinetics ones and a partitioning one):

Coal = (ko1, To1) = Y; {Light Volatiles } + (1—7Y;) {Char},
Coal = (ko2, To2) = Yo {Heavy Volatiles } + (1 —Y2) {Char},

where Y7, the partitionning (or selectivity) factor of the ”low temperature” reaction is less than
Y5, the 7 high temperature” one. A practical rule is to consider that the same hydrogen can
bring twice more carbon by the second reaction than by the first one. When ultimate analysis
are available both for coal and for char, it is relevant to check partioning coefficient (Y;) and
composition of volatiles matters (mainly ratio of Carbon monoxide and C/H in the hydrocarbon
fraction): assumptions on volatiles composition gives partitionning coeflicients; assumptions on
Y; determine volatiles equivalent formulae. Pyrolisis interfacial mass flux brings energy of volatile
gases (computed at the particle’s temperature) in wihch the formation of enthalpy of gaseous
species differs from the coal one’s, as a result, the enthalpy for pyrolisis reaction (the most ofen,
moderate) is taken from particle energy.

The heavy fuel oil undertakes a set of physico-chemical transformation: light hydrocarbons can
evaporate while the heaviest undergo a pyrolisis. With a few data, only a temperature range is
available for mass loss of droplets: the heat flux is shared out between warming of the remaining
liquid and evaporation enthalpy. At the very end of theses processes a solid particle is leaved,
mainly made of a porous carbon similar to char.

3. After pyrolysis and evaporation, when every volatiles are burnt, oxygen is able to reach the
surface of the char particle. So heterogenous combustion can take place: diffusion of oxygen
from bulk, heterogeneous reaction (kinetically limited) and back diffusion of carbone monoxide.
The heterogeneous oxidation interfacial mass flux is the difference of an incoming oxygen flux
and an outcoming carbon monoxide mass flux, each of them at their own temperature. The
incoming oxygen has a zero valued formation enthalpy (reference state) and the outcoming carbon
monoxide has a negative formation enthalpy, as a result, the enthalpy liberated by the first
oxidation of carbon is leaked in the particle energy, contributing to its heating. The heterogenous
combustion is complete if all the carbon of the char particle is converted, leaving an ash particle.
Unburnt carbon can leave the boiler as fly ash. The heterogeneous reaction is written as following:

1
Char + 502 = (ko,het ) To,het) = CO
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4. In the same way, after pyrolysis vanishes, gasification can take place by :

Char+COy = (koge , Toge) = 2CO,

Char + H,O = (kO,gW s TO,gW) = (CO+ H,.

This version is able to deal with many class of particles N¢jsses, €ach class beeing described by an
initial diameter and a constituting coal. Every coal, among nchar is described by a complete set of
parameters: immediate and ultimate analysis, low heating value (at user choice on raw, dry or pure)
and kinetic parameters (for the two competitive pyrolysis reaction and for heterogeneous reaction).
This allows to describe the combustion of a mixture or coals or of coal and every material following the
same evolution kinetics (woods chips ...). It is, obviously, possible to mix fuels with (very) different
proximate analysis, like dry hard coal and wet biomass.

Subroutines allowing the user to describe inlets are dedicated to standard combustion: some inlets are
for coal (eventually blend)and a gaseous media, others for oxidizers. If needed, a deeper modification
allows to describe co-combustion of coal and some gases ... described as volatile matter from a coal.

The heavy fuel oil injection is described by a thermodynamic data file and granulometry, neither blend
nor coal / oil mixing is possible.

9.4.2 Enhancement of diffusion turbulent reaction for two phase
combustion

With a Probability Density Function and the assumption of concentrations piecewise linear vs. the
variable, it is quite easy to integrate and found the mean concentrations. For gas diffusion flame this
is done by d3pphy, d3pint, it seems more relevant to explain the algorithm in a more complicated
case: for coal, biomass and heavy fuel oil, in multiphase gas combustion five reactions can be
considered.

1. 1) gases issued from slow phenomena (vs. turbulent mixing) as heterogeneous combustion and
gasification, both by COs and H2O are mixed with various oxidizers; if any gasification by HoO
has been undertaken, some Hs is released. This (an industrial combustor is not a gasifier) amount
is supposed to recombine as a reaction prior to mixing and main turbulent combustion.

2. 2 and 3) Coal is assumed to undergos two competitves pyrolysis reactions, the first releasing
organic compound summarized as CH,1, the second releasing CH,o (with 1 > z2), both of
them releasing CO. The first reaction to occur in the gas phase is the partial dehydrogenation (
lowering saturation) of CH,; to produce water vapor and CH,s. Then the CH,s (produced by
pyrolisis or by C'H,; partial oxydation) is converted to water vapor and carbon monoxide.

3. 3 and 4) Heavy fuel oil is supposed to undergos a progressive evaporation, releasing a fuel vapor
CH, (obviously unsaturated, close to CHj), CO, H2S and a char particle. Two reactions are
supposed to succeed. First, the conversion of CH, to water vapor and C'O. Then the oxidation
of HyS to water vapor and SO,.

4. 5) if conversion of CO to COsy is assumed to be fast, this complete reaction is also ruled by the
variance dissipation. (Be careful, some CO (from heterogeneous oxidation and gasification) is
still mixed with the local mean oxidiser).

Both for coal and heavy fuel oil, the assumption of a diffusion flamelet surrounding the particles is
done. All of the reducing gases issued from fast phenomenon are supposed mixed (to constitue a local
mean fuel) and the diffusion flammelet takes place between this mixture and the mixture of oxidisers
(air, oxygen, recycled flue gas) and gases issued from slow phenomenon: water vapor (from drying),
carbon monoxide (from heterogeneous combustion and gasification of char if CO oxidation is not fast),
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hydrogen (product of gasification by water vapor); then the ”mean local oxidizer” is no more unreactive
and the recombination of hydrogen have to be done first. Depending on the composition of mean local
fuels and oxidizer, stoechiometries can be computed for the five (or four) successive reactions, molar
composition can be easily computed and weighted by the pdf (built on [0 , 1] for the sum of fast fuels).

If carbon monoxide final oxidation is not supposed to be fast, after this turbulent reaction, the amount
of carbon dioxide is null, an equilibrium value is computed (with respect to the total amount of
carbon and oxygen and to the enthalpy) and the value of carbon dioxide transported is compared
with the equilibrium, according to direction of the discrepancy, a relaxation term is computed with
a caracteristic time (oxidation’s one if the mass fraction is below the equilibrium, dissociation’s one
otherwise -situation encountered with exhaust gas recycling).

In this release, coal is not supposed to contain any sulphur and heavy fuel oil is supposed to release
only one (unsaturated) hydrocarbon. The general subroutine is then feeded with some nil values (e.g.
in heavy fuel computation, the tracer f1 dedicated to saturated hydrocarbon is not resolved, and the
call of the subroutine is done with a zero scalar).

This structure is supposed to allow further developments: coal, or biomass, with sulphur, detailed
mechanism for heavy fuel oil decomposition (leading to both CH,; and CH,s), and so on.

A
Y

Figure 11.9.6: Condensed Fuels before any gas combustion.

Before reaction between gases, only exist species coming from inlets or interfacial source term: CO
in mean local fuel (i.e. fi + fa = 1) comes from devolatilisation, CO in mean local oxidizer (i.e.
f1+ f2 =0) comes from heterogeneous reactions of char.

During pulverised coal combustion, two kinds of volatile matters are considered and the sketch of
concentrations during the three successive reactions is quite similar.

Every reaction (but, possibly the final conversion of CO to C'Os) are supposed to be fast compared
to the turbulent mixing, but among these reactions some can be faster; here, a priority rule to access
oxygen is established (the more eager —for oxygen— the specy, the faster the reaction).

The first reaction is a partial dehydrogenation of the light volatile C H,; to form the species caracteristic
of heavy volatile CH,o: in fsl, all of CH,; (issued from the low temperature pyrolisis reaction) is
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converted, and the C'H,o (issued from the high temperature pyrolisis reaction) is incremented.

1 xl —x2

— 22
Txo2 = OHy + —5— H;0.

CHrl + L

0 fsd fs3 fs2 'fs1 1' F1+F2

Figure 11.9.7: Condensed Fuels after hydrocarbons conversion.

The oxygen and the hydrocarbon vapor have linear concentrations in f(1+2) on [0, 1]. As long as the
stoechiometry of the reaction is known, a simple equation allows to determine fso the stoechiometric
point for the second reaction (where both oxygen and hydrocarbon vanish). The second reaction is the
conversion of some hydrocarbon vapor to carbon monixide and water vapor (not plotted in an optimistic
attempt to lighten the sketch).

2422

CHyy+ =0, = CO+ gHgO.

Then the rich area can’t undergo any reaction (no oxygen available) if the PDF(f) is not zero before
Fs2, then some C'H, is unburnt.

Some H5S can be converted to SOs, the carbon monoxide existing between fs2 and 1 is protected
from oxidation (the two first reactions have destroyed the free oxygen). Like previously, oxygen and
hydrogen sulphide have concentrations linear in f on [0, fs2] as long as the stoechiometry of the
reaction is known, a simple equation allows to determine fs3 the stoechiometric point for the third
reaction (where both oxygen and hydrogen sulphide vanish).

H>yS + 202 = SO, + H>0.

If the final conversion of carbon monoxide to carbon dioxide is assumed fast (with respect to variance
dissipation) a last reaction is taken in account:

1
CO+ 502 = CO0s.
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Figure 11.9.8: Condensed Fuels after hydrocarbons oxidation.
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Figure 11.9.9: Condensed fuels after H2S oxidation.
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CHx1

Figure 11.9.10: Condensed Fuels after final oxidation of CO.

Comparisons of the PDF rectangle hedges [faeb, fan] and remarkable composition points [0, fgy4, fs3,
fs2, fs1,1] allows a simple integration: 1) Dirac’s peak intensity are used to weight composition at
boundaries, 2) the piece linear part is integrated with analytical formulae on each band:

1. rich range, here existing species with the higher calorific value:

CH, (in fuel case) or CHys (in coal case): [max(faen, fg1); min(fend, 1)]
upper-middle range C'H,; conversion: [max(fdeb, f52); min(fend, f51)]
middle range H»S conversion: [max(faeb, fg3); min(fend, fs2)]

working range, carbon monoxide consumption frees enthalpy : [max(fden, fg4); min(fend, f53)]

AR B S

poor range, only products and oxidisers: [min(faeb, fs4); Min(fend, fs4)]

For each band (eg. [fs;, fsy]) concentrations can be written:
f — fsz

fsj - fsi
Integration on the band [bl , b2] (obviously b1 > fs; and b2 < f,;) gives the increment:

Ye(fsz) fsj - Ye(faj) faz + Ye(fsj) - }/e(f\sz) bl + b2
fsj_fsi fsj_fsi 2 ’
where hgge is the height of the PDF’s rectangle.

Ye:Ye(fsi)+ (Ye(fsj)_Ye(fsi))'

Y, := Y, + huge (b2 — b1)

9.4.3 Specification of pyrolysis

Coal is currently known by its proximate and ultimate analysis. Ultimate analysis of char can be
known or assumed pure carbone. The point is to determine the amount of volatile matter and their
composition; the following assumptions are every time done:
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1. sulphur is released as hydrogen sulphide (H>S),

2. nitrogen is released both in HC'N and N Hj, with a ratio which is an user’s prescription
Three ways are available:

1. The volatile matter content determined during the proximate analysis is supposed to be rep-
resentative of Y] selectivity in volatile of the first reaction (Kobayashi description involves two
parallel reactions, the first has a low activation energy and produces ligth volatile matter, the
second one has a high activation energy and produces heavy volatile matter). Oxygen is released
as carbon monoxide. No water steam (linked water) among volatile matter. So the formulae for
the mean hydrocarbon is determined as x1 in CH,;. The heavy, unsaturated, volatile issued
from the second reaction are caracterised by x2 as an half of x1; with the same assumption for
oxygen, Y5 can be computed. User has to check for 1 and x2 likelihood (between 1 and 4).

2. When the proximate analysis is not known, x1 is assumed to be equal to four (methane is a fairly
good model for light volatiles) and 22 is assumed to be equal to 2 (ethylene and other species
with double bound are good models for unsaturated species), then selectivites Y7 and Y3 can be
deduced ...and checked (under one).

3. Large amount of oxygen appears in the ultimate analysis of biomass and low rank coal (lignite
or peat) then linked or bounded water is released during pyrolisis (a chemical mechanism taking
place at higher temperature than the physical drying which releases the ”free” water). In this
case, an extra parameter have to be determined (number of water molecules released during
pyrolisis), so the user may stipulate both x (in the formulae for hydrocarbon C'H,, as previously
4 and 2 respectively) and Y (the selectivity in volatile matter, the proximate analysis set Y7 and
Y3 is assumed from empirical criterion, e.g. (1 + Y71)/2).

Detail of computation: From ultimate analysis of coal (or heavy fuel o0il) and char (if ultimate
analysis of char is lacking, the pure carbon assumption is welcome), global formulae for the ”monomer”
(refering to one carbon, so ch...cs and kh...ks are easy to compute) can be deducted. Then, the reaction
(pyrolisis and / or evaporation) transforming the original fuel in a mixture of gaseous ones and residual
char can be summarized as:

CH:pOcoNenSes = a.CHp +b.CO+c.HO+d.HyS+e.HCN + f.NHjy
-I—(]. —a—b— 6).CHkhOkoNanks.

The stoechiometric coefficient for char monomer beeing deducted from Carbon conservation, five equa-
tion can be written: four for the conservation of elements (H, O, N, S) and one defines the gas
selectivity.

Hydrogen budget c¢h = ax+2.c+2d+e+3.f+(1—a—b—e).kh,
Oxygen budget co = b+c+ (1 —a—b—e).ko,
Nitrogen budget c¢n = e+ f+(1—a—b—e).kn,
Sulphur budget ¢s = d+(1—a—0b—e).ks,
mass ratio of gases or selectivity
a.(12+z) + .28+ ¢c18 +d.34+ €27+ f.17 = Y.(12+ ch+ 16.co + 14.cn + 32.cs).

But, eight unknown are involved (a, b, ¢, d, e, f, 2, Y), so three extra conditions are needed to solve
the linear system (if ax is considered as an auxiliary unknown instead of x):

1. User assumes the repartition between nitrogenated species by fixing reference numbers ei and fi.
The equation ei.f — f;.e = 0 can be added to the system.
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2. if the proximate analysis can be used to determine the ratio of gases issued from an high rank
coal or fuel, Y is know and ¢ (number of water molecules issued from decomposition) can be
assumed nil. Equations Y =Y; and ¢ = 0 are added.

3. without relevant information about the selectivity, assumption have to be done on z (is the
released hydrocarbon saturated or not?), and ¢ can be again assumed nil. Equations a.x; —az =0
and ¢ = 0 are added.

4. oxygenated fuels (biomass, lignin) contains bounded water to be released during pyrolisis, so
proximate analysis (for Y) and assumption about the kind of hydrocarbon (for z) are needed.
Equations a.z; —ax =0 and Y =Y, are added.

Then a 8 times 8 linear system is defined and can be solved by regular algorithm.

9.4.4 Specification of granulometry

User has to choose the initial diameter of different classes and the sharing out of the inlet flow. The
distribution is often known by some diameters (quantile or sieves) from which parameters of an assumed
Rossin-Ramler law can be fitted (least squares). Then choosing the number of classes and flow partition
allows computation of the initial diameter of each class. Obviously, the finest particles or droplets are
responsible for the ignition and stability of the flamme and the biggest ones are responsible for unburnt
carbon in ash. So two common descritions are ten classes, each of them with a tenth of the flow, or
five classes with (0.1, 0.2, 0.4, 0.2, 0.1) of the flow. The second way is nearly two times cheaper (in
computer time) but includes the same extreme diameters.

By definition of the Rossin-Ramler law as used in granulometry, the mass fraction associated with
particles finer than a diameter obeys:

P(d;) = 1 [ di n]

i) =1 —€exXp|— )

! DTYL

where, surprinsgly, n is not an integer (but a real) and D,, is the median diameter. When only
two data are available (pass through two sieves, extreme deciles or quartiles) the determination of
Rossin-Ramler law parameters is direct:

Pld) = 1-exp [—E;n}, (11.9.30)
P(dy) = 1—exp [—gin] (I1.9.31)

The logarithm forms of (Egs. 11.9.30-11.9.31) are the following expressions:

(dl) = —log(1—Py), (11.9.32)
Dy,
do \"
<> = —log(1- B). (11.9.33)
Dy,
The logarithm forms of (Eqgs. 11.9.32-11.9.33) are:
n.[ log(di) —log(Dy,) ] = log[ —log(l—P1) ], (I1.9.34)
n.[ log(da) —log(Dy,) ] = log] —log(l— P)]. (I1.9.35)

Using the expressions (Egs. 11.9.34-11.9.35) we obtain:

. [1og(1 - Pl)}

n = log(1 = 1) (I1.9.36)




Code_Saturne

EDF R&D Code_Saturne Theory Guide documentation
Page 99/428

and D, is easily deduced.

When more data are available, the second logarithm relation gives a cloud of couple (log(d;) , log[ —
log(1 — P;) ] ) among which a linear fit is looked for (n, n.log(D.,)):

n.log(d;) — [ n.log(Dy,) ] = log[ —log(l —F;) ], (I1.9.37)
ax;+b = y;.

Least square formulae are then used ... after a data transformation (two logarithm) relevant for the

distance.
N N N
N> wiyi— > @i > v
i=1 i=1 =1
N N 2
NZQ:ZQ — <Z xz>
i=1 i=1

: (11.9.38)

where N is the number of data.

N N
NZlog Jdog[ —log(1—P;) ] — Zlog(di). Zlog[ —log(l1 - F;) |

"= N N 2 ’
N log(di)® — (Z log(di)>
N N N z:]\; -
p — =l =l i=1  i=1
N N 2 ’
Nfo — (Z 9:1>
N - N
Z log[ —log(1— P; Z log(d;)* — Z log(d Z log(d;).log] —log(l— P;) ]
—n.log(Dy,) = =L =1

NZIOg(di)z - <Z log(di)>
i1 i—1

After this laborious identification of parameters (done using Excel), the determination of the mean
diameter of each mass class is obtained from the definition of the rossin-Ramler law:

d; = Dy, [~1log(1 — P,)](#). (I1.9.39)

As an example, if the user chooses the (recommended) sharing out [0.1,0.2,0.4,0.2,0.1], the corre-
sponding diameter are deduced from the mean cumulated mass as:

Ay =01 : S=01 : 1—MCM, = 1—% 095 = d,=Dm | —log(0.95) "),
Ap=02 ; =03 ; 1-MCM,= 1—% —080 = dy=Dm | —log(0.80) (%),
As=04 ; $3=07 ; 1-MCOM;= 1—% =050 = dy=Dm [ —log(0.50) ](#),
Ay=02 : ¥,=09 : 1—MCM, = 1—@ 020 = dy=Dm [ —log(0.20)](+)
As=01 ;: $5=1.0 : 1—MCMs— k% —0.05 = ds=Dm | —log(0.05) (%)

With such a symetrical mass distribution, the diameter of the central class is the median diameter of
the Rossin-Ramler (i.e. half of the mass is contained in more tiny particles).
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9.4.5 Special attention paid to variance

With the gaz phase combustion model, everything is quite simple: two variables are relevant, the mean
and the variance of the mixture fraction. With the two phase combustion model, a lot of mixture
fractions are defined and the pdf model is constructed for the sum of the two mixture fractions related
with volatiles. So the source term related with the square of the gradient of the mean can’t be computed
as for regular variance (the gradcel subroutine is called for the sum).

In Code_Saturne homogeneous two phase flow, only one velocity is defined, and all variables refer to
the bulk (sum of gaseous and condensed phase), but the pdf has to be defined only in the gas phase.
So phasic mean and variance have to be defined, with the special difficulties of variables undefined in
the condensed phase (f; is a mixture fraction in gas on mixture: kg coming from i/kg of mixture):

- 2

=X (24 )+ X0 = 2y = . sz , (I1.9.41)

- A2

. N2

2
. fXQ B (1 _fX2> ’ (11.9.42)
U N2
112% _ (f)2 + f//2 f

S I (1 _X2> : (11.9.43)

72 X, 2
e 1{X2 4 2%2)2, (I1.9.44)

112% }r//z - %(f)z
e —t— (I1.9.45)

Only this phasic variance (the part of the variance in the gas phase) is able to dissipate: so, the second
part of the source term for variance has to be modified.

Last but not least, mass flux crossing the interface (pyrolisis fluxes) are made of pure volatile matter
and mixes with a gas at any value of mixture fraction mean. So the interfacial flux constitutes a source
term for the mean and for the variance, following Escaich [Escl1], the closure would be:

S =T. ( for — f) . (2. fr— fou — f) , (I1.9.46)

in which, T is the mass flux, fr is the value of the mixture fraction in the flux (1 for pyrolisis or
fuel evaporation), fep, is the value of the mixture fraction in the boundary layer ... to be closed by
a relevant assumption: from laminar or turbulent diffusion (to do in coal_variance_source_term or
fuel variance_source_term, not available for regular users).

With an assumption of laminar diffusion around each particle able to transport the mass flux:

L=1-(1-f)e :

Jor ( f)exp [271'de}

When mass flux is huge, the diffusion can’t stay regular around each inclusion: if the variance is
maximal (intermittency assumption), the boundary layer can’t be no more distinguished from the
mean, if the variance vanish, the boundary layer is quiet and made of outing gases:

B }77'2
oL — —+ — —_——=.
I Jo+(f— fr) Fa=p

This special assumption allows a term source for variance easy to implicit in order to avoid overshoot
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(the variance have a maximal value related to the mean):
2 12 2
Swo =T (fr—F) 41| =L
=0y 7

9.4.6 Nitrogen oxides (NOx)

Nitrogen oxides are a key pollutant, an accurate prediction is difficult but the relative effect of modi-
fication (of fuel, of stagging, and so on) is a reachable goal. Hereafter, the two main ways of nitrogen
oxides formation are supposed to be thermal NOzx (reaction between molecular nitrogen and radical
oxygen activated at the higher temperature) and fuel NOx (resulting from the oxidation of nitrogen
originating from fuel) are described and taken in account in the Code_Saturne model for diphasic
combustion. The third way, resulting of reaction between the molecular nitrogen and hydrocarbon
radicals is assumed negligible in diphasic combustion; its contribution is worthy of attention only for
gas combustion (especially in dry low NOz combustor for gas turbine).

Thermal NOzx

In the Zeldovich mechanism, the rate of the key reaction, between molecular nitrogen and radical
oxygen, has a simple expression thanks to an assumption of equilibrium applied on oxygen dissociation,
leading to:

Ny + 02 = 2 NO,
—66 900

WlNO = 3.4 1012. exp |:M

] [Na] . [04]2.

This production term has to be evaluated in each fluid particle because it is not only non linear
(with respect to mixture fraction) but submitted to segregation: the hottest particles are near the
stoechiometric point ... where oxygen is exhausted (and vice versa). As a consequence, simplest
approximations, neglecting covariances, are not satisfaying:

Wino # fovoxp | o= [Fa] . [02]

Taking in account only the mean temperature, the contribution of hotest fuilds particles disappears
and nitrogen oxide formation is under estimated.

The source term for thermal NOx has to be integrated following the example of others turbulents
variables (like species mass fractions). In the turbulent oxydation model, mass fraction of species are
known linear piecewise functions, the oxygen fraction is positive only between the mean local oxidizer
and fs3 the stoechiometric point for the ”last” reaction (H2S conversion), the post conversion of carbon
monoxide to carbon dioxide is assumed to result from a relaxation to the thermodynamical equilibrium
computed with mean values. The stoechiometric point corresponding to this last reaction is no more
necessary to the turbulent computation but for temperature evaluation: as, by now, the mean local
oxidiser includes some carbon monoxide (originating from heterogeneous reactions involving char), it
can’t be no more supposed unreactive, assuming a linear profile for oxygen, and carbon monoxide,
between the local mean oxidiser and the point where hydrocarbon oxidation is finished, the mass
fraction in the local mean oxidizer are auxilliary unknowns the value of which is determinated by
equalizing the transported value for the carbon monoxide (which involves the effect of relaxation to
equilibrium) and its integrated value (taking in account the local pdf).

Assuming the entalpy piecewise linear with the enthalpy in fs4 considered as an auxilliairy unknown,
which can be determined by equalizing the integrated enthalpy and the transported one (the tranport
equation of which includes radiation losses), then the temperature piecewiselinear with respect to
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Figure I1.9.11: Mass fractions of reactive species, turbulent reaction then kinetical relaxation, enthalpy
with radiation losses.

the mixture fraction, the numerical integration of the source term is now available, using a regular
trapezium method with 200 points (between the pdf’s rectangle begining and the minimum of fs3 and
pdf’s rectangle end).

Fuel NOx

The nitrogen included in the organic part of the fuel (can be a significant part of some biomass, like
agricultural residues, oil cake and so on) evolves to HCN. This reducing form of nitrogen can be
oxydised either by oxygen or by nitrogen oxide:

1
HC’N+ZOQ = NO+§H20+CO,

—30 000

—2vO b
RT

)

W2yo = 31012exp[ }[HCN].[O2
with:
1 if [Oq] < 0.0025,

) ooo018—[0y .
b= ——— if 0.002 01
0018 —0.0005 1 0-0025 <[05] <0.018,

0 if 0.018 < [Oq].
In the last case, NO is reduced to nitrogen: the fuel nitrogen contributes to destroy even thermal NO.

1 1
HCN—FNO—FZOQ = N2+§H20+CO,

—33 500

w3 = 1.210'. ——
NO exp[ RT

] [HCN].[NOJ.
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9.4.7 Conservation Equations for two phase flow combustion

The bulk, made of gases and particles, is assumed to be modelled with only one pressure and velocity.
Scalars for the bulk are:

e Bulk density
Nciasses
Pm = a1p1 + Z Qg iP2. (11.9.47)
i=1

e Bulk velocity

Neclasses
aipiug + E Qz,iP2Us ;

=1
u,, = . 11.9.48)
Pm (

e Bulk enthalpy

Necigsses

orprHy + Z g i p2.Ha

H,, = ip:l : (11.9.49)

e Bulk pressure
P, = Pi. (1I1.9.50)

Mass fractions of gaseous medium (z7) and of particles (z3) are defined by:

a1p1
;] = —,
Pm
Neiasses
Q2 4 P2
.’E; _ =1
Pm

By default, the slipping velocitiy between particles and gases is supposed negligible compared to this
mean velocity, that is to say that the velocity of the continuous phase (gas phase) u; and the velocities
of the particle classes u, ; are equal to the bulk velocity w,,, then budget equations for the bulk can
be written as following: (11.9.51-11.9.53):

%pm +div (pmu,) = 0, (I1.9.51)
0 2
5 (Pmt) + iV (1, @ prott,) = div | i (T, + Yul)” = 262 1| = VP + prgl19.52)
0
En (pmHm) +div (pmuy, Hr) = div (urNYHp) + Sm.g, (1I1.9.53)

where the tubulent dynamic viscosity of the bulk is pur = p,, DL .

With the (velocity) homogeneity assumption, mainly budget equation for bulk caracteristic are perti-
nent. So transport equation for the scalar Yy, where k is the phase, can be written:

d . . : x
o (pmaiYr) + div (pmtt, 23 Ye) = div (urV (23Y%)) + Sy, + Ty, (I1.9.54)
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If drift of the particle class to the bulk is taken into account, equation (I11.9.54) reads:

9] : y . «
g (pmaiYr) + div (pmuyziYs) = div (prV (23 Y:)) + Sy, + Ly, (I1.9.55)

with u;, to be either modelled with the drop velocity or transported.

Particles enthalpy: =5 H,

Enthalpy of droplets (J in particles/kg bulk) is the product of solid phase mass fraction (kg lig/kg
bulk) by the specific enthalpy of solid (kg solid/kg bulk). So the budget equation for liquid enthalpy
has six source terms:

I, + Sax — TevapHp,0, vap(T2) = Tdevol, Favi(T2) = Teyol, Huva(T2)
Mg Mco
r Ho (T)) — Heo (T
+ het(MC 0,(T1) Ve co(T2) |,
with

° H/Q: heat flux between phases,
e S, : radiative source term for droplets,
® LevapH 1,0, vap(12) the vapor flux leaves at particle temperature (Hvap includes latent heat),

o TqvoliHmvi(T2) the light volatile matter flux leaves at particle temperature (Hyap includes
latent heat),

o gvoloHmv2(T2) the heavy volatile matter flux leaves at particle temperature (Hyap includes
latent heat),

e T'jct(...) heterogenous combustion induces reciprocal mass flux: oxygen arriving at gas tempera-
ture and carbon monoxide leaving at char particle one.

Continuous phase enthalpy z; /; and bulk enthalpy H,,

Budget equation for the specific enthalpy of the mixture (gas + particles) admits only one source term
for radiative effects Sy, r:
Sm,R = Sl,R + SZ,Ra (11.9.56)

with contributions of each phase liable to be described by different models (e.g. wide band for gases,
black body for particles).

In order to be conservative even with drift is taken into account, x1H; is transported rather than H,,,
which is deduced from the identity H,, = x1Hy + x2Ho>.

Therefore, source terms on x; H; are computed using S7 y — Sz, m,, With a specific care on the opposite
source terms of x9Hs so that it is exact even with the time stepping.

Dispersed phase mass fraction: z}
In budget equation for the mass fraction of the dispersed phase (first droplets, then char particles, at

last ashes) the source terms are interfacial mass fluxes (first evaporation, then net flux for heterogeneous
combustion):

_ Fevap — Fhet — Fga& H,O — Fgas, COy- (11957)
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The fuel is described by only one amount (for each diameter class) under a percentile of the initial
mass (or diameter), the droplet is supposed to become a char particle. Under a more little diameter
the particle is supposed to become an ash particle (inert).

- prroll - prrolz — Thet — Fgas, H>O — 11gas, CO2- (11.9.58)

The coal or biomass particles are described by three mass component: water (free: available for drying),
reactive coal (available for pyrolisis), char (available for heterogeneous oxidation and gasification). The
mass of ash is computed with respect to the number of particles, initial size and initial amount of ashes.
The sum of these four component is the amount of each class (initial diameter and kind of coal).

Number of particles: N;

No source term in the budget equation for number of droplets or solid particles: a droplet became a
particle (eventually a tiny flying ash) but never vanish (all particles have to get out).

Mean of the passive scalar for light volatile: 7

This scalar represents the amount of matter released by the first (low activation energy) pyrolisis
reaction. It is a mass fraction of gaseous matter (in hydrocarbon form or carbon oxide one). So the
source term in its budget is only the pyrolisis mass flux:

r (11.9.59)

pyrol*

Mean of the passive scalar for heavy volatile: F;

This scalar represents the amount of matter which has leaved the droplet as fuel vapour or the particle
by the second (high activation energy reaction), whatever it happens after. It’s a mass fraction of
gaseous matter (in hydrocarbon form or carbon oxide ones). So the source term in its budget is only

evaporation or pyrolisis mass flux:
Ppyrott or Tevap. (1I1.9.60)

Mean of the passive scalar for oxidizers: F; to F;

Budget equation for the three different oxidizers taken in account don’t have any source term.

Mean of the passive scalar for steam from drying: F;

Budget equation for the water steam issued from drying of coal or biomass has one source term:

Ciry- (I1.9.61)

Mean of the passive scalar for carbon from char oxidation: 7
Budget equation for F; hase for source term the mass flux due to heterogeneous combustion (mass

flux of carbon monoxide minus oxygene mass flux). As for F;, oxidation in the gaseous phase does not
modifiy this passive scalar:

Thet- (11.9.62)
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Mean of the passive scalar for gasification by the carbon dioxide: F;

Budget equation for Fg has for source term the mass flux due to heterogeneous combustion (mass flux
of carbon monoxide minus oxygene mass flux). As for Fj, oxidation in the gaseous phase does not
modifiy this passive scalar:

Tgas, CO»- (I1.9.63)

Mean of the passive scalar for gasification by steam: F;

Budget equation for Fy have for one source term the mass flux due to heterogeneous combustion (mass
flux of carbon monoxide minus oxygene mass flux). As for F, oxidation in the gaseous phase does not
modifiy this passive scalar:

Tgas. HrO- (I1.9.64)

Droplets enthalpy: 23 H,

Enthalpy of droplets (J in droplets/kg bulk) is the product of liquid phase mass fraction (kg liq/kg
bulk) by the specific enthalpy of liquid (kg liq/kg bulk). So the budget equation for liquid enthalpy
has four source terms:

! Mo Mco
H2 + SQ$R - FevapHvap(TQ) + Fhet (CHO2 (T]) - CHCO(TQ)) (11965)
with

IT,: heat flux between phases

e S, x: radiative source term for droplets

IevapHvap(7T2) the vapor flux leaves at droplet temperature (Hyap includes latent heat)

et (.-.) heterogenous combustion induces reciprocal mass flux: oxygen arriving at gas temper-
ature and carbone monoxide leaving at char particle one.

Dispersed phase mass fraction: z}
In budget equation for the mass fraction of the dispersed phase (first droplets, then char particles, at

last ashes) the source terms are interfacial mass fluxes (first evaporation, then net flux for heterogeneous
combustion):




Chapter 10

Groundwater flows
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10.1 Introduction

The Hydrogeology module of Code_Saturne is a numerical model for water flow and solute transport in
continuous porous media, based on the Darcy law for flow calculation, and on the classical convection-
diffusion equation for transport. It allows to simulate steady or unsteady flows, saturated or not, with
scalar or tensorial permeabilities, and transport with dispersion, sorption, precipitation and radioactive
decay. Any law, even unlinear, is acceptable for dependances between moisture content, permeability
and hydraulic head.

For the solving of the flow, the Richards equation is used, derived from the Darcy law and the con-
servation of mass. In the general case, this equation is non-linear and must be solved by a Newton
scheme.

From this flow, the transport equation is solved, taking into account convection and diffusion, both
slightly modified to take into account the specificities of underground transport (especially partition
between liquid phase and soil matrix).

Physical concepts and equations developed in this module are detailed hereafter.

See the programmers reference of the dedicated subroutine for further details.

10.2 Groundwater flows
10.2.1 Continuity Equation

The expression of the mass conservation for the water contained in a volume 2 of the subsurface,
delimited by a surface boundary 02, can be written:

p@dQ + / pu-dS = [ pQ.dQ (I1.10.1)
o Ot a0 Q

with:

e 0 is the moisture content (also called saturation) [L3.L~3];
e p is the density of water [M.L™3];
e u is the water velocity [L.T~1];

e (), is a volumetric source term [L3.T71].

By assuming a constant density of water p and using Gauss theorem, the equation simplifies to the
following local expression:

% +div (¢) = Qs (I1.10.2)

As seen in section 10.3, the moisture content can be determined from the pressure head.

10.2.2 Darcy Law

The momentum conservation equation in a continuous porous medium is expressed through Darcy law,
an empirical relationship which shows the proportionality between the velocity of the water u and the
gradient of the soil water potential. This means that motion of water in a porous medium is due to
both the gradient of water pressure and gravity. The following equation describes the pressure head
h, which is equivalent to the water pressure but expressed in a length unit [L]:

h=2 14, (11.10.3)
pg




Code_Saturne

EDF R&D Code_Saturne Theory Guide documentation
Page 109/428

with A a constant such that h = 0 at the atmospheric pressure, as a convention. We also introduce
the hydraulic head H:
H=h+z. (I1.10.4)

Darcy law was initially established for mono-dimensional flows in saturated isotropic conditions. It
binds darcian velocity ¢, which is the product of the real flow velocity u and the moisture content 6 of the
medium, to the gradient of hydraulic head. To represent anisotropic conditions and multidimensional
flows, it has to be extended to a tensorial relationship:

g=0u=—KVH = —KVY(h+2) (11.10.5)

where K can be scalar or tensoriel. It is called hydraulic conductivity. By abuse of langage, we also call
it permeability, but in a rigorous sense the hydraulic conductivity is deduced from the permeability of
the soil and the properties of the water. It varies in unsaturated conditions, and depends on the nature
of the soil and the pressure head h (see section 10.3). Notice that the constant A has no importance
in the Darcy equation, neither in the following of the development.

10.2.3 Richards equation

Richards equation is obtained by substitution of the velocity expression given in equation (II.10.5)
directly into the continuity equation (I11.10.2):
00(h)

—5r = div (K(WYH) + Q. (I1.10.6)

10.3 Soil-water relationships

To close Richards equation, two extra relationships have to be given to link the hydraulic conductivity
and the moisture content to the pressure head. The relationship between the moisture content and the
pressure head is usually derived from the soil water retention curve, which is determined experimentally.
The Hydrogeology module permits to define any model of that kind. In the following we denote 6,
the porosity of the soil and 6,. the residual moisture content, which is fraction of water that cannot be
removed from the soil.

In saturated conditions, we have 6 = 05 everywhere, thus 6 only depends on the nature of the soil. As
for the permeability, it usually does not depend on the pressure head in this case, and is also constant
for a given soil.

In unsaturated conditions, the laws used to analytically derive soil hydraulic properties are usually
highly non-linear. The Richards’ equation is thus a non-linear second order partial differential equation
in unsaturated conditions. The method chosen to solve it involves an iterative process used to linearise
the equation as described in section 10.4. Let us give the example of the Van Genuchten model with
Mualem condition, wich is the most commonly used:

- 1 T f
s, = 0—06, _ [1+ |ah|”] 1 h <0 (1110.7)
0s — 0, 1 ifh>0
with n and m two constant parameters.
my 2
L _ . 1/m .
K= { o 5 (1 (1 Se ) ) ifh<0 (I1.10.8)

Ko ifh>0

with Ky a constant not depending on the moisture content. Notice that if A > 0, then we have a
saturated soil. That is because we chose, as a convention (and as explained in section 10.2.2), to define
the pressure head such that it vanishes at the atmospheric pressure. When the soil is saturated, the
permeability is equal to Ky, depending only on the soil.
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10.4 Solving of the Richards equation

In the general case, the laws connecting the hydraulic properties are non-linear. We will have to
implement an iterative process for solving the Richards equation. First, we define the soil capacity C"

C(h) = (11.10.9)

%7
which can be derived from the soil law linking 6 and h. A classical way to solve Richard’s equation
(I1.10.6) is to first transform it with the approximation:

00 oh
5 =C o (11.10.10)
so that it becomes: o
C(h) 5p = div (K (h) ¥(h+2)) + Qs (11.10.11)

this last formulation being called the h-based formulation. The equation ((II.10.11)) can be written
(recalling that H = h + z):

0H

C(H - 2) T div (K(H — 2)Y(H)) + Qs, (11.10.12)
and then discretized in time:
Hn+1 _ Hn
C(H" - z) —Q = div (K(H" = 2)V(H™)) + Q. (11.10.13)

The complete implicitation of the right hand term is made for ensuring stability. The explicitation of
the capacity C is chosen after testing different options and noticing that implicitation does not improve
the results. We will now linearize the equation ((I1.10.13)) and define sub-iterations to solve it. Suppose
that we seek unknown variable H"*! at the sub-iteration k + 1 from its value at sub-iteration k. We
write:

Hn+1, k+1 _ H™

C(H" — %) A7

~div (K(H™ 0 F —2) v(H" M) + Q. (I1.10.14)

The equation ((I1.10.14)), whose unknown is H"*1++1 is a transport equation without convection,
which can be solved by the usual routines of Code_Saturne.

But the approximation ((I1.10.10)) does not ensure a rigorous conservation of mass after discretization,

because we do not have:
htl _ pn - 9(h"+1) _ e(hn)

At At
Anyway, it is still possible to define the exact residual:

o)

hn+1 — R B a(hn+1) _ e(hn)
At At

R(R™, "t = C(h™) (I11.10.15)
and to mix it into the discretized and linearized formulation ((II.10.14)) at the sub-iteration k, to
obtain:

Hn+1, k+1 _ H"
CH"—2z) —m ———— ~
( z) A7

div (K(H" ™ F = 2)V(H" T M) + Qs+ R(H™ — 2, H™ ™ % —2). (I1.10.16)

As equation (I1.10.14), this can be solved by the usual routines of Code_Saturne. Then the sub-
iterations, if they converge, lead to the exact solution of:

a(thrl) _ e(hn)

A7 = [div (K(n"HY(H™)]” + Q. (I1.10.17)
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where exponent D represents the spatial discretization of gradient - divergent operator in Code_Saturne.
This discrete operator is rigorously conservative, thus the global volume of water:

/ 04,
D

where D denotes the entire domain, is conserved in a discrete sense (provided that there is no physical
loss at the boundaries).

10.4.1 Finite Volume method in Code_Saturne for the operator-diffusive
terms

In Code_Saturne, the integral on a cell Q of the term div (KVY') is discretized this way:

/div (KVY)dQ~ Y K;V,Y -5, (I1.10.18)
Q
feF;

where F; is the set of the faces of cell i. For each face f, Ky is the face diffusivity (calculated from
the diffusivities at centers of the adjacent cells, with an harmonic or arithmetic mean), V,Y is the
gradient of ¥ at the face center, and S is a vector normal to the face, whose size is the surface of the
face, directed towards the outside of the cell 2. There are two ways of calculating the term VY- Sy
a simple one (i.e. without reconstruction) and an accuracy one (i.e. with reconstruction). In the
general case, two adjacent cells of Code_Saturne can be represented like in the picture below, where two
cells ¢ and j are separated by a face denoted f;;: The variables are known at centers of the cells, i.e.

at points I and J. But to get a rigorous estimation of the normal gradient at the center of the face
fij, we need values at points I’ and J":

YJ’ - YI/

Vi, Y8y =—F7 (I1.10.19)
The face gradient without reconstruction is calculated by the approximation:
Y; =Y
Ve, Y 8=~ (I1.10.20)

The less the vector 1.J is orthogonal to the face f;;, the more this approximation is wrong. But it has
the advantage to be easy and quick to deduce from the variables at cell centers, with a linear relation,
and to depend only on the variables of the adjacent cells. The face gradient with reconstruction is
calculated following the relation (I1.10.19), thanks to the relations:

Yp =Y+ VY- II'. (I11.10.21)
Yy =Y;+VY;-JJ. (11.10.22)

Thus, the calculation of the face gradient with reconstruction requires a calculation of the gradients
of Y at cell centers, which can be done by several methods. Depending on the choosen method, the
relation between the values of Y at cell centers and the gradient at cell centers can be nonlinear and
require a large stencil of cells. We will see in section 10.4.2 how the laplacian is solved in Code_Saturne,
in order to get the solution with the accurate definition of the face gradients but to keep the simple
definition for matrix inversions.

10.4.2 Solving of the linear sub-iteration in Code Saturne

The sub-iteration (I1.10.16) can be rewritten:

fs (SH —div (/LZéH) = C)H7 (111023)

where:
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o 6y = H"tL k1 _ gntl k ig the unknown;

o fs= %, not depending on the unknown;
o 1= K(H" % — 2) is the diffusion coefficient, tensorial if the permeability is tensorial. It does
not depend on the unknown;

e (Qp is the second member, not depending on the unknown.

We have:
Qu=Qs+RH"—z, H"™F —2) —div (K(H"™ ¥ —2) V(H" F)). (I1.10.24)
Now, let us denote E, the following operator, that applies on any discrete field z:
En(z) = fy o — [div (u¥2)]”, (11.10.25)

where exponent D represents the spatial discretization of gradient - divergent operator in Code_Saturne.
This operator is linear but, when using the reconstruction of the non-orthogonalities, it is difficult to
invert (see section 10.4.1). Thus, we also define EM,,, that is the equivalent of E,, but without taking
into account the reconstruction of non-orthogonalities. Now, we write the discretisation of the equation
(I1.10.23) in the form:

E,.(z) = Qumu, (1I1.10.26)

where x is the unknown. In order to solve it, we define the sequence (2™)nen that is calculated
following these iterations:

o EM,(6x™™) = —E,(62™) + Qn;
o pmtl = pm 4 §pmtl

O = initial guess.

o
With that method, we only invert the simple matrix EM,. If the iterations converge, we get the
solution of (II.10.26) with an arbitrary precision, and with a precise definition of the discrete diffu-
sive operator. This is the standard way of dealing with the diffusion problem in Code_Saturne. See
documentation on routine codits, for example, for further details.

10.4.3 Determination of the velocity field

Theoretically, the darcy velocity field ¢ of the flow just has to be calculated from the pressure head
field, thanks to the Darcy relation (I1.10.5). This can be done with the routine of Code_Saturne that
calculates the gradient of a variable at cell centers from the values of this variable at cell centers.
However, this simple way of getting the velocity field is only used for posttreatment purpose, and not
used in the transport equation, for the reasons given below.

In Code_Saturne, the integral on a cell © of the convection term div (Yg), where ¢ is a velocity field
and Y a transported variable, is discretized this way:

/ div (Y ¢)d~ Y Yy q, -5y, (I1.10.27)
@ FEF;

where F; is the set of faces for cell <. For each face f, Yy is the value of Y at the center of face F;
(calculated from the values of Y at centers of the adjacent cells, with an arithmetic mean), ¢ P is the
velocity at face center, and Sy is a vector normal to the face, whose size is the surface of the face,
directed towards the outside of the cell Q2. Thus the term ¢ ;e S 7 is the mass flux at face center.
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These mass fluxes at face centers could be deducted from the velocity values at cell centers, but
this method would not ensure the exact coherence of these mass fluxes with the continuity equation
(I1.10.2). To ensure this coherence, let us write the discrete contnuity equation:
9n+1 _ gn
ot

where exponent D corresponds to the discrete operator for convection, described above. Mixing the
discrete Richards equation (I1.10.17) and the discrete continuity equation (I1.10.28), we want to have:

+ [div (9)]” = Q,, (I1.10.28)

[div (K™Y (E"))]” = [div (¢)]" (11.10.29)

Exponent D still represents discretisation of operators. Taking into account equation ((II.10.18)) and
equation ((II.10.27)), this leads for each face f of the domain to:

K" H™ Sy =q, - 5. (11.10.30)
This gives the good value for ¢ . Sy, available from the solving of Richards equation.

So, for the purpose of discrete coherence between flow and transport equations (which is important
for the precision of the computation and coherence of the results), we deduct the mass fluxes used in
the transport equation from the normal gradients of the pressure head H calculated in the solving of
Richards equation, instead of deducting them from the velocity values at cell centers.

10.4.4 Convergence criterion

Two choices are available for the convergence criterion of the loop over sub-iterations k (from section
10.4). The first possibility is to continue the loop until two successive pressure head fields are close

enough, i.e.
||hn+1, k+1 hn+1, k||L2 < ¢
— K

where the value of € is given by the user. The second possibility is to impose such a condition on the
velocity field of the flow, i.e.

n+1, k+1 n+1, kL2 n+1, k+1 n+1, k| L2 n+1, k+1 n+1, kL2
”ua: — Ug || + ||uy — Uy H + Huz — Uy || <e
where we denoted u;, u, and u, the components of u over the three spatial directions. This last

choice imposes to calculate the velocity field at the end of each sub-iteration. Both of these options
are available in the module.

10.4.5 Cases without gravity

If we don’t want to take into account the gravity, then the Darcy law writes:
u=—KVh, (I1.10.31)

and the Richards equation becomes:

agT(th) = div (K(h) ¥(h) + @s, (I1.10.32)

which is solved exactly the same way, except that the solved variable is h instead of H. The user of the
module must be careful to adapt the initial conditions, boundary conditions and soil-laws accordingly.

10.5 Groundwater Transfers
10.5.1 Introduction

The transport of a solute in porous media with variable saturation is treated by the Hydrogeology
module, based on Code_Saturne transport equation solver with only few specific developments.
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10.5.2 Partition between liquid and solid phases

Solutes are present in soils and aquifers in liquid phase and can be sorbed in solid matrix.
Ctot =0c + pCS (111033)

where:

Ciot is the total concentration of the solute [M.L_2];

-3 .
water]7

¢ is the solute concentration in liquid phase [M.L

Cs is the solute mass fraction in solid phase (so called sorbed concentration [M.M ;ml-l]);

e p is the soil bulk density [Msoil.L_?’ ].

soil

In most of non reactive transport models, an equilibrium between liquid and solid phases is considered.

This is modeled by a soil-water partition coefficient, referred as K4 [L3 ;..M S_oil]
Cs =Ky xc. (I1.10.34)
Then the total concentration may be written as:
Ctot = 0Rc (111035)

where R[] is a retardation factor representing the delay of solute transport due to its sorption in solid
matrix: X
R=1+ % (11.10.36)

10.5.3 Advection/dispersion/diffusion/decay equation

We assume hereafter that the solute only exists in the liquid phase and is potentially sorbed on the solid

matrix. We also assume that the transport phenomena in the liquid phase are advection, kinematic

dispersion and molecular diffusion. The classical transport equation in variably saturated flow is:
9(R0c) 0 Oc dq,c

50 = g D)~ g+ Qecr = AROC (I1.10.37)

where:

e R is the delay factor, representing sorption phenomena [-];
e 0 is the moisture content [L3.L~3];
e c is the solute concentration in the liquid phase [M.L~3];

e g refers to the darcian velocity, which is a result of the solving of the Richards equation (see
section 10.4.3) [L.T~1;

e )\ is a first-order decay coefficient [M.L=3.T~1];
Qs refers to the volumetric flow source/sink, from the Richards equation (I1.10.6) [M3.T~1];

¢, is the source/sink concentration [M.L~3];

D;; is the dispersion tensor. It contains both the kinematic dispersion and the molecular diffusion
[L2.T71.

We note the following differences with the standard formulation of the transport equation in Code_Saturne:

e the presence of the delay factor R and the moisture content 6 in the unsteady term;

o the tensorial diffusivity D;;.
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10.5.4 Kinematic dispersion

Kinematic dispersion results from the existence of a very complex and unknown velocity field which
is not taken into account for advection (the average Darcy velocity is considered instead). It results
in a kinematic dispersion tensor denoted Dy, whose main directions of anisotropy are the direction of
the flow and two directions orthogonal to the flow. This tensor can be inferred from two parameters
named longitudinal and transversal dispersion coefficients (m.s-1), denoted «; and a4, and from the
amplitude of the velocity darcy field. In an orthonormal frame such that the first direction is the
direction of the flow, this kinematic dispersion tensor writes:

(07%] 0 0
Dp=1ql] o a0 (11.10.38)
0 0 (673

Physically, The coefficients «; and «y; are representative of the size of the biggest heterogeneities on
the solute path. Their determination is empirical.

10.5.5 Molecular diffusion

Molecular diffusion is due to Brownian motion of solute molecules that tends to reduce the differences
of concentration in different points of a continuous medium. It is already taken into account in the
standard transport equation of Code_Saturne. In porous media, molecular diffusion occurs in the whole
fluid phase but not in the solid medium. Hence, the diffusion coefficient is, in the general case,
proportional to the moisture content 6. It is denoted d,,.

10.5.6 Dispersion tensor

Finally, the dispersion tensor D;; is the cumulation of the kimematic dispersion tensor D) and the
molecular diffusion scalar. In a frame independant of the flow, it can be written:
4,4

Dij = ¢t \g|5ij+(al—at)|7q|

+ dméij, (111039)

where:

e 0;; refers to the Kronecker symbol [—];

e «; is the longitudinal dispersivity [L];

e « is the transversal dispersivity [L];

e d,, is the water molecular diffusion [L2.T~1];

e g, refers to the darcian velocity in the direction i [L.T~1;

e | g | is the norm of the darcian velocity [—].

Finally, the tensor is symetric (i.e. D;; = D;;) and can be expressed as:
q a qa’
® Dup = cujgy + upyp + ey + dimj

2 2 2
q g q
e Dy, = o —&—alﬁ + T + dms;
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2 2 2
q a q
e Dy, = apar + at—lgl + g + dpm;
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10.5.7 Specificities of the groundwater transport equation in rela-
tion to the standard transport equation

The general method developed in Code_Saturne for the treatment of the transport equation is kept;
just a few changes in the definition of the general matrix to invert and of the right hand side have been
done, in order to take into account the presence of the moisture content and delay in the unsteady
term, and to give to the user the opportunity to define a dispersion tensor. More specifically, as values
at iterations n and n + 1 of moisture content and delay are available for the transport calculation at
iteration n, we can discretize the unsteady term this way:

d(Rc) Rtl gntl (ntl _ pnogn on
ot At ’

which ensures global discrete mass conservation of the tracer.

(11.10.40)

10.6 Alternative models to treat the soil-water partition of
solutes

10.6.1 EK model

In the previous section, an equilibrium between liquid and solid phases is considered. This assumption
is valid if this equilibrium is instantaneous, linear and reversible. Hoewever, these properties are rarely
verified. Indeed, sorption and desorption processes often follow different kinetics laws. EK model
(equilibrium-kinetic) is an alternative, semi-empirical approach which considers two types of sorption
sites (see figure 10.6.1):

e Sites denoted 1 are at equilibrium with liquid phase. As in the Ky approach, mass fraction Cg,
is proportional to the liquid concentration:
CSl = Kd X C. (11.10.41)

e Sites denoted 2 interact with liquid phase with kinetic. The time evolution of mass fraction Cgq
is described by a partial differential equation:

0
Usa _ pe k= Cs, (11.10.42)
ot
where kT [L3 ;..M 5. T~'] and k~ [T~'] are experimental parameters, depending on soil prop-

erties and on the solute under consideration.

In this case the total concentration can be written as follows:

Ciot = (0 + pKg) X ¢+ p x Cgy (I1.10.43)

Global transport equation (I1.10.37) then becomes:

9(R0c) d(Csy) 0 oc dq,c
5% TP e — &Cj( ij 8%) o, + Qscr — AM(Rlc+ pC'sy). (I1.10.44)
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Cs e | C Kd Cs
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sites 2 k- | phase sites 1

N

Figure I1.10.1: Two-site sorption model: solid 1 at equilibrium with water phase and solid 2 with
partially reversible sorption

To treat the kinetic sorption term, ¢ is approximated by a constant and equation (11.10.42) is analyti-
cally solved :
E+

ng"rl _ e—katCSg _ =

(e k At=lyen, (I1.10.45)

Note that this approximation is valid only if the time step is not too high.

10.6.2 Precipitation

For some solutes, the concentration in liquid phase is physically bounded by a maximum value, called
solubility index (or csq¢). When the concentration exceeds this value, the solute precipitates and a
solid phase is formed. When the concentration decreases below the solubility index, the solid phase
can dissolute.

This process is assumed instantaneous and is treated at the end of each time step as follows:

c= min(c + Cprecips Csat) (II 10 46)

Cprecip = Hla.X(O, c+ Cprecip — csat)

where ¢precip [M>.L73] is the concentration of precipitate phase.




Chapter 11

Magneto-Hydro Dynamics

See § A and the programmers reference of the dedicated subroutine for further details.



Chapter 12

Lagrangian particle tracking
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12.1 Trajectography

The Lagrangian tracking of particles within a mesh implies that both the global coordinates of each
particle and its location within the mesh need to be determined. While the particle displacement is
calculated according to the particle equations of motion, a specific trajectography module allows to
evaluate the cell to which the particle belongs.

The main idea of the algorithm for trajectrography is the following (see also Figure 11.12.1): knowing
the initial particle location O, its current cell and the particle location at the end of the time step D,
we check if the particle displacement crosses one of the faces of the cell in which the particle is. For
that purpose, for each face of the current cell, we calculate if there is an intersection I between the
particle displacement vector OD and each subtriangle composing the face (for instance, the face on the
right-hand side in Figure I1.12.1 can be decomposed into four subtriangles, here (GP, Ps), (GP2P3),
(GP3Py) and (GP4Py)). In this example, to determine whether the intersection with the line (OD) is
inside the triangle (GP; P), three conditions need to be fulfilled:

OD-(GAAGO) _ (IL12.1a)
OD - (GP, AGPY) o
OD - (GP, A GO)
GP, I1.12.1
OD - (GPAGPy) ~ R
OD- (PP APLO) (I1.12.1¢)

0D - (GP, AGP))

It should be noted that these three conditions are based on geometric considerations (similar to the
Moller-Trumbore algorithm) which amount to checking if the intersection point I is located on the
proper side of each edge of the triangle. For computational purposes, only the sign of these parameters
are calculated in the calculation. This choice has been made to avoid to treat properly the case where
the intersection is right on the edge (in that case, the calculated value is identical for both faces
containing the edge meaning that the intersection exists only on one side of the edge).

If the line (OD) crosses a triangle, the coordinates of the intersection point I are calculated using:
z; =20+t x 0D (11.12.2)

with ¢ € [0, 1] given by:
GO - (G, NGPy)

OD - (GP, AGP))

t= (I1.12.3)

Moreover, Egs. (I1.12.1) actually provide information whether the whole line (OD) crosses one of the
faces of the current cell. Comparing the orientation of the displacement vector to the orientation of the
local normal to the triangle (oriented towards the cell center) thus gives information on the number
of times the line (OD) enters (parameter n_in) and leaves (parameter n_out) the current cell. This is
used to check if the particle is really inside the current cell, which amounts to the following condition:
Nin = Nout > 0.

Besides, a specific treatment has been added to deal with the case of warped faces. As depicted in
Figure I1.12.2, in this case, the particle displacement vector OD may cross several subtriangles of a
single face. To properly treat such cases, a parameter has been added to measure how many times the
displacement vector OD enters and leaves one face (in a similar way to the one used for the parameters
n_in and n_out). As a result, depending on the value of this parameter, two different cases can be
distinguished: either the particle leaves through the current face (positive parameter) or does not leave
the cell through this face (zero value).

This procedure is repeated until the particles reaches a cell where it remains (no exit through any faces
of the new cell). Warning: to avoid high computational costs, a maximum number of 100 cells can be
crossed by each particle in a single time step, otherwise it is considered lost (this maximum value can
be changed).
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Figure 11.12.1: Sketch showing a particle displacement from O to D within a cell.

C o

Figure 11.12.2: Sketch showing a particle displacement from O to D going through a warped face.




EDF R&D

Code_Saturne Theory Guide

Code_Saturne

documentation
Page 122/428




Chapter 13

Atmospheric flow modelling
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13.1 Atmospheric flow modelling

13.1.1 Equations of atmospheric motion
Atmospheric specific features

The following table illustrates the vertical variations observed in the standard atmosphere:

Table 13.1: vertical variation of different variables

altitude(m) | Temperature (°C) | Pressure(Pa) | Density(kg/m?)
0. 15.0 101325. 1.225
1000. 8.5 89869. 1.112
2000. 2.0 79485. 1.007
3000. -4.5 70095. .909
4000. -11.0 61624. .819
5000. -17.5 54002. 736
6000. -24.0 47162. .660
7000. -30.5 41041. .589
8000. -37.0 35580. .525
9000. -43.5 30723. 466
10000. -50.0 26418. 412
11000. -56.5 22614. .364

We therefore see that for motions with vertical scales that are of the order of 100m one can approxi-
mately consider the density as constant, except when thermal effects are important. Alternatively we
have to take into account these variations with height as described below.

Anelastic approximation

Atmospheric flows can be both considered incompressible in the sense that their Mach number is much
less than one but also flows in which the density is a function of pressure (as seen in Table 13.1).

These can be reconcilied with the anelastic approximation (see [Pie84]) in which the time derivative
p

term % is neglected in front of the other terms. The continuity equation therefore becomes:
dpu;

= 11.13.1
oz, 0 (IL13.1)

This form of the continuity equation eliminates the acoustic waves, which have a very high propagation
velocity, from the possible solutions.
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Potential temperature

Potential temperature is derived from the temperature but is a conserved quantity through adiabatic
transformation (compression/expansion). Its expression is (see [Hol79] and [Stu88]):

g="T (’;) (&) (IL.13.2)

where pg is a constant pressure conventionally taken as 1000 mb and R* is the gaz constant for dry
air (=287 Jkg~1K~!). With this variable the thermal equation becomes:

00 00 o (A 00
(5 v i) ~ (o (Gam) +2) —

Where ® is the heating/cooling source term and A; is the thermal conductivity.

During their motion air parcels keep their potential temperature unless diabatic effect are present (such
as condensation/evaporation of water as we will see in the micro-physics section)

Potential temperature is also used to easily characterize the local static stability of the atmosphere:

o if % >0, the thermal stratification is stable,

o if % = 0, the thermal stratification is neutral,

o if % <0, the thermal stratification is unstable.

The distinction between the temperature and the potential temperature is important. For example
in the table above the temperature is decreasing with height (by approximately 6.5 K/km) but the
standard atmosphere is stably stratified with a potential temperature increasing with height.

Turbulence production by buoyancy

In standard Code_Saturne with the k — e turbulence model, the production or destruction rate of the
turbulent kinetic energy due to buoyancy is given by:

e 10p

i 11.13.4
95\ 5Dz ( )

where oy is the turbulent Prandtl (Schmidt) number and g, is the turbulent viscosity. However for
the neutral (adiabatic) atmosphere for which the buoyancy production of turbulence is zero, we have
a diminution of the density with height and formula (I1.13.4) is no longer valid and for atmospheric
motions should be replaced by [Stu88]:

utlaﬁ
_ gl I1.13.
G gateﬁz (I1.13.5)

Momentum equations

The momentum equations of the standard Code_Saturne are not modified for small scale atmospheric
flows, and in particular the Coriolis term should not be used as the Rossby number is almost always
much larger than one. In very specific cases the Coriolis term and the associated pressure gradient can
be introduced as user source terms.
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13.2 Method of imbrication in Code_Saturne Atmospheric
physics (MICA)

We explain in this section how meteorological profiles are used in atmospheric flow calculations for
defining boundary values.

A first option is to use only one profile giving the wind (horizontal components U and V), the turbulent
kinetic energy (TKE), the dissipation rate of TKE (¢), temperature (and optionally specific humidity
and water droplet density for humid atmosphere physics) as function of the altitude. This option does
not allow to take into account the horizontal gradients present in the fields given by a larger scale
model, as the values given by the profile are imposed at all the boundary faces of the computational
domain marked as inlet.

Generating a physically consistent marking is already a challenging task since the wind direction may
vary with the altitude, justifying the introduction of the “automatic boundary conditions” flag: for
each boundary face so flagged the scalar product of the wind given by the profile and the normal vector
to the face is computed and that face is then deemed inlet or free outlet according to the sign of the
result (the limit case 0 is considered inlet too). But if the nature (inlet or outlet) is diagnosed face by
face at each time step one is not restricted to horizontally homogeneous profiles: this flag permits the
use of large scale fields coming from another meteorological model , WRF (the Weather Research and
Forecasting Model: www.wrf-model.org) for instance, to specify boundary values.

We describe now the method of interpolation of the large scale profiles on the “automatic boundary
conditions” faces of the computational domain: the so called Cressman method.

This method has a rather long history of use in meteorological modelisation: the first publication
(see [Creh9]) appeared more than 50 years ago. Its formulation is simple: in order to estimate the
value of a physical variable (e.g. wind components, temperature) at a grid point from scattered data
points one uses a weighted average of the values. The weights of the different data are function of the
displacement between the data points and the estimation point, very often function of their distance
only. In the original publication the function was a clipped rational function of the distance while the
method used in Code_Saturne atmospheric flows uses a Gaussian kernel like in [Bar64]. If we denote
the Cartesian coordinates of the scattered data points by (z;y:2:), by (x, y, z) the coordinates of the
generic estimation point and by Vi the values of the variable of interest the estimate reads:
7oy —yiz— ) (11.13.6)
Y fl@ =iy —yiz— )
This will be a well-defined weighted average as long as the weight function f is positive and the sum
appearing as denominator strictly positive. For application in Code_Saturne the following form of f has
been chosen:

$2 +y2 22
AR, 4RY

f(z,y,2) = exp(— ) (I1.13.7)

The radius Ry (Rpgv) is the so called horizontal (vertical) range of the method. Their influence on the
estimates is easy to describe. When the horizontal (vertical) distance of a data point to the estimation
point is much larger than the corresponding range this data will see its contribution to the estimate
diminish. Only points relatively close to the estimation point will yield appreciable contributions to
this estimate. Please notice also that even at the data point the formula will give an estimate different
from the data value. The estimation is not an exact interpolator, but a smoothing estimator.

13.3 Radiation parameterizations for atmosphere

For these parameterizations we distinguish two spectral domains: visible (0.2 um — 5 pum) for solar
radiation and infrared (5 ym — 100 pm) for thermal radiation.
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13.3.1 Thermal infrared radiation

The radiation transfer equation applied to a plan parallel atmosphere (1-D) using the two stream
approximation for a non-scattering medium with the broadband emissivity approximation for spectral
integration (see [Lio02] and [MMGC™16]) leads to the expressions of the upward and downward fluxes:

Ft=0T, (1—¢€(2,0)) — / oT* (2)) % (2,2')d2’ (I1.13.8)
0
F|= / oT* () % (2,2")d7' (I1.13.9)

Where T is the fluid temperature in K, T, the ground surface temperature in K,

o the Stefan Boltzman constant and e the atmosphere emissivity defines by:

1 o0

=1 | (= D(z2) 7R (2, 2) dA (I1.13.10)
g 0

e(z,2)
Where 9 = 2h02)\_5(e’€f;§T — 1) is the Planck function,
I, the transmittance and kg is the Boltzman constant.

If the ground surface is not considered as a black body, with a ground emissivity e, the upward
flux can be written (see [PMST12]):

F = eyoTt (1— ¢ (2,0)) + (1 &,) /Oo 0T () e (=2, ) de' — / o4 () % (+/,2)d2 (IL13.11)
0 0

In this expression, the second term can be considered as a downward radiation along —z and infinite.
Integration by parts and supposing isothermal atmospheric layers above zt = 11000 m leads to the
following expressions for upward and downward fluxes:

zt d T4 /
F |=¢(00,0) 0T (2t) — / E(z',z)adi/(z)dz’ (I1.13.12)
z
z
z d T4 ’ zt d T4 /
Fi=¢,T, + / (07,(2)) e(2,2)dz' + (1 —¢,) [oT* (2t) € (00, —2) — / doT” () e(—z,2")d2"]
0 dz 0 dz’'
(I1.13.13)
The heating/cooling for atmospheric layers is deduced from the divergence of the net Flux:
F,=F1-F|. (I1.13.14)
dF. “d (0T () de (2, 2) de (00, —2)
— = ody + (1 - T (2t ’
dz /0 dz' dz' 7+ eo) 0T (21) dz'
doT* (2') de (—2,2") de (00, 0) #de(2', 2) doT*(2")
- =L d] - = oT* (2t / ’ d2’ (IL13.1
/0 dz' dz' d dz (2t) + . dz' dz' 7 (L13.15)

Clear sky

To determine emissivity it is common to introduce the corrected path length u,(z, z’) for major ab-
sorbing gases: water vapor, carbon dioxide and ozone.
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ug (2,2") :/ pg (27) ¥ (Ty, Py, T, P) dz”

/

(11.13.16)

where W is a scaling function eliminating the dependence of the absorption coefficient on pressure and
temperature. These corrections, known as the one-parameter scaling approximation, are attributed to
[CA80]. The emissivity €(z, z’) for each gas is now a function of the scaled path e(uy(z, 2’)). The total

emissivity for the three dominant atmospheric gases in the infrared domain is:

e(2,2") = emo(umo (2,2") + €0, (uo, (2,2")

+eco,(uco, (2,2") Tisy (umyo (2, 2)) + €dim (Udim (2, 2") T (up,0 (2, 2'))

The optical thickness are:

z P Z” T "
um,o0 (2,2") :/, pi,0 (27) ( 530) T(S”)) dz”

z

P(2)\ /4
u002 (Z,Z/) :/ p002 (Z”) < (Po )) dZ”

UO4 (Z, Zl) = |fG'reen (Z) - fGreen(Z/)‘

Udim (z,z’)Z/ p,0 (27) e(z7)dz" f(T(27), To)dz"

’

e—b/c

Where f (T (z),1Tp) = exp [1800 (ﬁ_wlao)} and fareen (2) :alfg(zi,b)/c
with a=0.1 cm/STP (Standard Temperature and Pressure), b= 20km,
¢ chosen as b/c=5 (see [Gre64])

The associated emissivities are:

[Sas68] formula for water vapor, carbon dioxide and ozone:

2

>0.243

0.846 * (3.59 x 1077 4 “2©

o forum,o <0.1kg.m™

em,0 (UH,0) =

0.2410g,, (0.01 + “522) 4+ 0.622 for ug,o > 0.1kg.m™>

)0.436

0.209 * (uo, + 7.0 x 107° —3.21 x 1072 forup, < 0.01em/STP

€03 (UOJ) =
7.49 x 1072 4 2.12 x 102 log; (uo,) foruo, >0.01em/STP

0.0676 * (0.01022 4 uco2)”**" — 0.00982 for uco, < 1cm/STP
£co, (uco,) =
0.2410g,, (0.0676 + uco,) + 0.622 foruco, > 1em/STP

1.33 — 0.832 (0.0286 + “222)°*° for wp, o < 20 kg.m =2
Tisu (um,0) =
0.33 — 0.2754 (log, (“522) — 0.3011) for up,o > 20kg.m™>

(11.13.17)

(11.13.18)

(11.13.19)

(11.13.20)

(11.13.21)

(11.13.22)

(11.13.23)

(11.13.24)

(11.13.25)
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(see [VSF80]) for water vapor dimer:

2 4 3.
0.4614 [1 - (E aiuzim> / (Z bj“ium)] forugim < 0.5g.cm™?2
i=0 7=0

Edim (Udim) =
0.4614 for ugim > 0.5g.cm™2

with

ag = 0.015075, a; = —0.036185, as = 0.0019245, by = ag, by = 0.19547, by = 0.75271, by = 1
(11.13.26)

4 ! . 5 ! y
Tw (uH20> = (Z aiu:iim,) / (Z b]u]dzm>
=0 7=0
with
ap = 7.76192 x 1077, a; = 1.33836 x 10>, ay = 0.166649, a5 = 2.17686, a, = 2.6902  (I11.13.27)

by = 7.79097 x 10~7, by = 1.36832 x 103, by = 0.179601, by = 2.70573, b, = 5.15119, by = 1
(I1.13.28)

Cloudy sky

The transmittance by cloud droplets can be considered as grey body transmittance and overlapping
by gas absorption is taken into account as in [Sas72].

e(2,2) =1—(1—egas (7', 2)) T (2, 2) (I1.13.29)
with 7(z'2) = 1—¢;(#', 2z) = exp(—K; I p(z" ) (zu> dz2'")

and K; =1.66 3/4r. where r. is the effective radius of the cloud droplet.

In case of partial cloudiness N, 4., the transmittance for liquid water can be modified following [Bou85].

z

7 (2',2) =1 = Npaz (27, 2) + Nppaz (2, 2)exp(— K / p(z Vi (z”) dz") (I1.13.30)

’

13.3.2 Solar radiation

The first step consists to determine astronomic factors linked to earth-sun position

De(t:ermination of zenithal angle and correction factors for solar constant (see
[PC74])

o = cos @ = sin d sin ¢ + cos d cos ¢ costh (I1.13.31)
Where ¢ is the latitude, § the inclination which depends on the day of year:

0 = 0.006918 — 0.399912 cos €y + 0.070257 sin §y — 0.006758 cos 26,
+ 0.000907 sin 26y — 0.002697 cos 36y + 0.001480sin 36, (I1.13.32)

with 0y = 27.J/365

The solar local time th= local time + longitude correction + Eq (Time equation).
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Eg = 0.000075 4 0.001868 cos 8y — 0.032077 sin 6y — 0.014615 cos 26y — 0.040849sin 20,  (11.13.33)

A correction for sun-earth distance is taken into account

F = Fy(1.00011 + 0.034221 cos 8y + 0.001280 sin 6§y + 0.000719 cos 26y + 0.000077 sin 26y)  (11.13.34)
with Fg =1367 W m~2.
In order to take into account earth curvature a correcting term is added:

Hatmo 8k
n with ri= tmo- _ m

Mo = M% +T1(T1 + 2) — 1o - Rearth a 6371 km

(11.13.35)

Solar radiation in clear sky without aerosols

The radiation transfer equation applied to a plan parallel atmosphere (1D) using the two stream
approximation in a non-scattering medium with an external radiation source term (the sun) for the

global radiation (direct + diffuse) leads to the expression of downward and upward fluxes for a spectral
band Av (see [LHT4]):
S 1= 1o FoTay Ugas (2,00) (11.13.36)

S 1= poFoRyTay (Ugas(0,00), Ugas(0, 2)) (I1.13.37)

Where Fy is the solar constant, g is the corrected cosines of the zenithal angle, 7o, the transmittance
and ug4s the optical thickness for the considered gas.

The solar spectrum is divided in two bands: One for ozone (0.2-0.7 um) where absorption occurs in
the upper layers of the atmosphere, a second one for water vapor (0.7-5 pm) part where absorption
occurs in the lower part of the atmosphere.

Ozone Band

For ozone band, the Rayleigh diffusion is parameterized as an albedo for the lower part of the atmo-
sphere combined with earth surface albedo. With these approximations the heating rate due to ozone
in the layer (1, 14-1) is (LH74):

F(g:; = MOF [AO;;, (mlJrl) - A03 (xl) - R(NO) (A03 ("'C?Jrl) - AOS ("E?))] (111338)

With 2 = Muo, (00,2), z* = Muo, (00,0) + M (up, (00,0) — up, (00, 2))
where M = 1.9 and M = 35/(122472 + 1)"/.

R(po) is the composite albedo including Rayleigh diffusion effect and ground reflection
R (po) = Ra (po) + (1 = Ra (p0))(1 = R3)R, /(1 — Rz R,)
with R, (p10) = 0.213/(1 + 0.816410) and R = 0.144.

The ozone absorption is parameterized as LH74 for both Chappuis and ultraviolet bands:

_ 0.02118z 1.082z 0.0658z
AO3 (aj)

= 170.0420+0.00032327 T (15138.60)0°% T 13(103.60)° where x is in ¢cm/STP.

The global downward flux in the O3 band is (LH74):

F1J* = poF (0647 = Ao, (x) — Ry (p0))(1 — RERy)
with Rypog = 0.28/(1 4+ 6.43u0)
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and R* = 0.0685

The direct downward flux is (see [AB78]):

F 195 = uoF (0.647 — AQs (z)) withA9? (2) =1 — (1.041 — 0.16 * \/M (0.9491073P (2) + 0.051))

(I1.13.39)
Vapor water band
For water vapor band (LH74):
Fi2© = poF [ A0 (yee1) — Amyo () — Ry (A0 (1) — Amo (0)))] (11.13.40)
With Y= MU‘HQO (OO, Z) ’ y = MUHZO (OO 0) (UHQO (OO O) UH,0 (007 Z))
The direct downward flux is equal to the global downward flux:
F R0 = F |19 = 11y F (0353 — Ao (1)) (I1.13.41)

The water vapor absorption is parameterized as in [Yam62]

— 0.29 : —2
A0 (¥) = raTs, v ro50msy [0F Y In kg m

Solar radiation for cloudy atmosphere or in presence of aerosols
Ozone Band

For ozone band, a similar expression is used to clear sky formulation by replacing Rayleigh diffusion
by cloud droplets diffusion in the composite albedo including ground reflection. That leads to the
following expression for solar heating:

F509% = poF [ Ao, (z141) — Ao, (21) — R(po) (Ao, (2741) — Ao, (27))] (I1.13.42)

R(po) is the composite albedo including cloud droplet (c) or aerosol (a) diffusion effect and ground
reflection

R (10) = Rewa (o) + (1 = Rea (0))(1 — RE,)R, /(1 — RE,R,) (IL13.43)

With Re o (ko) = Rs, = V3 (1= gea) Tea/(2+V3(1 = gea) Te.a) Where g., is the asymmetry factor
of the cloud or aerosols particles phase function,

g. =0.85, g, = 0.66, 7, is the total visual optical thickness for cloud liquid water and aerosol concen-
tration:

T.=1.5 fOZt Bildz and 7, = 1. 5f2t ”S‘””’dz see [Ste84]).

In case of partial cloudiness N, the heating rate and the downward flux can be weighted between
clear and cloudy sky as follows:

FLO8 — N o FOO% 4 (1 — Nypan) FO2 (11.13.44)

abs abs abs

The effect of aerosol particles is only taken into account in the clear sky layers with aerosol cloud
fraction equal to unity and the absorption in that case is F(Z;SO?’.

The global downward and direct fluxes are:

F 19%9% = g F(0.647 — Ao, () — By (10))(1 — Re (p0) /(1 — RE,Ry), F15%%% =0. (IL13.45)
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That gives if partial cloudiness is taken into account:

F 159 = Niao F 1599 4+ (1= Nyao) F 19? (I1.13.46)

F 1% = (1= Npax)F 13 (I1.13.47)

Vapor water band
For water vapor, the diffusion processes are directly modelled using the adding method with k distri-
bution method for overlapping between liquid and vapor water (LH74).

For each cloud layer 1 in the frequency interval n, the optical thickness 7;,, , the single scattering albedo
wy,» and the asymmetry factor g are:

Tim = Te+ Ta + kntim,0 (I1.13.48)
Wi = (WeTe + WaTa) /T, (I1.13.49)
9 = (WeTeGe + WaTala) /W 10T, (11.13.50)

[JWWT76] corrections are used in order to describe highly forward scattering for cloud droplets. That
gives with f = ¢'? (see [Ste84]):

Tipn = T},n(l — fwrn) (I1.13.51)
win =w, (1= /(1= fr.,) (I1.13.52)
9= - H/A-f) (11.13.53)

The transmission and reflection functions for global radiation are:
For clear layer:

Ry =R =0, T,=1Tr = exp(—%rm) except for a clear layer above the highest cloud layer for which
T; = exp(—Mmn)

For cloudy layer:

J o Gl T = (I1.13.54)

with

u = ,/%‘?ﬂ" and t = 71,,/3(1 — wi,n) (1 — gwin)

The transmission function for direct solar radiation is

T, = exp(—gn,n) for clear layers and
T, = exp(—Mm,,) for cloudy layers

In the case where cloud fraction is taken into account the reflection and transmission functions can be
weighted by the cloud fraction
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Ny Ty = NI, cioua+ (1-Ni)Ticiear and Ry = Ni Ry cioud

The following five steps are carried out for each value of k,, which can yield significant absorption, e.g.,

n=1-8 for the discrete distribution given in the following table:

Table 13.2: Absorption

kn;n € [1,8] 4.107612.1074{0.0035|0.0377]0.195 |0.94 |4.46 |19
p (kn) 0.6470 | 0.0698 | 0.1443|0.0584 | 0.0335 [ 0.0225| 0.0158 | 0.0087
1. R; and T; for 1 = 1, L are computed for each layer
2. The layers are added, going down, to obtain R;; and 71 ; as follow:
Ty RTY, Ty 1T,
Ri;=Ry;_1+ I 3 , et L S
1, 1,l-1 1= Ry, R L= 1T Ry, R

With similar expressions for R+ and T'x

3. Layers are added one at a time, going up, to obtain Rr41; and Try1;

4. As two composite layers, say 1,1 and 14+1, L+1 are added, the upward and downward fluxes

boundary between the two layers are determined:

U, = Ty Rr+1. D, =

T,

)
1=Ry Roq1i+1

1 =Ry Rit141

(I1.13.55)

(I1.13.56)

The fraction of the total incident flux absorbed in the upper composite layer is:

A1y = (kn) (1= Rip11(m)) + Uiin) — Dign)

The total absorption in each layer 1 is found by differencing, e.g.,

The total absorption in each layer | is found by summing over the values of n for which k,, is

significant

Ay = Avrin) — Ari—1(n)

n==8

Fu” = moF Y A

n=1

The downward flux for global radiation is:

For the downward direct radiation the layers are added as in the step 2) but only for the transmission

n==8

F ifzo = ok Z Dy (n)p (kn)

n=1

(I1.13.57)

(I1.13.58)

(I1.13.59)

(I1.13.60)

function and with reflection equal to zero: Ty ; = T3 ;—17; Since the downward direct radiation is:

n==8
F RO = o F Z 111 (n) p(kn)
n=1

(11.13.61)
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13.4 Warm cloud parameterization

In order to represent cloud formation new thermodynamic variables are used to be conservative through
condensation/evaporation processes. These variables are (see [Bet73]):

L,0

=0 =7
l Cqula

Gw =qv+q (I1.13.62)

where 6; (K) is the liquid-water potential temperature,

0(K) the potential temperature,T(K) the temperature,

qw (kg kg™1) the total water specific humidity (sum of the specific humidity for water vapor ¢, (kg
kg~!) and liquid water ¢; (kg kg™!)),

L, =2.5 (MJ kg~!) and C, = 1005 (J kg=! K1).

The ensemble mean of each quantity is denoted by an overbar, whereas primes denotes fluctuating
quantities (e.g. ¢ =7+ ¢').

The energy and water conservation equations become with these variables:
0 0\ = 0 Ae It 8@1 6 1 8FR Lo 861
— i— |=— 1| =—+— =————p—=| = 11.13.63
(aﬁ“xi) s [(cp+at) ami]+Tcp 2. ‘o, 7\t ), ( )
o _9J0\_ 0 Ae e\ OGy, oq
. i w — ~ -~ - e 11.13.64
(at+u xz)q Ty |:<Cp+0t Ox; e ot sed ( )

Where p is the air density, u; the wind components, A, the thermal diffusivity, p; the turbulent
viscosity, o; the turbulent Prandtl number and Fr the net radiative flux.

To be comprehensive, we have included the settling term (%) ., that can play an important role in
se

some cases, as shown for example for fog in [MG87].

With the set of variables used, the liquid water content ¢; must be diagnosed. This is done by using a
subgrid condensation scheme described in details in [BMGCO07].

13.4.1 Condensation processes in 6, and g, variables

qi is diagnosed from the predicted value of ¢,, by using a subgrid condensation scheme (see [BMGCO07])
which can take into account temperature and specific humidity turbulent fluctuations inside the re-
solved mesh:

Q= Quw — qs (I1.13.65)
o — s = Ay (G5 — To1) + A, (q;,, _ alog) (11.13.66)

L7 ) Lz T

3 — v sl _ Luwga T

with A; = (1 + CpRﬁf) and o = %k

where g5 (kg kg™1) is water vapor specific humidity at saturation level and R, is the specific gas
constant for water vapor.

with qs = %&% , €sat = 610.78 exp(17.269 * %) and o = g5 (1)

where egz,; is saturation vapor pressure and P atmospheric pressure.

We assume a bivariate normal distribution function G‘(@lqw) in order to represent the subgrid-scale
fluctuations of the variables 6; and q,:

+o0 +oo ~
R= / / G (01, qw) dqu, db; (I1.13.67)
—0oo qs
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+oo +oo B
= / / (6 — 3G (01, au) daw d6, (IL.13.68)
—oo Jgs

We reduce the integration to a single variable s = 5+ s with s = @, s' = Ai(q,, — ub,)/2
and introduce Q1 = §/s’ a dimensionless measure of the deviation of the mean state from saturation
and t = s /oy with oy = (45)(q2 + 26,2 — 2c40,q,,).

In that condition, partial cloudiness R, cloud water specific humidity, and second order momentum
can be estimated for different subgrid distribution (all or nothing and gaussian) and are given in the
following table:

Table 13.3:
Subgrid distribution “All or nothing” distribution Gaussian distribution
G(t) 5(t) Dirac distribution \/%6_9/2
R Q1>0, 1 3 (L+erf (Q1/v2))
Ql < 0) 0
a -Q3/2
2‘315’ Ql > 07 Ql RQl + e\/%
Ql < 0) 0
’ I

We have now to determineﬁ,@? and 6,q,,. This can be done by stationarising (balance between
production and dissipation) the equation of evolution of the second order moments. That gives (see
[MG95]):

— 2e G 2 —5 2e 06, ; 2 e IGw 00,
[ — [ —_— O —_— —_—
g Co eKe ( 0z ) > 0 Ca EKG <8z > i Ca EKG 0z 0z (IL.13.69)

With ¢y =2.3 and Ky = cﬂ§ for the e-¢ turbulent closure

In addition, the buoyancy term in the e-¢ turbulent closure has to be expressed in terms of 6; and g,
variables. This leads to the following expression (see [BMGCO07]).

w'0, = Egw'0, + Equw'q,, (I1.13.70)
where

(IL13.71)
Eg = 7 — NAjaDyand E; = 0.6080 + NA Dy and 7 = (1 +0.608 7, — 1.608G1), Dy = A — 1.6080

and N = s'7qZ/ 202, Ty being the mean temperature of the atmospheric boundary-layer.

13.4.2 Evolution of the droplet spectrum

For computing the evolution of the droplet spectrum, we have chosen a semi-spectral method for its
simplicity and its low computational cost.
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The prognostic equation for the number of droplet Ny is (here Ny is the ensemble mean of droplet
number):

o 0 _ Lo T A g\ 9w oq oq oq
(at *“Zam)Nd Py [(c * ot> axi] * (6t>E/c+<at>W+ <6t>sed 11.13.72)

where the last three terms of the right-hand side are respectively the evaporation and condensation
term, the nucleation term and the droplet settling term. Besides, this equation is associated with a
lognormal distribution law defined as follows:

2
Ng(r) = mivjﬁe;vp [2;12 (ln%) }

where r is the droplet radius, rg is the distribution median value and o, the logarithmic standard
deviation.

With this law, the relationship between liquid water content q; and Ny is:

4
PG = gﬁrfg?’prd (I11.13.73)

2

C) is the mean volume (or mass) radius and p,, =1000kg.m~3 the density of

Where 73 = rpexp (%O’
liquid water.

We will now describe the different processes which are playing a role in the evolution equation for Ny.

Nucleation

The nucleation is described by the equations of the heterogeneous nucleation occurring in the atmo-
sphere and summarized in [PK00]. It depends on the characteristics of the cloud condensation nuclei
(CNN). We have:

ot At

where Noeon is the Cloud Condensation Nuclei density and At is the numerical time step.

N, 1.
(8 d) = ——maz ((Necn),,0e — Na, 0.) (11.13.74)
Nuc

The number of droplet formed through nucleation is strongly correlated to the super-saturation
s =efesqr -1

Supersaturation is characterized by s>0 (e being the partial pressure of water vapour in moist air and
€sq¢ the saturation vapour pressure).

A simple expression taking into account all cooling processes for s is (see [ZMGD'14]):

ds vag g _ RaT SL%; dq—l vag aF}*ad
— = == - - —_— +—— 11.13.75
d <RaT20p RaT> v < ¢e. | pTC,) dt T pR.T?C, o= ( )
lifting latent heat release radiation
_ dq—l aFrud
= Ayw = Ayt Ay (11.13.76)

where ¢ = 0.622 (molecular weight of water/molecular weight of air), g(m s=2) is the gravity, R, is the
gas constant for dry air, w (m s™1) is the vertical air velocity, es (Pa) is the saturation vapor pressure
water and Fjqq the net radiation flux (W m~2).

Abdul-Razzack nucleation scheme

As the primary source of cloud droplets, the nucleation process depends on many factors including
the characteristics (size and chemical composition) of the aerosols. In order to take into account
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size distribution and chemical composition if they are known, the Abdul-Razzak (AR) scheme for
aerosol activation is used [ARG00]. With the superposition of three lognormal aerosol distributions, as
proposed by AR, the droplet number concentration at the maximum super-saturation s,,q., is given
by:
3
1 21n (8;/Smax)
Ny (Smaz) = = Ngi (1 —erf [ , (I1.13.77)
maEs g ; * 3v2In (04;)
where N,; is the total aerosol number concentration of mode i, s; the critical super-saturation of a
particle with the diameter r,; and the geometric mean diameter of the aerosol mode 1.

It can be calculated by using Kohler’s theory.
The maximum supersaturation s,,q. is given by:

3.1 \3/2 2\ /4
maxr — ) i\ 4 C y 11.13.78
=y 1) () a1

i=1 7 i

3/2
With f; = 0.5exp (2.5ln20i) . gi =14+0251ln0;, s; = = ( = )

VB, \3ra
1/2
and ¢ — 24 (A1wtAidF a0z 12 (AywtALOF,0a/02)/As)?
$= 73 A3 T = 27 pw Az Na;

where p,, (kg m~?) is the water density, A;, Ay, A4 are the constants defined above, and Az, A, B;
can be found in [ARGO00].

-1
prvT Lv Pw Lv 201111) V¢s 6m]\4w Pai
Ay = - 1— A= B; = 11.13.79

8 (eSD; kxT ( TR, ’ R,Tpy " Maipw ( )

where k* = 4.1871072 (5.69 4+ 0.017T (in°C)) Jm~!'s~'K~! is the dry air conductivity and

94 5 e
Dy =0.21110"1 (27515)1 ? (%) m?s~! the water vapour diffusivity.

M, is the molecular weight of water, p,, water density, o,., is the partial pressure at air/water interface,
v the number of ions the salt dissociates into within water,

© the osmotic coefficient, p,; the density of aerosols material,

M,; the molecular weight of the aerosol material.

When not any information is available on the characteristic of the aerosols, a simpler model can be
used deduced from typical air mass aerosol concentrations.

Cohard and Pinty nucleation scheme

The Cloud Condensation Nuclei (CCN) density is given by:

Neen (em™2) = Cs* = Cs* when s>0

where the deviation from saturation s is defined by s = e/e4q: -1 and

when s>0 is called the supersaturation (e being the partial pressure of water vapour in moist air and
esqt the saturation vapor pressure). Note that the nucleation is not possible for negative value of s.
The parameters C and C are constants of the nucleation process.

Due to different usage in the literature, it is important to be aware of the difference between C and
C = 10%*C (C is in cm™3) and between 3, the super-saturation in percentage, and s (5 = 100s).

In our simulation, we choose the model and methodology of [CPB98] and [CP00], that is: Necp, (cm™3) =

C3FF (u, 55 +15-55°)
F is the hyper-geometric function adjusted to give rather good results from weak (s<0.02%) to signif-
icant (s>1%) super-saturation, as it could occur in the atmosphere. p, 8 and k are some parameters

characterizing the aerosols distribution of the air mass.
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Sedimentation and deposition

Cloud water sedimentation is included by assuming a lognormal size distribution of droplets falling in
a Stokes regime, in which the changes to Ny and q; are given by:

ONy 72 7 72 .,
<8t)d a5 | Vo(r)na(r)dr = == (NaVy (rmo) exp (=07)) (11.13.80)
0
@ = 12 i 4£ 3 — 12 = 2
<8t >Sed T 00z /Vg (r) 5 rona(r)dr = P (p@Vy (rmw) exp (503)) (IL.13.81)
0

whereVj, is droplet fall velocity.
In this parametrization V(r) is calculated as a function of droplet size radius:

Vo (1) = pgCer® (4.5p10ir) " (11.13.82)

where C. = 1. +lgir (1.257 + 0.4 exp(1.1 1/l,4;))/7 is the slip correction factor to account for non-
continuum effects for small droplets and which depends on the mean free path of air molecules 1,
Lair 18 the viscosity of the air.

Fog deposition process over vegetation has long been recognized as an important factor in the water
balance of ecosystems. This process results from the turbulence exchange of fog water and collection
from the surface. The deposition flux of fog water, Fiep, is predicted from the simple inferential model
equation of the type:

Faep = Q’z% = Q1 Viep (11.13.83)
t
where Vye, is the deposition velocity and R; is the total resistance against deposition and computed
as a combination (parallel and serial arrangements) of aerodynamic (Rgero) and surface (Rsy, ) resis-
tances within the first layer (between the ground surface and the first grid level):
1 1“(%) —Yn 1

Roero = 3 ot and Rgyrp = cotr Bimp Tt Bint)
where 21 is the height at which the deposition velocity is evaluated, zy is the roughness height, vy, is
the stability function, x is the von Karman constant, u, is the friction velocity, g = 3 is an empirical
constant for all types of land. Ej,p,, Ein: are collection efficiency from impaction and interception

respectively (see [ZGPBO01] ):

2
. _ St . _ ‘/gu* . 9 Tmu
Eimp = (St+1.5) with St = 5615 » Bine = 2674

The collection by Brownian motion of fog droplet is neglected because its effect is only significant
for very small particle diameter (<0.1 pm).

If a deposition process is taken into account in the model, the new bulk velocity that is estimated for
liquid water will be calculated as the sum of V, and Vj.pat thelowest level and this will be used to
estimate Fiep.

Condensation-evaporation

The condensation processes do not have any effect on Ny, the nucleation being treated independently,

thus we can write: ON
=4} —o. (11.13.84)
ot ) o

For the evaporation, we distinguish two regimes:
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e the total evaporation of all droplets (s<0 and ¢ =0) is simply described by Ny =0 (see [CP00]).

e the partial evaporation (s<0 and §;>0, i.e. a total evaporation only for the smallest droplets), we
choose to follow [CRPN87] and to force the droplets to disappear for radius less than a critical
value rgp¢:

Terit = \/ —2A38At (111385)

Finally, the expression for partial evaporation is:
O\ 2
(ln) ) dr (I1.13.86)
To

<8Nd) _i/’r‘cmt Nd ox - 1
ot )pe Aty ron/am D\ 202

For q;, condensation and evaporation are not treated explicitly but implicitly through the subgrid
scheme (see [BMGCO07)).

13.5 Earth-atmosphere interactions

In Code_Saturne different options can be used in order to determine surface boundary conditions.

13.5.1 Direct estimation of turbulent fluxes

The first one is to directly impose the fluxes for momentum (surface shear stress), temperature and hu-

. . o —2 | 2
midity (eventually any scalar). That consists in giving data for u** = \/w/'w’ + v'w’~ where u/, v/, w’
are the turbulent fluctuations of the three components of the wind speed,

Qo = w6 the kinematic flux of sensible heat where 6’ is the turbulent fluctuation of the poten-
tial temperature,

Ey = w'q’ being the kinematic evaporative flux and ¢’ the turbulent fluctuation of the specific humidity.

These data could be obtained, for example, by experimental measurements with sonic anemometer.

13.5.2 Impose temperature and humidity from experimental esti-
mation

In that option fluxes are computed from difference of temperature and humidity between their values at
ground level (z; =zg roughness height for the wind, z; =z,; thermic roughness height for temperature
and humidity) and at the first level z3 in the air. It needs to determine turbulent fluxes from gradients
(see MGDWOT]).

Monin-Obukhov’s similarity theory gives relations between the fluxes of sensible heat, latent heat and
momentum by means of universal functions:

Alul _ (u*) b (%) (11.13.87)

RZ

0z

a0 0, z

5= <m) on (Z) (I1.13.88)
dq z

1 (E) . (E) : (I1.13.89)
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where |u| is the modulus of the horizontal mean wind speed,

. . . . ——2  ——2
uy is the friction velocity with u? =/ (v/w’~ + v'w'")
v/, v', w' are the turbulent fluctuations of the three components of the wind speed,

where 6 is the mean potential temperature and q is the mean specific humidity:

g, = —0 (11.13.90)
Us
¢ = —Ey/u, (I1.13.91)

Here, x denotes Von Karman’s constant, ¢., ¢ and ¢, are the universal functions for wind, tempera-
ture and humidity, z is the altitude and L is the Obukhov length:

—us

L=— * , (I1.13.92)
H? QO + 061TOE0
0

where Ty is the mean temperature in the surface layer (z9-z; layer).

Usually, the function ¢, is chosen equal to ¢;,. Classically, see for example [Gar92] or [CBO05], inte-
gration of the relations (I1.13.87), (I1.13.88) and (I1.13.89) between two different levels 0 < z1 < 29
gives:

Su = u(z) — ulz1) = (%) U, (L, 22, 21) (I1.13.93)
dq = q(z2) — q(z1) (%) Uy, (L, 22, 21) (11.13.95)

The formulation of the universal functions are given in Table 13.4 (two options available) and the
integrated form (expressions of the ¥ functions: the dynamical profiles ¥,,, and the thermal profiles
U},) are given in the following paragraph:

The dynamical profiles ¥,,

Unstable case: (» < (1 <0: U,, =log 2 —2log (1+‘I'2> —log (H\Ijg) + 2 (arctan Uy — arctan Wy),

149, 14907
where Uy = (1 — by, (o)/4 and Uy = (1 — by, ()4,
with ¢ = z1/L, (o = z2/L, by, = 15.

Neutral or stable cases: 0 <¢ < <0.5: ¥y, = logZ + by, (& —G),

0.5 <Gz <10: Wy = c1mlog(262) + 722 — 3 — 10g(2G1) = b1 — c2m

CQ > 10: v, = dlmCQ + clmlog (2(2) —11.165 — lOg(QCl) — bm<1
with  b,, = 4.7, c1mm = 7.85, cop, = 4.15,d1,, = 0.7435

In the case of [CB05], ¥,,, may be expressed as:

0 <¢ <Co: Uy = alogZ — a log (< +(1 +<b)%) with a = 6.1 and b = 2.5

The thermal profiles ¥,
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Unstable case: (3 < (3 <0: ¥), = a, (log (%) — 9log Gigf))’

where Wy = 1 — b,(2)"/? and ) =1 — b,(;)Y?, with a, = 0.74, b, = 9

Stable cases: (> > (1 >0: ¥ = alogZ +b(¢2 — 1) ,
with a, = 0.74, b, = 4.7 for [BWIBT71]
In the case of [CB05], ¥}, may be expressed as:

0 <Ci <Co: Wy, = alog2 — c log (g + 1+ cdﬁ) with ¢ = 5.3 and d = 1.1.

Table 13.4: Detailed expressions for the universal functions from [BWIB71]; [Hic76], and [CB05]

Function unstable stable
(<0 0<(¢<05 1<(¢<10, ¢>10
unstable: bm = (1 —15¢)"H/* b =1+47C, ¢ =T85—2L 4+ L ¢, =0.7435¢
[BWIBT71] o = 0.74 (1 — 9¢) /2 én = 0.74+4.7C
stable: [Hic76]
1-b

[BWIBT71] b = (1 — 15¢)"V/4 G =1+aFEC T 61, b=25
stable: [CBO5] | ¢, = 0.74 (1 — 9¢)~ /2 <+(1:EC )d;ﬂ

_ crel(ieh) @) _

on=1+c et ) c=5.3, d=1.1

But these expressions do not determine explicitly the atmospheric fluxes as functions of the differences
of wind, temperature and humidity between two levels. Two methods for solving this implicit problem
are described in the next section.

The exact iterative method

From the definition of L, and with the help of Equations (I1.13.93), (I1.13.94) and (I1.13.95) giving .,
Qo and Ejg, the following expression is obtained:

(5U2\I/h

L =
£ W2,(60 + 0.61Tp0¢)

(11.13.96)

Since ¥,,, ¥j, depend on L, this relation has to be solved by an iterative method. We follow [BH91]
using an initial value of L that depends on the sign of §6 4+ 0.617ydq.

This iterative procedure converges rapidly in all unstable situations. In stable situations for small
values of u, and L, the solution for L tends to zero. For this reason, a minimum value is imposed for

L. On the other hand, we have verified that the solution obtained is not dependent on the initial value
of L.

Having determined L and u,, the kinematic fluxes of sensible heat Qg and latent heat Ey are then
simply given by (I1.13.94) and (I1.13.95), as well as g,and 0,.

The iterative method is well adapted to local determination of the fluxes because this method derives
directly from the experimental determination of the MO universal functions, using assumptions on
which the MO theory is based: quasi-stationarity and horizontally homogeneity of the flow, with the
Coriolis effect negligible.
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The approximate analytical method

To determine the turbulent fluxes in a meteorological model it is preferable to use an analytical
approximation in order to avoid an expensive iterative resolution of an equation.

This method is based on a formulation of the universal functions differing from those presented in
Table 13.4 and leads to a complete analytical method (see [LTG82]).

In this formulation the fluxes are estimated with the bulk Richardson number, defined by:

g(z2 — 21)(60 4+ 0.61Tu0q)

Ri = _
Toéu

(11.13.97)

Using Equation (I1.13.96) a relation between Ri, the measurement levels z1 and 22, and L is established:

L 0,
- I1.13.98
22 — 21 Ri \IJ%L ’ ( )
Then u,, Qp, E¢ according to [LTG82], are given by:
- 1/2
u, = bu (Can <Ri, 2>> , (11.13.99)
2
Qo = —006uC,, F), (Ri, 22) : (I1.13.100)
z1
Eo = —8q0uC, F, (Ri, ZQ) : (I1.13.101)
21

2
where (), is defined as: C,, = <H> .

111(2’2/21)
The universal functions F,; and Fj, depend on the atmospheric stability through the bulk Richardson
number, and are tuned to give results close to those of the exact iterative method, at least in the
unstable case.

In the unstable case, the functions F; and F, must be asymptotically equivalent to Ri'/? in order to

be consistent with the free convection regime. Moreover, continuity must be assured when crossing
the neutral point and the slope of the wind profile in the neighbourhood of zero must be slightly larger
than the slope of the humidity and temperature. Taking all these considerations into account, one

obtains,
2bRi

1+ 3be /R

B 3bRi
14 2bc,+/|Ri]’

with ¢, = Cp, (1 — 21/22)"/* ((21/22)'/3 — 1)3/2 and b= c=5.

Fi=1 (11.13.102)

F,=1 (11.13.103)

For the stable case, the total extinction of the turbulence is prevented by a modification of the asymp-
totic behaviour of the universal functions in order to avoid thermal disconnection in very stable model
layers close to the ground, but also to take into account subgrid or intermittent turbulence effects for
Richardson number greater than the theoretical critical value of 0.21. The expressions become:

- (11.13.104)

1 + 2bRi
V1+d Ri
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1
F, = ,
" 3bRiVIT AR

(11.13.105)

with b =d = 5.

The functions do not depend on the ratio z1/z,.

13.5.3 Estimation of soil temperature and humidity from an ener-
getic budget

Soil temperature evolution

The soil temperature T (assimilated to the temperature at z,, thermal roughness height) is computed
by using an energy balance equation for the earth’s surface after [DeaT78].

dTS 2 1/2 92
:ﬂ—il/ZHat_j (Ts=Tp), (I1.13.106)
dt PsCs (1/5’7'1) !

with Hat = (1 — Oég) S \I, +€g(F \L —O'T;l) — pOCpQO — poLEo,

where pg is the air density at zg, T}, the deep soil temperature,

S | the downward solar flux, F' | the downward infrared flux,

psCs the ground calorific capacity, vs the soil thermal conductibility,
71 = 86400 s, the force restore time constant for T,

o is the soil albedo, €, the soil emissivity,

Cp, =1005. J K~'kg™! is the specific heat at constant pressure of air,
L= 2.510% J kg~ ! is the latent heat of vaporization and

0 =5.67 1078 W m~2 K—* the Stefan constant.

Soil-humidity evolution

The evolution of the soil liquid water content is deduced from the same principles as the surface

temperature:

dw; P, — ,DEO w1 — W2
- = — 11.13.107
dt Cl T1 ’ ( )

dws w1 — Wa
—= =(Cy———=, 11.13.108
dt 2 T1 ( )
Where P, is the precipitation flux,

W1 = Ws/Wsmaz 18 & non-dimensional liquid water content with w the liquid water content for the
surface reservoir and wg,q, its maximum value and

W = Wp/Wpmae 1S a non-dimensional liquid water content with w, the liquid water content for the

deep reservoir (which does not contain the surface reservoir) and Wy, its maximum value.

The constants C; an Cs are given by:

Cl = Wsmarc/cws and C2 :Wsma:r/wpmazy

where C,,; is a non-dimensional constant tuning the depth of the reservoirs and C, the ratio of these
depth.

The surface specific humidity qs is computed as a function of wy, which varies according to the nature
of the surface (bare soil or soil covered by vegetation characterized by veg, the percentage of vegetation
in the mesh):

qs = Hugsat (Ps, Ts) + veg (1 — Hy) qa (I1.13.109)

Where H,, = 0.5[1 — cos (mw1)],
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Usat 1s the saturated value of q4, Ps is the surface pressure

and q, the specific humidity in the first level in the air in Code_Saturne.

Here H,, will be equal to 1 when a dew flux is present.




Chapter 14

Cavitation modelling
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14.1 System equations

The cavitation model is based on an homogeneous mixture model. In this model, the physical prop-
erties, the density p and the dynamic viscosity u, of the mixture depends on a resolved void fraction
« and constant reference properties p;, p; for the liquid phase and p,, u, for the gas phase, following
the relations:

p=ap, +(1—a)p, (I1.14.1)
=, + (1 —a)y. (I1.14.2)

In this model, it is assumed that the mixture dynamic is ruled by the classical incompressible Navier—
Stokes equations:

% +div (pu) =0, (I1.14.3)
g(pg) +div (u® pu) = VP +divr. (11.14.4)

ot 7
Eq. (I1.14.4) corresponds to the momentum equation in Eq. (I.2.11) where the volume source terms
have been removed for brevity and I' = 0 for the mass source term.

Using (I1.14.1), the mass equation can be splitted into:

% + div (apyu) = Ty, (IL.14.5)
W +div (1 — a)pw) = —Ty, (IL.14.6)

with T'y representing the vaporization (resp. condensation) source (resp. sink) term, appearing with
an opposite sign in the liquid part of the density budget.

Using the fact that the reference densities p, and p; are constant, Egs. (I1.14.5) and (I1.14.6) can be
easilly written in the form:

Oa . FV
e + div (ou) = 0 (I1.14.7)
div(uw) =T ( L1 ) (I1.14.8)
v(u) = ———). 14.
- v Pv Pl

It is seen that the mass equation of the mixture Eq. (I1.14.1) has been splitted into two equations: one
simple convection equation which can be used to solve the void fraction and one equation structurally
similar to the one solved at the correction step of the predictior-corrector solver of Code_Saturne (see
Appendix O). The global resolution scheme of the cavitation module is thus the following:

1. Prediction of the velocity using Eq. (I1.14.4) (see Appendix N).

2. Correction of the velocity using Eq. (I1.14.8) (see Appendix O).

3. Resolution of the void fraction using Eq. (I1.14.7).

4. Update physcal properties of the mixture using Eqs. (II.14.1) and (I1.14.2).

14.2 Vaporization source term

In the cavitation module of Code_Saturne, the I'y, source term is modeled using the Merkle model:
Ly (a,P)=m*+m",
with:
Cprodprmin (P — Py, 0) a(1 — ) ~ Clestpy max (P—Py,0)a(l —«)

t=— = I11.14.9
m 0.5pu2 teo ’ m 0.5p1u2 too  ( )

and Cproq = 10000, Cyest = 50 empirical constants, too = loo/Uoc @ reference time scale and Py the
reference saturation pressure. [, Uso and Py may be provided by the user.
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14.3 Time stepping

At each time step n, the global resolution scheme follows successively the steps 1 to 4 described above
(§14.1). In this resolution scheme, the physical properties are updated at the end of the time step n.

Prediction step The procedure is almost identical to the classical one described at Appendix N.
Only the discretization of the time derivative at the Lh.s of Eq. (I1.14.4) is modified in order to take into
account that the mixture density is updated at the end of the time step. In the cavitation algorithm,
the time derivative at time step n 4 1 is discretized by:

b nont+l  n—1,n
9 (puy o L2
ot Atn

with 2" the predicted velocity at time step n + 1.

Correction step With the Merkle model described above (§14.2), the correction step equation of
the cavitation model writes:

div (A; vap) — div (@) — Ty (a, P).

In this equation, the pressure in the cavitation source term is taken implicit while the void fraction is
explicit:

A" 1 1
div ( t V((SP)"'H) = div (ﬂ""'l) — Fv(a",Pn'H) ( — > .
p Pv Pl

Void fraction resolution The time discretization of Eq. (I1.14.8) is:

anJrl —am +0 + 1 i
————— 4+ div(a@"u") = —Ty(a™, P"). 11.14.10

— (@ 0w ) = Ty (", P) (I1.14.10)
In this equation, the cavitation source term is discretized with the time scheme as the one used
at the correction step in order to ensure the exact mass conservation (it is recalled that the void
faction transport equation and correction step are two part of the mixture mass conservation equation,
Eq. (I1.14.3).

See the programmers reference of the dedicated subroutine for further details.




Part 111

Appendices



Code_Saturne

EDF R&D Code_Saturne Theory Guide documentation
Page 149/428

Calling tree

Each sub-section of this document is associated with an important subroutine. The full list of the
subroutines described here is the following: bilsc2 clptur clsyvt codits condli covofi gradmc
gradrc inimas itrmas matrix navstv predvv resopv turbke turrij viscfa visort visecv.

The table 1 presents their sequence within a time step. This calling tree is only partial. In particular,
it does not account for the number of calls to each subroutine. Also, for the sake of clarity, no reference
has been made to the subroutines dedicated to the gradient calculation (gradme, gradrc), which are
called very often. For the same reason, the calls to bilsc2 (advection fluxes) and matrix (matrix
calculation) which are made from within codits (treatment of an advection equation with source
terms) have not been reported.

The sub-sections where important information can be found are indicated below:

Calculation of gradients
gradrc
gradmc

Least square method
gradmc

Convective schemes
bilsc2

Wall-laws (for velocity and temperature)
clptur
condli

System solve (incremental method)
codits

Calculation of the values at the faces (not exhaustive)
viscfa
visort

Finally, for the reader wishing to become more familiar with the methods implemented in Code_Saturne,
it is recommended to begin with the study of the advection equation for a scalar (covofi) which is
solved iteratively using an incremental method (codits). It will then be useful to look at navstv
which briefly presents the solution of the system made up of the mass and momentum equations.
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Calculation of the physical properties
Boundary Conditions
condli
clptur “turbulent” conditions at the wall
clsyvt symmetry conditions for the vectors and the tensors
Navier-Stokes solution
navstv
Velocity prediction
predvv
visecv momentum source terms related to the
transposed gradient of the velocity
viscfa calculation of the viscosity at the faces
codits iterative solution of the system using an incremental method

Pressure correction
resopv
viscfa calculation of the time step at the faces...
visort ...according to the selected options
matrix calculation of the Poisson equation matrix
inimas initialisation of the mass flow rate
itrmas update of the mass flow rate
Velocity correction
standard method
k — ¢ model
turbke
viscfa preliminary steps before...
bilsc2 ...source terms coupling
viscfa calculation of the viscosity at the faces
codits iterative solution of the systems using an incremental method
Reynolds stress model
turrij
visort calculation of the viscosity at the faces
codits iterative solution of the systems using an incremental method
Equations for the scalars
covofi
viscfa calculation of the viscosity at the faces
codits iterative solution of the systems using an incremental method

Table 1: Partial and simplified calling tree associated with the successive stages within a time step.




Part 1V
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A- bilsc?2 routine

Function

In this subroutine, called by codits and turbke, the contributions to the explicit budget of the
reconstructed (on non-orthogonal meshes and if the user chooses to) convective and diffusive terms of

the right-hand side of a convection/diffusion equation for a scalar a are computed. These terms write
1.

Bs((pw)",a) = —div((pu)"a)+div(5Va) (IV.A.1)

convective part diffusive part

with p, u, 8 and a the variables at time ¢™.

See the programmers reference of the dedicated reference for further details.

Discretization

Convective Part

Using the notations adopted in the subroutine navstv, the explicit budget corresponding to the in-
tegration over a cell Q; of the convective part —div ((pu)"a) of Bg can be written as a sum of the
numerical fluxes F';; calculated at the faces of the internal cells, and the numerical fluxes Fy,, calcu-
lated at the boundary faces of the computational domain Q. Let’s take Neigh (i) the set of the centres
of the neighbouring cells of ; and 7,(¢) the set of the centres of the boundary faces of Q; (if they
exist). Thus we can write

| aviraan= 3 Fyuha+ ¥ Pl

i jENeigh(i) ke (i)
with :
Fij((pw)",a) = [(pu)7;. S 4;] ayij (IV.A.2)
Fu((pw)",a) = [(pu)y,, - Sy, ] ary, (IV.A.3)

where a f,; and ay b, represent the values of a at the internal and boundary faces of €;, respectively.

Before presenting the different convection schemes available in Code_Saturne, we define:
£J

Jj

ugr = ug + (gradu) . KK’ at the first order in space, for K = I'or J

Qi = defined at the internal faces only and

The value of the convective flux F';; depends on the numerical scheme. Three different types of
convection schemes are available in this subroutine:

IThey appear on the right-hand side of the incremental system for cell I of the momentum prediction step:
EM(SuFT1T) = E(w™t1/2F T) (see navstv for more details)
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Figure IV.A.1: Definition of the geometric entities for internal (left) and a boundary faces (right).

e a 1! order upwind scheme:

Fii((pw)",a) = Fi""" ((ow)", a)

]

. ar si (pu)%;.S,;; =0
ou : afﬂ-j =
ay si (p@)’;j.ﬁij <0

e a centered scheme:
Fij((pw)", a) = F5eered((pu)", a)

with : a s = aijar + (1 — aij5)ay

e a Second Order Linear Upwind scheme (SOLU):
Fii((pw)",a) = F Y ((puw)", a)

ar+IF.(Na); si (p@)’i’j.ﬁi >0

with : Qa5 = !

aj+JF.(Na)y si(pu)y;. S;; <0

The value of F,, is calculated as :

u _ o if (pg)réik'ﬁbik >0
Tou = apy, if (pw)},, -S4, <0

ayp,, is the boundary value directly computed from the prescribed boundary conditions.
REMARK 1

When a centered scheme is used, we actually write (to ensure first order discretization in space for a)
1
afij = ajgar+ (1 —oj)ay + 5 (NYa)r + (Va);].OF
1. . .
A factor T used for numerical stability reasons.

REMARK 2
A slope test (which may introduce non-linearities in the convection operator) allows to switch from

LExtrapolation of the upwind value at the faces centre.
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the centered or SOLU scheme to the first order upwind scheme (without blending). Additionally, in
standard mode a 5 ;; is computed as a weighted average between the upstream value and the centered
value (blending), according to users’ choice (variable BLENCV in the subroutine usinil).

Diffusive Part

Similarly, the diffusive part writes :

/Q‘div(ﬂya) 0= Y Dy(Ba)+ 3 Dy, (B.a)

JjENeigh(i) k€vp(4)
ith:
wi . ) 0r—an
i(B,a) = Bij—==—"S (IV.A.4)
I'J
and :
ap., —argr
Dy, (B,a) = Bu, %Sb (IV.A.5)

using the same notations as before, and with S;; and S, being the norms of vectors S
respectively.

and §b1ﬂk‘

K

Implementation

In the following, the reader is reminded of the role of the variables used in the different tests: e
IRCFLP, from array IRCFLU ; indicates for the considered variables wether or not the convective and
diffusive fluxes are reconstructed

= 0 : no reconstruction

=1 : reconstruction
e ICONVP, from array ICONV ; indicates if the considered variables is convected or not.

= 0 : no convection

=1 : convection
e IDIFFP, from array IDIFF ; indicates if the diffusion of the considered variables is taken into account
or not.

=0 : no diffusion

=1 : diffusion
e IUPWIN indicates locally, in bilsc2 (to avoid unnecessary calculations) whether a pure upwind
scheme is chosen or not for the considered variables to be convected.

=0 : no pure upwind

=1 : pure upwind is used
e ISCHCP, from array ISCHCV ; indicates which type of second order convection scheme is used on
orthogonal meshes for the considered variable to convect (only useful if BLENCP > 0 ).

=0 : we use the SOLU scheme (Second Order Linear Upwind )

=1: we use a centered scheme
In both cases the blending coefficient BLENCP needs to be given in usiniil.
e BLENCP, from array BLENCV ; indicates the percentage of centered or SOLU convection scheme that
one wants to use. This weighting coefficient is between 0 and 1.
e ISSTPP, from array ISSTPC ; indicates if one wants to remove the slope test that switches the
convection scheme from second order to upwind if the test is positive.

=0 : a slope test is systematically used

=1 : no slope test




Code_Saturne

EDF R&D Code_Saturne Theory Guide documentation
Page 155/428

Computation of the gradient G .; of variable a
The computation of the gradient of variable a is necessary for the computation of the explicit budget.
grdcel is called everytime this gradient is needed, and it is stored in the array (DPDX, DPDY, DPDZ).
The computation of the gradient is necessary in the following situations: e if the convection is
activated with a non pure upwind scheme (ICONVP # 0 and IUPWIN = 0) and,

if we want to reconstruct the fluxes (IRCFLP = 1),

or if we want to use the SOLU scheme (ISCHCP = 0),

or if we use the slope test (ISSTPP = 0),
or :

e if there is diffusion and we want to reconstruct the fluxes (IDIFFP # 0 and IRCFLP = 1).

In all other cases, the array (DPDX, DPDY, DPDZ) is set to zero.

Computation of the upwind gradient G ‘C‘TO”t of variable a

G Z?O”t refers to the upwind gradient of variable a, for cell €2;. It is stored in the array (DPDXA, DPDYA, DPDZA).

We also define the scalars a §*" and a ™" as:
:

UPpWin. d upwin UPWIN
;| groind 4 5 aPmS Y aptts, (IV.A.6)

c,t bik
jENeigh(i) ke (1)

After initializing it to zero, G Z:»”O"t is only computed when the user wishes to compute a convec-
tion term with a centered or SOLU method, and a slope test.
e For each cell ;, the face values ajp (variable PIF) and a;r (variable PJF), are computed as:

arrp =ar+1F.(Va);
ajp =ay+JF . (Va) s

S

. upwind
’,;Lj. S;j, We give arp or asF the value a; of the

Depending on the sign s7; of the mass flux (pu) i
expression > a;f wind g s
JjENeigh(i)

ayp'wind _ ar +E (za) I si 3:3 =1

ij ay+JF.(Va) siosfy = —1
e The boundary terms are computed in a classic manner as follows (keeping the same notations as in
the other subroutines):

ind
Z a;il:‘”" ﬁbik Z (INCAb,ik +Bb,ik aI/)ﬁblk
ke (4) ke ()

> [INCAuir + Byawar + By II' .G ;] Sy,

ke (i)

(Avb,iks By,ik)keq, (i) are stored in the arrays (COEFAP, COEFBP). The vector II” is stored in the array
(DIIPBX, DIIPBY, DIIPBZ). The surfaces (S, )rey,(i) are stored in the array SURFBO .

Summation of the numerical convective and diffusive fluxes

The contributions to the explicit budget [—div ( (pw)"a) 4 div ( S Va)] are computed and added to the
right-hand side array SMBR, which has already been initialized before the call to BILSC2 (with the
explicit source terms for instance, etc.).

The variable FLUX gathers the convective and diffusive parts of the numerical fluxes. It is computed
in a classic manner, first on the internal faces, and then on the boundary faces. The indices i and j



Code_Saturne

EDF R&D Code_Saturne Theory Guide documentation
Page 156/428

are represented by IT and JJ, respectively.
In order to take into account (when necessary) the sign s7; of the mass flux (pu)%;. S
equations are used :

ij» the following

For any real b, we have :

b =bt+b" with bt = max (b,0), b~ = min (b,0)
10| = bt — b

1
bt =S [b+]0l]

b= ==[b—|b
S 161
In this subroutine, b represents the mass flux FLUMAS(IFAC) on an internal face IFAC (FLUMAB(IFAC)

for a boundary face IFAC) ; b™ is stored in FLUI and b~ in FLUJ.

m for an internal face ij (IFAC)
We calculate :

> Fullw™a)= > Dy(Ba)= 3 ([(w)’;j.sij] af,z-j—mj“"’[,f],‘”’sij)

jENeigh(i) jENeigh(i) jENeigh(i)
The above sum corresponds to the numerical operation:

FLUX = ICONVP.[FLUI.PIF + FLUJ.PJF ]

+ IDIFFP.VISCF(IFAC) .[ PIP — PJP | (IV.A.7)

The above equation does not depend on the chosen convective scheme, since the latter only affects

the quantities PIF (face value of a used when b is positive) and PJF (face value of a used when b is
. Sy

négative). PIP represents a;/, PJP ay and VISCF(IFAC) BUI,—}]/ .

The treatment of diffusive part is identical (either with or without reconstruction). Consequently, only

the numerical scheme relative to the convection differs.

m for a boundary face ik (IFAC)
We compute the terms :

Z Fbik((p@)n’a) - Z Dbik(ﬁ’a’) = Z ([(pu)%lksblk] afbik _ﬁbikabik_apsbik>

ke (4) ke (4) ke (i) e
with:
ay =ay + LP . QC i
apy,;, = INCAy + Bb,ik ar
ay,, =INCAY + By ap

The coefficients (A ik, Bo,ik) ke, (i) ( resp.(Aif{]f, Bif{kf)kewb(i) ) represent the boundary conditions

associated with a (resp. the diffusive fluxes ? of a).
The above sum corresponds to the numerical operation:

FLUX = ICONVP.[FLUI.PVAR(II) 4 FLUJ.PFAC ]

+ IDIFFP . VISCB(IFAC) . [ PIP — PFACD | (IV.A.8)

Sbik
7

where PFAC represents ap1,,, PIP aj/, PFACD ap,, and VISCB(IFAC) s,

This treatment is common to all schemes, because boundary values only depend on boundary condi-
tions, and because a very simplified expression of Fy,, is used (upwind) .

We still have to compute, when the convection option is activated (ICONVP = 1), the values of variables
PIF and PJF, for any internal face IFAC between cell {2; and €;.

2

see clptur for more details. The difference is actually only effective when the k — e model is used, and for the velocity
only.

3 Actually, af .. is ay if (pg)’g_k.ﬁbik > 0, apy,, otherwise.
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Calculation of the flux in pure upwind IUPWIN = 1

In this case, there is no reconstruction since only the values PVAR(II) and PVAR(JJ) at the cell centres

are needed.
PIF = PVAR(II)

PJF = PVAR(JJ) (IV.A.9)

The variable INFAC counts the number of calculations in pure upwind, in order to be printed in the
listing file. In order to obtain the global numerical flux FLUX (convective + diffusive) associated, the
following operations are performed :

e calculation of vectors I’ and JJ’,

e calculation of the face gradient (DPXF, DPYF, DPZF) with the half-sum of the cell gradients G . ; et
Q c,j’

e calculation of the reconstructed (if necessary) values aj- and a ;s (variables PIP and PJP, respectively)
given by :

1
ag: :aK—&-IRCFLP.KK’.i(QC)i—|—Qc,j) K=TetlJ (IV.A.10)

e calculation of the quantities FLUI and FLUJ,
e calculation of the flux FLUX using (IV.A.7).
The computation of the sum in SMBR is straight-forward, following (IV.A.1) 4 .

Calculation of the flux with a centered or SOLU scheme (IUPWIN = 0)

The two available second order schemes on orthogonal meshes are the centered scheme and the SOLU
scheme.

In both cases, the following operations are performed:

e calculation of the vector II’; the array (DIIPFX, DIIPFY, DIIPFZ) and the vector JJ’, the array
(DJJPFX, DJJPFY, DJJPFZ)

e calculation of the face gradient (DPXF, DPYF, DPZF) haff-sum of the cell gradients G . ; and G . ;,

e calculation of the possibly reconstructed (if IRCFLP = 1) values ap and aj (variables PIP and PJP,
respectively) given by :

1
agr = ax + IRCFLP.KK/‘i (G.; +G.;) K=TandJ (IV.A.11)
e calculation of FLUI and FLUJ.

= without slope test (ISSTPP = 1)

* with a centered scheme (ISCHCP = 1)
The values of the variables PIF and PJF are equal, and calculated using the weighting coefficient a;

as follows:
Prr :aij.PI/—l—(l—aij).PJ/
Pjp = Prr

x with a SOLU scheme (ISCHCP = 0)

(IV.A.12)

After calculating the vectors IF and JF, the values of the variables PIF and PJF are computed

as follows:
Pip =P +1IF.G,_;

Pjp =P;+JF.G,; (IV.A.13)

PIF and PJF are systematically reconstructed in order to avoid using pure upwind, i.e. this formulae
is applied even when the user chooses not to reconstruct (IRCFLP = 0).

m with slope test (ISSTPP = 0)

4taking into account the negative sign of Bg.
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The procedure is quite similar to the one described in the previous paragraph. There is, in addi-
tion to the previous procedure, a slope test that makes under certain conditions the scheme switch
locally (but systematically) from the chosen centered or SOLU scheme to a pure upwind scheme.

~~ calculation of the slope test
Equation (IV.A.6) writes on an internal cell Q;, with s7; = sgn [(pg)’;] Syl
wind wind
‘QZ| QZ}Z/I V11 — Z a;l‘.]p/l U1 §lj
jENeigh(i)
1 1
= > [2(s?j+l) a1F+§(s§Ljfl)aJF ﬁm
jENeigh(i)
1
= Zh( : [2( siy+1) (ar+IF.(Na)r)
jENeigh(t
+§ (siy—1)(ar+JE.(Va), )] Sij

On a cell ©; with neighbours (£2;) e neign(i), the classic slope test consists in locating where a variable
a is non-monotonic by studying the sign of the scalar product of the cell gradients of G . ; and G . ;. If
this product is negative, we switch to an upwind scheme, if it is positive, we use a centered or SOLU
scheme.
Another technique which also ensures the monotonicity of the solution is to apply this criterion to the
upwind gradients G &7 or to their normal projection on face (G &% . S;).
We then study the sign of the product G 27" .Qﬁf;—w”t or of the product (G &7 Sii)- (QZZ?OM Sii)-
Goment G ‘;?O”t (the second one was aban-

e,
donned because it was found to be less general). The choice of a slope test based on G gj;”’”t .G gj;w"t
comes from the following line of argument in one-dimension °:

The slope test implemented is based on the first quantity,

Let’s take p a second order in z polynomial function. Its value at points I — 1, I, I + 1 of coordinates
xr-1, x7 and xryq are pr_1, pr, and pr41, respectively. To simplify, we suppose that I is the origin O
(xzy =0 ), and that the grid spacing h is constant, which results in x;41 = —x7_; = h. Additionally,
we suppose that the velocity is orientated from point I towards point I +1, i.e. sj; = 1. Therefore we
consider the points I — 1, I and I + 1 for the face ij which is located between I and I + 1.

The sign of the product p'(z7_1).p'(xr41) indicates the monotonicity of function p. If this product is
positive, the function is monotonic and we use a centered or a SOLU scheme, otherwise, we switch to
an upwind scheme. By identifying the polynomial coefficients using the equations p(x;_1) = pr—1 ,
p(zr) =pr, p(xr41) =pr41 , we obtain :

/ _ , Pry1—pPr-1 Pr—pPi-1  Pi+1—PI
e +P1 2hp1 1 ' pI hpl pI 1h DI (IV.A.14)
/ _ +1—Pr-1 —DPr-1  Pr+1—
p (:EI+1) =+ 2h h h
or after simplification :
mon Pr+1 —P1
P(wro) = Gt Gupont = PP
Prar—p (IV.A.15)
prrg) =Gei— | GEport — 7I+1h :

We know that :

Pri1 = Pr representes the upwind derivative at point I + 1, directly accessible by the values of p in

the neighbouring cells of face ij,
. Pr+1 —P1-1
2h

5Information on the second derivative would permit to study more finely the behaviour and the strong variations of

represents the centered derivative (in finite volume) at point I, namely G .,
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* Pr—Pr-1 represents the value of the upwind derivative (in finite volume) at point I, namely G gffont.

The slope test relative to p’(z7_1) . p'(z141) reduces to studying the sign of TP :

TP = (Gc,i + [Gaport — Pl+1h131]> . (Gc,i — [Gamont — pIthIO

= (G al? — (Gpont — PEL_ELy2
Using a similar line of argument, a possible extension to higher dimensions consists in replacing the
values G .y and G 27" by (G ) .Sy, ) eand (ng,?o"t .S 1) respectively. After simplifications, this
leads us to the formulae TP4, :

(IV.A.16)

T,P;d = (ch 'ﬁij)2 - (Q?ant S — TSU‘)2 (IV.A.17)

for (pu)%;. S,;; > 0.
Similarly, we can deduce a 7Py, associated with (pu)’;. S;; <0, defined by :

TP3y = (Qc’j -Eij)g - (QZZ-LOM S — TS’Z‘J‘)2 (IV.A.18)

We introduce the variables TESTI, TESTJ and TESTIJ computed as:

TESTI =G .S,
TEST] =G .S, (IV.A.19)
TESTIJ =G . Gt

The quantity TESQCK corresponding to T Psq, is computed dynamically, depending on the sign of the
mass flux s;;.
~> consequently :

o if (pu)%;. S, >0 and

if (G,;.8,)° — (GIpomt. 5, — S JI—,_J,GISM)Z <0 or (Gment G amenty <,
TESQCK
or :
if (pu)7;. S;; <0 and
. amon aj—arg amon amon
if (G.; 'ﬁij)Q - (G ! S I,TJ,SU)Q <Oor (G} ! G " <o,

TESQCK

then we switch to a pure upwind scheme:

PIF = PVAR(II)

PJF = PVAR(JJ) (IV.A.20)

and INFAC is incremented.

» otherwise :
the centered or the SOLU scheme values values are used as before :

» with a centered scheme (ISCHCP = 1)
The values of the variables PIF and PJF are equal and calculated using the weighting coef-
ficient av;; :

Prr =a;;.Pr+(1—a,;).Pyp
IV.A.21
P;r = Prp ( )
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* with a SOLU scheme (ISCHCP = 0)

After calculating the vectors IF and JF, the values of the variables PIF and PJF are
computed as follows:

Pip =P +1IF.G,

R]F = PJ + E'Qc,j (IVAQQ)

PIF and PJF are systematically reconstructed in order to avoid using pure upwind, i.e. this
formulae is applied even when the user chooses not to reconstruct (IRCFLP = 0).

Wether the slope test is activated or not, when the centered or the SOLU schemes are activated, a
blending coefficient (BLENCP) between 0 and 1, provided by the user, enables to blend, if desired, the
chosen scheme and the pure upwind scheme following the formulae:

Prp = BLENCPP (<" o SOLU) 4 (1 _ BLENCP) Py

(centre ou SOLU)

(IV.A.23)
Pjr = BLENCPP % + (1 — BLENCP) Py

e calculation of FLUI and FLUJ,
e calculation of the flux FLUX using equation (IV.A.7).
The computation of the sum in SMBR is straight-forward, following (IV.A.1)°

REMARK

For more information on the convection schemes and the slope test in Code_Saturne (version 1.1), the
reader is referred to EDF internal report EDF HI-83/04/020 (F. Archambeau, 2004).

Staking into account the negative sign of Bg.
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Points to treat

e Convection scheme

~~ Upwind scheme
As all first-order schemes, it is robust, but introduces severe numerical diffusion.

~> Centered or SOLU scheme
This type of schemes can generate numerical oscillations, that can cause the calculation to blow up.
It can also lead to physical scalars taking unphysical values.
Considering these limitations, other schemes are currently being tested and implemented in order to
improve the quality of the schemes available to the users.

e Diffusion scheme

The formulae :
a g —arjr

Di;i(B,a) = Bij 5 Sij (IV.A.24)
1
is second-order accurate only for a;;; = 3 A possible correction may be to write :
ag —arjgr 1
Gyii-Siy=Na)y; = o S84+ (5 —ay; ) [(Na)r — (Na)y] . S (IV.A.25)

with a gradient limiter and a computation of 3;; which does not alter the order of accuracy.

e Implementation

In order to improve the CPU time, an effort on loops can be done. More particularly, there is a test
IF inside of a loop on variable IFAC that needs to be checked.

e Calculation of the gradient used during the reconstruction of the diffusive fluxes

1
Why do we use 3 (G.; + G.,;) instead of G, for k =i or for k = j in the reconstructed values
ar or ay of (IV.A.10) and (IV.A.11)?
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B- clptur routine

Function

This subroutine is dedicated to the calculation of the wall boundary conditions. The notations intro-
duced in CONDLI for the general boundary conditions will be used.

The wall boundary conditions refer to all the boundary conditions for the velocity, the turbulent
variables (k, €, R;;), the temperature when it has a prescribed value at the wall (or the enthalpy
and more generally the VarScalaires' to treat at the wall by using a similarity law for the associated
boundary layer). For the VarScalaire in particular, when the boundary conditions at the wall are of
Neumann type (homogeneous or not), they are treated in condli and don’t present them here. In
particular, the boundary conditions of the VarScalaires are not treated here because their treatment
at the wall is of homogeneous Neumann type.

We present the calculation of the pair of coefficients A, and By, which are used during the computation
of certain discretized terms of the equations to solve, and which allow in particular to determine a
value associated with the boundary faces fp in: (at a point located at the ”centre” of the boundary face,
the barycentre of its vertices) using the formulae fy e = Ay + By f1- (f1 is the value of the variable
at point I’, the projection of the centre of the boundary cell onto the line normal to the boundary face
and passing through its centre : see figure IV.B.1).

See the programmers reference of the dedicated subroutine for further details.

Bord du domaine de calcul

Sh
Domaine de calcul \
I 9 n normale sortante
: B de norme 1
I F
y 1\ / §\ \
fI ’ }lca, int IR fimp, ext
Coefficients d’echange
him ‘ himp,ext
h b

Figure IV.B.1: Boundary cell.

Discretisation

e Notations

L As in condli the VarScalaire are any solution of a convection-diffusion equation apart from the velocity, the pressure
and the turbulent variables k, ¢ and R;;. More specifically, the name VarScalaire can refer to the temperature, the
enthalpy or a passive scalar.
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The velocity of the wall is noted v,,. We assume it is projected onto the plane tangent to the wall (if
it is not, then the code projects it).

The velocity of the fluid is noted w. Index I, I’ or F' denotes the point at which the velocity is
estimated. The component tangent to the wall writes u,. The fluid velocity in the coordinate system
attached to the wall ("relative” velocity) writes u” = u — v,

The orthonormal coordinate system attached to the wall writes R = (r,7,b).

e n = —n is the unit vector orthogonal to the wall and directed towards the interior of the com-
putational domain.
1
o7 = [u}, — (u], .0)] is the unit vector parallel to the projection of the relative

luy — (uf 2|
velocity at I’, u},, in the plane tangent to the wall (i.e. orthogonal to i) : see figure IV.B.1.

e ) is the unit vector which completes the positively oriented coordinate system.

The dimensionless limit distance which separates the viscous sublayer from the logarithmic region
writes ;5 . Its value is 1/k (with k = 0,42) in general (to ensure the continuity of the velocity
gradient) and 10.88 in LES (to ensure the continuity of the velocity).

In the case of the two velocity scale model,

- uy is the friction velocity at the wall obtained from the turbulent kinetic energy. We write u*

ul
the friction velocity at the wall calculated from the equation ;*I = f(y).

. . : upg I'F , o
- y,;" represents a dimensionless wall distance, y,:' = & (v is the molecular kinematic viscosity
v

taken at the centre I of the boundary cell). The function f gives the ideal shape of the velocity
1

profile. Tt is piecewisely approximated by the logarithmic law f(z) = fi1(z) = —In(z) + 5,2 for
K

z >y and by the linear law f(z) = fa(z) = z otherwise.

- The two velocity scale u; and u* are simple to compute but their computation requires the
knowledge of the turbulent kinetic energy k; at the centre of cell adjoint to the boundary face
(with the R;; — ¢ model, we use half the trace of the Reynolds stress tensor).

- The two velocity scale model is the default model in Code_Saturne. It often permits, and in
particular in cases with heat transfer, to reduce the effects of certain flaws associated to the k—¢
model.

Later on, we will use u* and wuy, for the boundary conditions of the velocity and scalars (in particular
the temperature).

Two velocity scale model

1 1
Uk = Cﬁ k‘f
£’*I/ = lln(y,f:) +5,2 foryl >yl
u*is solution of u "1 L. (IV.B.1)
T)* =Yk / for yi” <y,
with C,, = 0,09 y,jzukIFandmzo,42

In the case of the one velocity scale model,

U’T,I/

u*

we write u* the only friction velocity at the wall solution of the equation = f(y™). y* represents

* 7/
a dimensionless wall distance y* =

(v is the molecular kinematic viscosity taken at the centre I
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of the boundary cell). The function f gives the ideal shape of the velocity profile, as in the case of the
two velocity scale model. One can note that this friction velocity, calculated using a more complicated
approach (Newton method), can however be obtained without making any reference to the turbulent
variables (k, €, R;;). For convenience in the case of the one velocity scale model, we write u, = u*.

Later on, we will use u* and uy, for the boundary conditions of the velocity and scalars (in particular
the temperature).

Modeéle a une échelle de vitesse

up = u*
Uy 1
~— = In(y")+5,2 pouryt >yt
u* solution de u@‘*p K tom (IV.B.2)
o =yt pour y* <y,
* 7/
avec yT = et k = 0,42

Remark : Hereafter, we provide three exemples based on the two velocity scale model.

e In this way, one can implement a specific wall function :

Ur, 1

+
u* )

=g(y

by simply imposing u* = u, 1/ /g(y™).
e It is also possible to use a rough-wall wall function such as :

uT,I’ 1 l Y
= — n(*
u* k&

where £ is the height of the roughness elements at the wall : one just has to impose u* =

)+38,5

1
Ur,p/ [Kln(Z) +8,5}, y being deduced from y*, available as an argument, by the equation

1%
y=y" —.
u

e Even a more general correlation could be used of Colebrook type :

2,51 13
* = —4v/21 !
v l Vatone (2\/§D}§ M 3, 7DH>]

where DE is the hydraulic diameter made dimensionless using ug, v, ugep the mean streamwise

velocity and Di the relative roughness.
H

e Boundary conditions for the velocity in k — ¢

We first consider the boundary conditions used in the case of calculation using the k —e model. Indeed
these cases are the most complex and general.

The boundary conditions are necessary to prescribe at the boundary the correct tangential stress
0, = pru*uy in the momentum equation? (p; is the density at the centre of cell I). The term which
requires boundary conditions is the one containing the velocity derivative in the normal direction to
the wall® : (1 + pe,r)grad un. It appears on the right-hand side of the usual momentum equation (see
bilsc2 and predvv).

2Proposition de modification des conditions aux limites de paroi turbulente pour le Solveur Commun dans le cadre
du modele k — ¢ standard, rapport EDF HI-81/00/019/A, 2000, M. Boucker, J.-D. Mattei.
3The transpose gradient term is treated in visecv and thus will not be considered here.
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In the case where the k — ¢ model tends to surestimate the production of turbulent kinetic energy, the
length scale of the model, Li_., can become significantly larger than the maximum theoretical length
scale of the turbulent boundary layer eddies Lipeo. We write :

3

k2
Ly—e=Cu— (IV.B.3)
Liheo = K I'F

In the case where Ly_. > Linso, we thus have pyr > uim with g ; the turbulent viscosity of the
k — € model at point I and ué’” = prLineour the turbulent viscosity of the mixing length model.
Additionally, the tangential stress can write by making the turbulent viscosity appear :

*

* u !
or = prutuy = ——= pre I'Fuy (IV.B.4)
I'F
K ﬁ;ﬁtm’_/

The viscosity scale introduced in the stress thus contradicts the one deduced from the neighbouring
turbulence calculated by the model. Consequently we prefer to write the stress, by using the velocity
scale of the k — ¢ model when it is lower than the limit Ly, :

*

U m
or = mm‘m(ﬂé s Ht,1) (IV.B.5)

One can then use this value to calculate the diffusive flux which depends upon it in the Navier-Stokes
equations :

(ur + per)gradun = —o, 7. (IV.B.6)

But the velocity gradient (face gradient) is computed in the code as :

+
(o -+ o gzadun = P ) (v:B.7)

Using (IV.B.6) and (IV.B.7) we obtain the value of uz to be prescribed, referred to as u t,,, (con-
servation of the momentum flux) :

I'F
QF,flua: =Up — OrT
I et (IV.B.8)
lm
=up — ——————max(py" s pe,1)T
I k(g + MtJ) (Mt fht,1)

In reality, an extra approximation is made. It consists in imposing a zero normal velocity at the wall
and in using equation (IV.B.8) projected on the plane parallel to the wall :

u*

Up fluz = |Ur, I’ —

S — T IV.B.9
H(,“/I"V‘MLI) (H“t ILLt7I) L ( )

Moreover, if the value obtained for y™ is lower than yfgm a no-slip condition is applied. Finally, one
can also make the wall velocity appear in the final expression :

”Flux” boundary conditions of the velocity (k — ¢)
Up fluz = Up " < i (IV.B.10)
o .B.

m :
———max (", te,1) | T otherwise
K (pr + pe,1) (™, pe.1)

— T
MF,flux 72p+ U‘T,I/ -
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A first pair of coefficients Ay, and By, can then be deduced (for each component of the velocity
separately) and it is used only to compute the tangential stress dependent term (see bilsc2) :

Coefficients associated with the ”flux” boundary conditions of the velocity (k —¢)

— : +
Aflum - Qp if er < ylim
u* .
Afpyy =0+ |ulp— max (™, p1e.1) | T otherwise

K (pr + per)
Eflua: = Q
(IV.B.11)

We saw above how to impose a boundary condition to compute directly the stress term. Further
analysis is necessary to calculate correctly the velocity gradients. We want to find a boundary face
value which permits to obtain, with the chosen expression for the gradient, the value the turbulent
production as close as possible to its theoretical value (determined by using the logarithmic law), in
order to evaluate the normal derivative the tangential velocity. Thus, we define (at point I) :

uk(u*)Z

T (IV.B.12)

w1 O0ur
Pineo = pru Uk||%|\l = pI

Morevoer, the dominant term of the production computed in cell [ is, in classical situations (y is the
coordinate on the axis whose direction vector is 1),

our\ >
Peale = b, 1 ( agj)[ (IVB13)

The normal gradient of the tangential velocity (cell gradient) is calculated in the code using finite
volume, and its expression on regular orthogonal meshes is (see the notations on figure IV.B.2) :

uG—uF2 UI+UJ_2UF2
Peale = pe,1 (T’2d7’) :,ut,l( & Zd = ) (IV.B.14)

We then assume that u, ; can be obtained from u, ; and from the normal gradient of u, calculated in
G from the logarithmic law :

Ur,g = tr 1+ 1T (Oyur)+O(1T ) ~ ur 417 . [ay (l; In(y™) +5, 2)] = uT,1+2d:2d (IV.B.15)
G
and thus we obtain :
. 2
Ur 1 + Ur, 1 + 2d 755 — 2un,
Peae = Mt 1 < 2 F>
4d
(IV.B.16)

* 2 * 2
2’“7}] + 2%{ - 2UT,F . uT,I + ;? - uT,F
Hed Ad - bl 2d

We then use (IV.B.12) and (IV.B.16) to impose that the calculated production is equal to the theoretical
production. The preceeding formulae are extended with no precaution to non-orthogonal meshes (the
velocity at I is then simply computed at I’). The following expression for u, g is then obtained :

* I'r 1
Ur F,grad = Ur I’ — uﬁ 2 M - = (IVB].?)
K e, 1 2

Additionally, we force the gradient to remain as stiff as the one given by the normal derivative of the
theoretical velocity profile (logarithmic) at I” :
* *

u u
Oyur = @,(; In(y™) +5,2) = S thus :

* I'rF 1
Ur F.grad = Ur,I’ — u—maa: 1,2 pritiet & _ 2 (IV.B.18)
K e, 1 2
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Bord du domaine de calcul

.

Domaine de calcul

n
‘ normale sortante
1 ! de norme 1
+J G ¢I M _F
y | A2 de
| d d | d

Figure IV.B.2: Cellule de bord - Maillage orthogonal.

Finally, we clip the velocity at the wall with a minimum value calculated assuming that we are in the
logarithmic layer :

1 * I'r 1
Ur,F,grad = MAT (u* (ln(yl':m) + 5, 2) JUp 1 — L [ma:c (1, 24/ PIRURE 7 )]) (IV.B.19)
K K e, T 2

The normal derivative at the wall is prescribed to zero. If the yT value at the wall is lower than y;gm, a
no-slip condition is prescribed. Finally, one can also make explicit the velocity of the wall in the final
expression :

”Gradient” boundary conditions of the velocity(k — ¢)
QF,gT'ad = Qp if er < yl—iz_m
QF,grad = Qp+

1 * JF 1
{maaz (u* (ln(y?{m) + 5,2) JUL = Ll [mam (1,2 PIRURL T >]) }T otherwise
K ’ K e, T 2

(IV.B.20)

A second pair of coefficients Agrqq and Bgrqq can then be deduced (for each velocity component
separately). It is used when the velocity gradient is necessary (except for the terms depending on the
tangential shear, those being treated in bilsc2 using Ay, and Byyg) :

Coefficients associated to the ”gradient” boundary conditions of
the velocity(k — ¢)
A

Aorad = Qp if y+ < yl-iz_m
Agrud = Qp+
1 * I'F 1
mazx | u* (ln(yl";m) + 5,2) JUL p— Ll max | 1,2 prRURL T 2 T otherwise
K ’ K e, T 2
Bgrad = Q

(IV.B.21)

¢ Boundary conditions of the velocity in R;; —¢

The boundary conditions of the velocity with the R;; — e model are more simple, since there are only
of one type. Keeping the same notations as above, we want the tangential velocity gradient (calculated
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at I, and to be used to evaluate the turbulent production) to be consistent with the logarithmic law
giving the ideal tangential velocity profile. The theoretical gradient is :

ou, u*
1e0 — = ey IV.B.22
Gu < Ay )I, kI'F (Iv.B.22)

The normal gradient of the tangential velocity (cell gradient) is calculated in the code using finite
volumes, and its expression in the case of regular orthogonal meshes is (see notations in figure IV.B.2) :

Ur G — Ur F uTI+uTJ_2uTF
GaC: : — = : ’ : IV.B.23
cal 2 Ad ( )

We then assume that u, ; can be obtained from u, ; and from the normal gradient of u, calculated in
*

G from the logarithmic law (see equation (IV.B.15)) u, j = ur 1+ 2d Y and we thus obtain :

K2d
u* u* *
UTI+UTI+2d7_2uTF 2u7[+27_2u7'F Ur ]+ -— — UrF
Geale = — : i 2d SR L R T S (IV.B.24)
4d 4d 2d

We then use the equations (IV.B.22) and (IV.B.24) to derive an expression for u, p (the preceeding
formulae are extended with no precaution to the case non-orthogonal meshes, the velocity at I being
simply computed at I') :

3u*

Ur F = Ur ] — ﬁ (IVB25)

The normal derivative at the wall is prescribed to zero. If the value obtained for y* at the wall is
lower than yl"gm, a no-slip condition is prescribed. Finally, one can also make explicit the velocity of
the wall in the final expression :

Boundary conditions of the velocity (R;; —¢)
Uup =0 if y© <y,

T *
U = |ul ; — —Su therwis
Up = |(Upp o T+wv, otherwise

(IV.B.26)

Un couple de coefficients A et B s’en déduit (pour chaque composante de vitesse séparément) :

Coefficients associés aux conditions aux limites sur la vitesse (R;; — ¢)
_ CoF <ot
A4 = Yp s1y” < Yiim
3u*

4 =[u:,1,—25]7+% snon (IV.B.27)

B=0

A pair of coefficients Agqq and Bgrqq can be deduced from the above equation (for each velocity
component separately).

e Boundary conditions of the velocity in laminar

When no turbulence model is activated, we implicitly use a one velocity scale model (there is no
turbulent variables to compute uy), and the same conditions % as in R;; — € are used : the model
degenerates automatically.

4In other words; the boundary conditions are given by (IV.B.26) and (IV.B.27).
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e Boundary conditions for k and ¢ (standard k& — e model)

We impose k with a Dirichlet condition using the friction velocity uj (see equation (IV.B.1)) :

ui
k= —& (IV.B.28)
Cii

We want to impose the normal derivative of € from of the following theoretical law (see the notations
in figure IV.B.2) :
9 (ui/(ky))

IV.B.2
o (IV.B.29)

Gthco,s =

We use point M to impose a boundary condition with a higher order of accuracy in space. Indeed,
using the simple expression er = 7 + ddye; + O(d?) leads to first order accuracy. A second order
accuracy can be reached using the following Taylor series expansion:

i &, 3
EM =€ — 581/614- gay&'[ +O(d )

p 72 (IV.B.30)
emM =€+ iaysp + §8§5F + O(d3)
By substracting these twxo expression, we obtain
EF =€ — g(ayg, + O0yer) + O(d?) (IV.B.31)
Additionally, we have , ,
A et 1vB2)

The sum of these last two expressions gives dye;+9yep = 20,ep+0(d?) and, using equation (IV.B.31),
we finally obtain a second order approximation for ep :

ep = g1 — ddyen + O(d?) (IV.B.33)

The theoretical value (see equation TV.B.29) is then used in order to evaluate Oyenm and thus the value
to prescribe at the boundary is obtained (d = I'F) :
3

U
= —r IV.B.34
eF 6]+dﬁ(d/2)2 (IV.B.34)

This expression is extended to non-orthogonal mesh without any precautions (which is bound to
deteriorate the spatial accuracy ot the method).

Additionally, the velocity ug is set to zero for y+ < ylfm. Consequently, the value of k and the flux of
€ are both zero.

Finally we have :

Boundary conditions for k and ¢

cy , (IV.B.35)
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and the associated pair of coefficients

Coeflicients associated to the boundary conditions of k et ¢

u2
Ak = kl and Bk =0
Ci s (IV.B.36)
u
A, =T'F——Ft dB. =1
: k(I'Fj22 07

with up = 0 if y* < yjf

¢ Boundary conditions for R;; and ¢ (standard R;; — ¢ model)

The boundary conditions for the Reynolds stresses in the coordinate system attached to the wall write
(R refers to the local coordinate system) :

85}?” = 3&]%;”1 = 8ﬁRbb =0 et Rrﬁ —urup et be = Rﬁb =0 (IV.B.37)

Additionally, if the value obtained for yT is lower than y;/ . all Reynolds stresses are set to zero (we
assume that the turbulent stresses are negligible compared to the viscous stresses).

Although it is done systematically in the code, expressing the above boundary conditions in the
computation coordinate system is relatively complex (rotation of a tensor): the reader is referred
to the documentation of clsyvt where more details are provided. In what follows, the boundary
conditions will only be presented in the local coordinate system.

Thus we want to impose the boundary values :

Boundary conditions of R;;
if y+ < y;gm Raoi,F = RaﬁA,F =0
. Ruoo.r = Ry, with a € {7,7,b} (without summation)
otherwise P ' . L
RTﬁ = —u*uk and RT(, = Rﬁb =0

(IV.B.38)

For the dissipation, the boundary condition applied is identical to the one applied with the k — ¢

model :
Boundary conditions of ¢ (R;; —¢)
uj,
k(I'F/2)?
with u, = 0 if y* <y},

ep=cp +1I'F (IVBSQ)

These boundary conditions can be imposed explicitly (by default, ICLPTR=0) or (semi-)implicitly (
ICLPTR=1). The standard option (explicit) leads to the following values® of the coefficients A and
B :

51t can be noticed that the value of € is not reconstructed at I’. We thus wish to improve the ”stability” since e
1
has a very steep gradient at the wall (¢ & —), and thus only weak recontruction errors at I’ could lead to important

deterioration of the results. However, it would be necessary to check if stability is altered with the gradient reconstruction
of gradrc.
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Coeflicients associated to the explicit boundary conditions of R;;et ¢
It yt <y,

ARaa :ARaﬂ =0 and Blfi(m :BRQB =0
Otherwise :

Aé(w = (Raa)l and BRQQ =0

ART,; = —u*uy and BRT;L =0
ART?:ARM:O and BRTb:BRM:O
And for all cases :

with o € {7,7,b} (without summation)

3

U
K (I'F/2)?
with up = 0 if y+ < yl';.'m

Ac.=er+1I'F and B. =0

(IV.B.40)

The semi-implicit option leads to the following values for the coefficients A and B. They differ from
the preceeding ones, only as regards as the diagonal Reynolds stresses and dissipation. In the general
case, impliciting of some components of the tensor in the local coordinate system leads to partially

impliciting all the components in the global computation coordinate system :

Coefficients associated to the semi-implicit boundary conditions of
sur les variables R; et ¢
If y* <yjb o
R :ARQ[; =0 and BR(W :BRQB:O

Sinon :
Ap =0 and By =1 with o € {7,7,b} (without summation)
ARM = —u*uy and BRT;L =0
ARTb:ARM:O and BRTb:BRm,:O
And for all cases :
3
u
A.=I'F——Fr _ and B. =1
: k(I'F/2)2 1 e

with u, = 0 if yT < y?i'm

(IV.B.41)
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e Boundary conditions of the VarScalaires

Ounly the boundary conditions when a boundary value is imposed (at the wall or away from the wall
with a possible external exchange coefficient) are treated here. The reader is referred to the notations
in figure IV.B.1 and to the general presentation provided in condli (in what follows only the most
essential part of the presentation is repeated).

The conservation of the normal flux at the boundary for variable f writes :
Rimp,ext (fimp,est — foext) (Dirichlet condition)

hint(fo,int — f11) = ho(fo,ear — f1) = Gret imposed

Dimp, ext (Neumann condition)
Pint o7

Preal imposed

(IV.B.42)

The above two equation are rearranged in order to obtain the value of the numerical flux fp int = fr
to impose at the wall boundary face, according to the values of fimp.ext a0d Rimp eat set by the user,
and to the value of hy set by the similarity laws detailed hereafter. The coefficients A and B can then
be readily derived, and are presented here.

Boundary conditions of the VarScalaires

him ex hin hzm ex hr -1 . hin
p,ext t + D, t( ) fI’ Wlth hr — t
hint + hrhimp,ext hint + hrhimp,ert hb

A B

fb,int = fimp,ewt (IVB43)
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Similarity principle : calculation of 5.

The only remaining unknown in expression (IV.B.43) is the value of h;, since h;,; has a numerical
@

I'F
The value of hy must relate the flux to the values f; and fp .5+ by taking into account the boundary
layer (the profile of f is not always linear) :

value which is coherent with the face gradient computation options detailed in condli (hi,: =

o6 = ho (fo,ext — f1) (IV.B.44)
The following considerations are presented using the general notations. In particular, the Prandtl-
C
Schmidt number writes o = &. When the considered scalar f is the temperature, we have (see
@

condli)

o C = C, (specific heat capacity),

e a = A (molecular conductivity),

C
e 0= yp/\ P = Pr (Prandtl number),
e 0y = Pr; (turbulent Prandtl number),
C or
o = ()\—i— put) — (flux in Wm~2).
Ot 8y

The reference ” Convection Heat Transfer”, Vedat S. Arpaci and Poul S. Larsen, Prentice-Hall, Inc was
used.

The flux at the wall writes for the scalar f (the flux is positive if it enters the fluid domain, as shown
by the orientation of the y axis) :

e\ Of ( « ot > of
=—(a+c )L = o — 4+ £ ) 2L IV.B.45
¢ < Ut> dy P pC  poi) Oy ( )
Similarly for the temperature, with a = and a; = ﬁ, we have :
P POt
oT
¢p=—pCpla+ at)a—y (IV.B.46)

In order to make f dimensionless, we introduce f* defined using the flux at the boundary ¢y :

" Db
=2 1IV.B.47
f SCun ( )
For the temperature, we thus have :
= (IV.B.48)
pCpug

We then divide both sides of equation (IV.B.45) by ¢. For the left-hand side, we simplify using the
conservation of the flux (and thus the fact that ¢ = ¢;). For the right-hand side, we replace ¢ by its
value —p C uy, f*. With the notations :

" iy b m (IV.B.49)
p p 1% f

_ (L Lmyorr
1( + )ay+ (IV.B.50)

we have :
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One can remark at this stage that with the notations used in the preceeding, h; can be expressed as
a function of f?? :

C
hy = d__ P — (IV.B.51)
fb,ext - f]’ fI/
In order to compute hy, we integrate equation (IV.B.50) to obtain f;,. The only difficulty then consists
1 1
in prescribing a variation law I = — + —n
o oy v

In the fully developed turbulent region (far enough from the wall, for y© > %), a mixing length
hypothesis models the variations of v; :

ou
v, = 12|8—y\ =rkyu" (IV.B.52)

Additionally, the molecular diffusion of f (or the conduction when f represents the temperature) is

1v
negligible compared to its turbulent diffusion : therefore we neglect — compared to == Finally we
. g oy V
have 6 :
kyt

Ot

K= (IV.B.53)

On the contrary, in the near-wall region (for y < yfr ) the turbulent contribution becomes negligible

1 v 1
compared to the molecular contribution and we thus neglect = compared to —.
oL v o

It would be possible to restrict ourselves to these two regions, but Arpaci and Larsen suggest the
model can be improved by introducing an intermediate region (yf‘ <yt < y;’ ) in which the following
hypothesis is made :

Ut

Y gy (yh)? (IV.B.54)

where a; is a constant whose value is obtained from experimental correlations :

1%
ap = 1080 (IV.B.55)
Thus the following model is used for K (see a sketch in figure B) :
% if y© <y
K= §+ = (g:)g if yi7 <yt <ys (IV.B.56)
L if y3 <yt

The values of ;" and y5 are obtained by calculating the intersection points of the variations laws used
for K.

The existence of an intermediate region depends upon the values of o. Let’s first consider the case
where o cannot be neglected compared to 1. In practise we consider o > 0,1 (this is the common
case when scalar f represents the air or the water temperature in normal temperature and pressure

1 +33
conditions). It is assumed that — can be neglected compared to M in the intermediate region.
g Ot
We thus obtain : )
1000\ 3 1000k
yh = <) Yy = (IV.B.57)
g Ot

6We make the approximation that the definitions of yT from u* and u; are equivalent.
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Figure IV.B.3: (a + a;)/v as a function of y* obtained for ¢ =1 and oy = 1.

The dimensionless equation (IV.B.50) is integrated under the same hypothesis and we obtain the law
of f+:
Jreoyt if y* <yl
+ =gy — t if ot + +
fT=a2 a1 ()2 ify; <y’ <y, (IV.B.58)
o
fr="inlyt) +as ity <yt
K

where ay and as are integration constants, which have been chosen to obtain a continuous profile of

fr
1
as = 150 as = 1505 — 2L (1 +in < 000“)) (IV.B.59)
2K Ot

Let’s now study the case where ¢ is much smaller than 1. In practise it is assumed that o < 0,1 (this is
for instance the case for liquid metals whose thermal conductivity is very large, and who have Prandtl
number of values of the order of 0.01). The intermediate region then disappears and the coordinate
of the interface between the law used in the near-wall region and the one used away from the wall is
given by :

+ _ Ot
= — IV.B.
Yo o (IV.B.60)

The dimensionless equation (IV.B.50) is then integrated under the same hypothesis, and the law of fT
is obtained :
fr=oy* if y© <yg
+
fF=2tm <y+> +oyy ifys <yt
K o

(IV.B.61)




EDF R&D Code_Saturne Theory Guide

Code_Saturne
documentation
Page 176/428

To summarize, the computation of Ay

®p _ pCu

hb: =
fb,emt_fl’ fj—t

is performed by calculating f;? from y* = y}r, using the following laws.

If 0 € 0,1, a two-layer model is used :

Jt=oyt if y* < yg
o .
== <y+> +oys ifyf <y*
K Yo
with o,
Yo = —
KO

If o > 0,1, a three-layer model is used :

fr=oy* if y© <y

+_ 0t
f ag 2a1(y+)2

[r="tnlyt) fas i yf <yt

with

g

1000\ 3 10007
yi = () Yy =

and

(IV.B.62)

(IV.B.63)

(IV.B.64)

(IV.B.65)

(IV.B.66)

(IV.B.67)
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Points to treat

The use of HFLUI/CPP when ISCSTH is 2 (case with radiation) needs to be checked (CPP is actually 1
in this case).

The boundary conditions of the velocity are based on derivations focusing on only one term of the
tangential stress (ur + ¢ r)(grad u) n without taking into account the tranpose gradient.

In order to establish the boundary conditions of the velocity in k& — ¢ based on the constraint , a
projection onto the plane tangent to the wall and an arbitrary zero normal velocity are introduced.

The hypothesis made in order to establish formulae for the different types of boundary conditions
(dissipation, velocities) are based on the assumption that the mesh is orthogonal at the wall. This
assumption is extended without any caution to the case of non-orthogonal meshes.

The one velocity scale (cs_wall_functions.c) wall function requires solving an equation using a
Newton algorithm. The computational cost of the latter is low. One can also used a 1/7 power law
(Werner et Wengle) which yields results which are as accurate as the logarithmic law in the logarithmic
region, and which permits analytical resolutions (chosen option in LES mode). Be careful however,
since with this law, the intersection with the linear law is slightly different, which thus requires some
adaptations (intersection around 11.81 instead of 10.88 for the law adopted here Ut = 8,3 (y)7).

The values of all the physical properties are taken at the cell centres, without any reconstruction.
Without modifying this approach, it would be useful to keep this in mind.

For the thermal law with very small Prandtl numbers compared to 1, Arpaci and Larsen suggest
yy =~ 5/Pr (with proof from experimental data) rather than Pr,/(Pr ) (current value, computed
as the analytical intersection of the linear and logarithmic laws considered). One should address this
question.
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C- clptrg routine

Function

This subroutine is designed to realize the calculation of wall boundary conditions for rough walls. The
notations used are those introduced in CONDLI for general boundary conditions.

The wall boundary conditions discussed herein are taken to include all the boundary conditions for
the velocity, the turbulent quantities (k, €), the temperature when it has a prescribed value at the
wall (or the enthalpy and more generally the VarScalaires', to be treated at the wall by applying a
similarity law for the associated boundary layer. For the VarScalaires especially, when the boundary
conditions at the wall are of the Neumann type (homogeneous or not), they are treated in condli and
hence will not be discussed in this section. In particular, the boundary conditions of the VarScalaires
representing the flux variance of other VarScalaires are not addressed here because their treatment at
the wall is of the homogeneous Neumann type.

We explain the method used to calculate the pair of coefficients A, and By, which are used for the
computation of certain discrete terms in the equations to solve and notably allow us to determine a
value associated to the boundary faces fj, ;n: (at a point located at the

centre

of the boundary face, barycentre of its vertices) using the relation fy ine = Ay + By frr (fr is the value
of the variable at point I’, projection of the centre of the boundary cell on the normal to the boundary
face and passing through its centre: see figure IV.C.1).

See the programmers reference of the dedicated subroutine for further details.

Bord du domaine de calcul

Sh
Domaine de calcul \
I Q n normale sortante
: - de norme 1
I F
Yy 1\ / §\\ \
fI ’ jl;, int \';.\:. ) fimp,ext
Coefficients d’echange
int ‘ himp,ext
h b

Figure IV.C.1: Boundary cell.

LAs in condli, VarScalaire will be used to designate any variable, solution of a convection-diffusion equation, apart
from the velocity, pressure and the turbulent quantities k, €. The designation VarScalaire may be employed particularly
in relation to the temperature, the enthalpy or to a passive scalar.
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Discretisation

e Notations

The velocity of the wall is noted v,, and is assumed to be projected onto the plane tangent to the wall
(if it is not, then it will be projected by the code).

The velocity of the fluid is noted by u. An index, I, I’ or F, serves to designate the point at which it is
evaluated. The tangential velocity component in relation to the wall is denoted . The fluid velocity
in the reference frame attached to the wall (

relative
velocity) is written u” = u — Uy

The orthonormal coordinate system attached to the wall is written R = (z, 7, b).

e 1 = —n is the unit vector orthogonal to the wall and directed towards the interior of the com-
putational domain.
1 . X
o T = [u], — (u], .7n)] is the unit vector parallel to the projection of the relative

lag — (g 1)
velocity at I, u},, in the plane tangent to the wall (i.e. orthogonal to i1): see figure IV.C.1.

e b is the unit vector completing the direct coordinate system.

In the two velocity scale model, we employ the following notations:

- uy the friction velocity at the wall obtained from the turbulent kinetic energy.

D= f(z).

u*

T
ur

- u* the wall friction velocity calculated using the relationship given by

- 7z, represents a dimensionless wall distance (this being the distance from the edge of the compu-
tational domain), namely z, = I'F' (see figure IV.C.1). The function f expresses the ideal form
of the velocity profile. In air, this function is given by a logarithmic law that takes account of
the dynamic surface roughness of the wall zg:

= Lo (22

20
- The velocity scales, u; and u*, are easy to compute, although their computation does require

knowledge of the turbulent energy k; at the centre of the adjoining cell to the boundary face.

- The two-scale model is set as the default model in Code_Saturne. It frequently enables minimizing,
particularly in cases with heat transfer, the effects of certain deficiencies in the k — & model (the
impacting jet being a classic example).

We will use u* and wy later, for the boundary conditions pertaining to the velocity and the scalars
(notably, the temperature).

Two-velocity-scale model
11
Uk = Cﬁ k‘f
T
'U,TJ/

1
o = iz (IV.C.1)
I'F+z  zp+2

u*solution of

2k
20 20

with C, = 0.09 and x = 0.42
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In the case of the one velocity scale model, u* denotes the only friction velocity at the wall, obtained
K

IU’T,I/
*

by solving the equation = f(2p). The quantity z, represents a dimensionless wall distance, given

by z, = I'F. The function f reflects the ideal form of the velocity profile as in the case of the two
velocity scale model. Note that this friction velocity, the calculation of which is more complicated
(fixed point), can nevertheless be obtained without reference to the turbulent variables (k, €). For
convenience, in the one-scale model we write up = u* .

We will use u* and wuy later, for the boundary conditions pertaining to the velocity and the scalars
(notably, the temperature).

One velocity scale model

up = u*
. : urp 1
u*solution of el Eln(zk) (Iv.C.2)
I'F+z 2+
Zk = -
20 20

with Cy, = 0.09 and s = 0.42

e Boundary conditions for the velocity in k — ¢

We first consider the conditions used in calculations performed with the k — ¢ model, as these are the
most complex and the more general cases.

The boundary conditions are necessary in order to impose sufficient tangential stress o, = pju*uy at
the boundary in the momentum equation? (p; is the density at the centre of cell I). The term requiring
the boundary conditions is the one that contains the normal derivative of the velocity at the wall, this
being®: (ur + pe.r)gradun. It appears in the second member of the usual momentum equation (see
bilsc2 and predvv).

When the k& — € model shows a tendency to overestimate the turbulent kinetic energy production, the
length scale of the model, L;_., can become significantly larger than the maximum theoretical scale
of turbulent boundary layer eddies Lineo. We write:

k3
Li—e=Cu— (IV.C.3)
Lineo =k (I'F + 20) = K (2p + 20)

If Li—c > Lineo, we then have p; ;> ™ with fe,1 the turbulent viscosity of the k — e model at point
I and uém = prLiheouy the turbulent viscosity of the mixing length model. Moreover, the tangential
stress can be written with the turbulent viscosity being made to appear:

*

v '
T+ 2) prk (I'F + zg) ug, (Iv.C.4)

*
or = prutu, =

im

Hi

The viscosity scale introduced in this expression of the stress is thus at odds with the one derived from
the turbulence computed locally by the model. We therefore prefer to write the stress so that the k —¢
length scale is used whenever it is lower than the limit Lipeo:

*

_ ui lm
o7 = — T+ Zo)max(ut s t.1) (IV.C.5)

2Proposition de modification des conditions aux limites de paroi turbulente pour le Solveur Commun dans le cadre
du modele k — € standard (

Proposed modification of the turbulent wall boundary conditions for the Common Solver in the frame
of the standard k — e model

), EDF report HI-81/00/019/A, 2000, M. Boucker, J.-D. Mattei.
3The transpose gradient term is dealt with in visecv and will not be considered here.
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This value can then be used for the diffusive flux calculation which is dependent on the stress in the
Navier-Stokes equation:
(ur + per)gradun = —o,1 (IV.C.6)

However, the velocity gradient (gradient at the boundary face) is computed by the code in the following
form:
(MI + ,Ut,I) (

o Up — Upr) (IV.C.7)

(o + pie,r)grad un =

Drawing on the approximate relationship between (IV.C.6) and (IV.C.7), we derive the value of up to
impose, denoted wp ;. (conservation of the momentum flux):

I'F
uF,fluw =Up — orT
RN , (Iv.C.8)
=up — uimax(,ulm 1) LT
Tk (ur + ) TP IF 4 20)

In actual fact, a further approximation is made. This consists in imposing zero normal velocity at the
wall and using the equation (IV.C.8) projected onto the plane tangent to the wall:
u* I'F }

) max(,uém, ﬂt,I) (

_ — IV.C.9
K (pr + g1 I'F + zp) ( )

Up fluz = [UT,I' -

Lastly, it is also possible to make the wall velocity appear in the final expression:

Flux-type boundary conditions on the velocity (k — ¢)
u* I'F ] (IV.C.10)

) maa:(,uém, ,ut,f) (

uﬂm$:%+[¢”_ T'Ftz0)|"

’ K (pr + e r

A first pair of coefficients A, and By, is thence inferred (separately for each velocity component)
and is only used in the calculation of the tangential stress dependent term (see bilsc2):

Coefficients associated with the flux-type boundary conditions on the velocity(k — ¢)

u* I'F
Afluz = Qp + |:u:,l’ - :| L

ilm
———————max (™, i1
i+ ) D)
Eflur:Q

T'F+z)| "

(IV.C.11)

Having seen above how to impose a boundary condition so as to correctly calculate the stress term,
we now need to take a closer look at the calculation of velocity gradients. We are seeking a boundary
face value which will allow us to obtain, with the formulation adopted for the gradient, a value of
turbulent production as close as possible to the theoretical value (determined using the logarithmic
law), in order to evaluate the normal derivative of the tangential velocity. Hence, we define (at point
I):

g (U,*)Q

_— 1V.C.12
pIK}(IlF"‘ZO) (VC )

ou
Piheo = pIU*ukHaiﬂT”I =

Moreover, the dominant term of the production computed in cell I for typical situations (where z is
the coordinate on the 7 direction vector axis) is:

ou,\ 2
P.aic = T IV.C.13
1 b, 1 ( 02 )1 ( )

The normal gradient of the tangential velocity (cell gradient) is calculated in the code using finite
volumes and takes the following expression on regular orthogonal mesh (see the notations on fig-

ure IV.C.2):
UrG — Urr Urg + Ur g — 2urp\
Peale = pt,1 (2(17) = M1 ( - 4’d : ) (IV.C.14)
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Bord du domaine de calcul

.

Domaine de calcul

n
‘ normale sortante
1 ! de norme 1
+J G ¢I M _F
y | A2 de
| d d | d

Figure IV.C.2: Boundary cell - Orthogonal mesh.

We then assume that wu, ; can be obtained from u,; and the normal gradient of u, evaluated at G
based on the logarithmic law, such that:

cr=urr+I1J . (Ous OIJ?* ~u.+I1J. |0 “—*z =u, 2d7* IV.C.15
from which we obtain:
42— oy i
P B ™I K (2d + 20) ™F
cale = M1 Ad
o 9 (IV.C.16)
T di* T
B Ur,p K (2d + zp) Ur.F
= Hr 5d

We then link equations (IV.C.12) and (IV.C.16) in order to impose the equality of the production
calculated and the theoretical turbulent production. Application of the above formulae is extended
without caution to non-orthogonal meshes (the velocity at I is simply evaluated at I’). The following
expression is then obtained for u, p:

u* PIK Ug 1
c Foarad =Urp — — | 2 — IvV.C.17
Ur,F,grad Ur, T % < [ (I,F + ZO) 9 I ZO/I’F) ( )

A limit is then set on the gradient so that it remains at least as steep as the gradient obtained from
the normal derivative of the theoretical (logarithmic) velocity profile at I':

u* u* o
Oy = (Q)Z(z In(z)) = N TF ) thus yielding:

*

u
Ur F.grad = Ur, 7/ — — AT 1, 2d
K Mt 1

1
P Uk ) (IV.C.18)

(I'F +z) 2+ 20/I'F

A condition of zero normal velocity at the wall is imposed. Moreover, if the tangential velocity at I’
is zero (absolute value below an arbitrary numerical limit of 10~'2), a no-slip condition is applied. We
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can then also make the velocity of the wall appear in the final expression:

Gradient boundary conditions on the velocity(k — ¢)
UF grad = Yp if u:__]/ <1012

: . (IV.C.19)
= A 1,2d, | — PRk
Up grad = Yp T Ur max | 1, y 7 .
K /,LtJ(IF—i-Zo) 2+20/IF

A second pair of coefficients, Agrqq and Byrqq, is thereby inferred (separately for each velocity com-
ponent) and is used (with the exception of the terms depending on the tangential stress, these being
treated in bilsc2 using the coefficients Ay, and By, )whenever the velocity gradient is required:

Coefficients associated with the gradient-type boundary conditions on the velocity

(k—¢)
Agrad = yp si u:’p < 10_12
u* PIK Uk 1
A — ro, - 1,2d -
grad Qp + uTJ K [maw ( ,Ut,I (I’F + ZO) 2 + ZO/I/F):| -
Egrad = Q

(IV.C.20)




Code_Saturne

EDF R&D Code_Saturne Theory Guide documentation
Page 184/428

e Boundary conditions for the k and ¢ variables (standard k£ — ¢ model)

We impose a Dirichlet condition derived from the friction velocity uy (refer to equation (IV.C.1)) on

k: )
U,

k=—
Cp

(IV.C.21)

We want to set the normal derivative of ¢ based on the following theoretic law (refer to the notations
in figure IV.C.2):

0 uz
= — | — IV.C.22
Glieo,< 0z {/@ (z + zo)] (IV.C.22)

The point M is used to impose a boundary condition with a higher order accuracy in space. In effect,
using the simple relation er = e + dd.e; + O(d?) leads to an accuracy of order 1. Second-order
accuracy can be obtained using the following truncated series expansions:

d d? 3
EM =€1— 582514— §8Z8[—|—O(d )

g 72 (IV.C.23)
eEmM =¢€r+ iast + §8§€F + O(d®)
The difference between the above two expansions, can be expressed as
EFp =€ — g(aﬁ] + 0.er) + O(d®) (IV.C.24)
Moreover, we have , ,
{00 oo 1o wvez)

The sum of the latter two expansions enables us to establish that 0,e; + 0. = 20,ep + O(d?) which,
when substituted back into (IV.C.24), provides the desired second-order accurate approximation of
EFp:

ep =7 — dd.ep + O(d?) (IV.C.26)

The term 0,e)s is evaluated against the theoretical value (IV.C.22) and the value to impose at the
boundary (d = I'F') thence obtained:
uj

B (IV.C.27)

ep=¢cr+d

This relation is extended without caution for application on non-orthogonal meshes (which is bound
to degrade the order of accuracy in space).

We finally obtain the:

Boundary conditions on k and ¢

kp =k
c; 3 (IV.C.28)
U

Kk (I'F/2 + z9)?
and the associated coefficients

Coefficients associated with the boundary conditions on the variables k and ¢

Ak = 1 et Bk =0
Cii
u3
A, =TIF k et B. =1

k(I'F/2 4+ 2z)?
(IV.C.29)
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e Boundary conditions for the VarScalaires

Ounly the boundary conditions with a prescribed value (at the wall or in the near-wall region with,
eventually, an external transfer coefficient) are addressed herein. We draw on the notations taken from
figure IV.C.1 and the general presentation provided in condli, the essential elements of which are
resumed below.

The conservative form of the normal flux at the boundary for the variable f is written:

Rimp,ext (fimp,est — foext) (Dirichlet condition)

Rint(fo,int = f11) = ho(fo,eat — f11) = Grmposc

Dimp, ext (Neumann condition)
Pint o7

Pimposed real

(IV.C.30)

These two equations are rearranged in order to obtain the numerical flux value f; in: = fr to impose at
the wall surface, given the values of fimp ezt a0d Ripmp ezt Set by the user and the value of hy, determined
according to the laws of similarity detailed hereafter. Coefficients A and B, are derived directly from
the boundary condition, as specified below.

Boundary conditions on the VarScalaires
himp,ewt hint + hinbp,ewt(hr - 1) fl’ with hr _ hint
hint + hrhimp,ert hint + hrhimp,ezt

A B

fb,int = fimp,ext (IVC?)l)
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Principle of similarity: calculation of 5.

The only remaining unknown in the expression (IV.C.31) is hy, with h;,; being a numerical value
consistent with the calculation method used to compute the face gradients and specified in condli

(hint = %) The value of h; must relate the flux to the difference between the values of f; and

fb,ext taking the boundary layer into account (the profile of f is not always linear):

ov = h (fo,ext — f17) (IV.C.32)

The theoretical considerations and their application are presented below, using the general notations.
vpC

In particular, the Prandtl-Schmidt number is noted o = . When the scalar f under consideration

is the temperature, we have (see condli):

o C = C, (specific heat capacity),

e « = A (molecular conductivity),

e 0= Vp/\Cp = Pr (Prandtl number),
e 0, = Pr; (turbulent Prandtl number),
T
° p= <)\ + Cput) or (flux in Wm™2).
Ot 0z

J. R. Garratt’s ”The atmospheric boundary layer”, Cambridge University Press was used as a sup-
porting reference.

The flux at the wall for the scalar f is written:

) o _ Lo (O‘ . “t) of (IV.C.33)

- _ Ht
0= (a+C t ) 0z pC  poy) 0z

ag

(the flux is positive if it is directed into the fluid domain, as indicated by the orientation of the z axis).

A
Similarly for the temperature, with a = —— and a; = ﬁ, we have:
pCyp pot
or
o= —pCp(a—i—at)a (IV.C.34)

We introduce f* in order to make f dimensionless, using the boundary flux value ¢:

P
I . A IvV.C.35
f SCun ( )
For the temperature, this yields:
o (IV.C.36)
P Cp U

As was noted beforehand, in the two-velocity scale model, uy is the wall friction velocity obtained from
the mean kinetic energy of the turbulent motion®. For the one velocity scale model, we set uj = u*
with u* the wall friction velocity determined from the logarithmic law.

We then divide both sides of equation (IV.C.33) by ¢;. Given that the flux is conserved, ¢ = ¢} so
the left side of the equation is simplified to 1. On the right-hand side, we replace ¢, by its value
—pCuy f*. Using the notations:

N et L] (IV.C.37)
p p f
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this provides:

1= (” + ”) o7 1 (IV.C.38)

o oy) 0z ug

With the preceding notations, it can immediately be seen that h; is expressed as a function of f;?:

b _ pCug

h = =
’ fb,emtffl’ f;:

(IV.C.39)

To determine hy,, we then integrate equation (IV.C.38) in order to obtain f;;. The only remaining
difficulty consists in establishing the law of variation of K = v + “
g Ot

In the fully developed turbulent region, a mixing length hypothesis is applied in order to model the

variations in v4:

vy = lﬂ%—g\ =ru* (z+ 20) (IV.C.40)

Moreover, the effects of the molecular diffusion of the scalar f (or of its conductivity when f rep-
resents the temperature) are negligible in comparison to the turbulent effects: hence we neglect the

1% 1%
contribution of — with respect to the dominant term —. This finally leads to:
o Ot

R Uk
}C:

(2 + 20) (IV.C.41)

Ot

The dimensionless equation (IV.C.38) is integrated under the same hypothesis to obtain the law of
variation for f¥, which is given by:

=2 <Z + ZO) (IV.C.42)

K Zoy
where z,, is the thermal roughness length. Its order of magnitude compared to the dynamic roughness

0 > ~ 2 (reference J. R. Garratt).

length is given by the relation In <

Zor

To summarize, hy is calculated by determining:

I'F

o= 2 (JFZO) (IV.C.43)
K Zog

b _ pCuyg

h = =
’ fb,ext _fI’ f;

(IV.C.44)
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D- clsyvt routine

Function

The aim of this subroutine is to fill the arrays of boundary conditions (COEFA and COEFB) of the
velocity and of the Reynolds stress tensor, for the symmetry boundary faces. These conditions are
express relatively naturally in the local coordinate system of the boundary face. The function of clsyvt
is then to transform these natural boundary conditions (expressed in the local coordinate sytem) in
the general coordinate sytem, and then to possibly partly implicit them.

It should be noted that the part of the subroutine clptur (for the wall boundary conditions) relative
to the writing in the local coordinate system and to the rotation is totally identical.

See the programmers reference of the dedicated subroutine for further details.

Discretisation

Figure IV.D.1 presents the notations used at the face. The local coordinate system is defined from the
normal at the face and the velocity at I’ :
1
o= ﬁg 1 - is the first vector of the local coordinate system.
QI/,T ’
= —n is the second vector of the local coordinate system.

on
eb=tAn=mnAtis the third vector of the local coordinate system.

Figure IV.D.1: Definition of the vectors forming the local coordinate system.

Here, n is the normalized normal vector to the boundary face in the sense of Code_Saturne (i.e. directed
towards the outside of the computational domain) and w;, . is the projection of the velocity at I’ in
the plane of the face : uy . =up — (up.n)n.
If up, . = 0, the direction of ¢ in the plane normal to n is irrelevant. thus it is defined as : ¢ =

1 1
(n.e, — nye,) where t =

/ - /2 2

(components in the global coordinate system (e,, e, ,€.))-

(n.e, — nge,) along the non-zero components of n

For sake of clarity, the following notations will be used :

e The general coordinate system will write R = (e,, ¢, ¢,)-

e The local coordinate system will write R = (t,—n,b) = (t,n,b).
e The matrices of the components of a vector u in the coordinate systems R and R will write U and
U, respectively.
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e The matrices of the components of a tensor R (2" order) in the coordinate systems R and R will
write R and E, respectively.
e P refers to the (orthogonal) matrix transforming R into R.

P=|t, —n, b, (IV.D.1)

(P being orthogonal, P~" = *P).

In particular, we have for any vector u and for any second order tensor R :

U=P~P.U
{ R=P.R.'P (Iv.D.2)
TREATMENT OF THE VELOCITY
In the local coordinate system, the boundary conditions for u naturally write :
Upt = ULt
Urn = 0 (IVDS)
Urp = Urp
or
1 00 100
Up,=P.U,=P. |0 0 0|.U,=P. |0 0 0]|.P.U, (IV.D.4)
B Lo oo 1 oo 1|

Let’s take A = P. (matrix in the coordinate system R of the projector orthog-

o O =

o O O

= o O
~+
g

onal to the face).

The boundary conditions for u thus write :

Up = é'gll (IV.D.5)

Since the matrix P is orthogonal, it can be shown that

1—n2  —fghy —fgis,
I R i
A= Naly 1 =Ry —Tyi, (IV.D.6)
—Np Ty Ny, 1— ng

The boundary conditions can then be partially implicited:

(n+1) Ly (i) =) - - ()
Up, '=l1—=nyup ' —fghyup’, — Ngnaup’, (IV.D.7)
——
COEFB COEFA

The other components have a similar treatment. Since only the coordinates of n are useful, we do not
need (for u) to define explicitly the vectors ¢t and b.

TREATMENT OF THE REYNOLDS STRESS TENSOR
We saw that we have the following relation:

&=
I
I
[l==2
o

(IV.D.8)
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The boundary conditions we want to write are relations of the type:

Rpij = Zaijk:lRI’,kl (IV.D.9)
el

We are then naturally brought to introduce the column matrices of the components of R in the different
coordinate systems.

We write
S = *[Ri1, Ru2, Ri3, Ro1, Rag, Ros, Rau, Raz, Ras) (IV.D.10)

and

S = "[Ri1, Rz, Ris, Ra1, Rao, Ros, Rsn, Rz, R (IV.D.11)

Two functions ¢ and r from {1,2,3,4,5,6,7,8,9} to {1,2,3} are defined. Their values are given in the
following table :

i — (q(i),7(4)) is then a bijection from {1,2,3,4,5,6,7,8,9} to {1,2,3}2, and we have :

Rij = S3(i—1)+;
(IV.D.12)
{ Si = Ry(iyr(s)

Using equation IV.D.8, we thus have :

SF,i = RF,q(i)'r‘(i) = Z Pq(i)mRF,mnPr(i)n
(m,n)e{1,2,3}2

9
= ZPq(i)q(j)RF’q(j)r(j)PT(i)T(j) (d’apres la bijectivité de (q,r))
j=1
9 A
= > Puwa)Prie)Sri (IV.D.13)
j=1

Or
Sp=A.5p avec Aij = Py Priiyr() (IV.D.14)

It can be shown that A is an orthogonal matrix (see Annexe A).

In the local coordinate system, the boundary conditions of R write naturally®.

P:{F,u =Rrn Rpa1 =0 Rpa = BRp 1
Rpi2=0 Rpo2 = R 22 Rps2 =0 (IV.D.15)
RF13 = BRp 13 Rp23 =0 Rrss = Rp 33

Lef. Davroux A., Archambeau F., Le R;; — ¢ dans Code_Saturne (version /), HI-83/00/030/A
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or
rl 0 0 7
0 0
B
0 . :
SF :E.SI/ aVeCEZ : 1 '.. . (IV.D.].G)

0
. B

; o000

For the symmetry faces which are treated by clsyvt, the coefficient B is 1. However a similar treatment
is applied in clptur for the wall faces, and in this B is zero. This parameter has to be specified when
cs_turbulence bc_rij_transform is called (see §D).

Back in the global coordinate system, the following formulae is finally obtained :

Sp=C.85, avec C=A.B."A (IV.D.17)

It can be shown that the components of the matrix C are :

9
Cij = Z Poiyate)Priiyr (o) Pa()ate) Prg)r (k) (Or1 + Bogs + Ors + By + dxo) (IV.D.18)
k=1

To conclude, it can be noted that, due to the symmetries of the tensor R, the matrix S. Thus only the

simplified matrices S’ and S/ will be used:
S’ = '[Rui1, Ra2, Ras, Ria, Rz, Ras] (IV.D.19)
§ = "[Ri1, Roz, Ras, Rua, Rug, Rog) (IV.D.20)
By gathering different lines of matrix C, equation IV.D.17 is transformed into the final equation :

S =D.S} (IV.D.21)

The computation of the matrix D is performed in the subroutine cs_turbulence bc rij transform.
The methodology is described in annexe B.

From D, the coefficients of the boundary conditions can be partially implicited (ICLSYR = 1) or totally
explicited (ICLSYR = 0).

e PARTIAL IMPLICITATION

;_ﬁ(n+1) - Dy S//7i(n+1) + ZDij /I/J(n) (IV.D.ZQ)
COEFB J#i
COEFA
e TOTAL EXPLICITATION
w " =3"Dys " (coEFB =0) (IV.D.23)
J

COEFA
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Implementation

e Beginning of the loop

Beginnning of the loop on all the boundary faces IFAC with symmetry conditions. A face is considered
as a symmetry face if ICODCL (IFAC,IU) is 4. The tests in vericl are designed for ICODCL to be equal
to 4 for IU if and only if it is equal to 4 for the other components of the velocity and for the components
of R (if necessary)

The value 0 is given to ISYMPA, which identifies the face as a wall or symmetry face (a face where the
mass flux will be set to zero as explained in inimas).

e Calculation of the basis vectors
The normal vector n is stored in (RNX,RNY,RNZ).
;s is calculated in CONDLI, passed via COEFU, and stored in (UPX,UPY,UPZ).

e Case with R;; — ¢

With the R;; — e model (ITURB=30 or 31), the vectors t and b must be calculated explicitly (we use
P, not simply A). They are stored in (TX,TY,TZ) and (T2X,T2Y,T2Z), respectively.

The transform matrix P is then calculated and stored in the array ELOGLO.

The subroutine cs_turbulence_bc_rij_transform is then called to calculate the reduced matrix D.
It is stored in ALPHA. cs_turbulence_bc_rij_transform is called with a parameter CLSYME which is
1, and which corresponds to the parameter w of equation IV.D.15.

¢ Filling the arrays COEFA and COEFB

The arrays COEFA and COEFB are filled following directly equations IV.D.7, IV.D.22 and IV.D.23.
RIJIPB(IFAC,.) corresponds to the vector S}, computed in condli, and passed as an argument to
clsyvt.

e Filling the arrays COEFAF and COEFBF
If they are defined, the arrays COEFAF and COEFBF are filled. They contain the same values as COEFA
and COEFB, respectively.

Annexe A

PROOF OF THE ORTHOGONALITY OF MATRIX é

All the notations used in paragraphe 2 are kept. We have :

9
(‘A. > AgiAy;
k=1

=

)ij

9
= > Puwyali)Privyry Patkyah Priye ) (IV.D.24)
k=1
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When k varies from 1 to 3, (k) remains equal to 1 and r(k) varies from 1 to 3. We thus have :

3 3
> Puwa)PrirPaiai) Priry = PiaPiaG) Y Prkyr) Priiyr)
k=1 1
3
= qu(i)qu(j)Zpkr(i)Pkr(j) (IV.D.25)
k=1

= Pi@yPre)0rirri) (by orthogonality of P)

Likewise for k varying from 4 to 6 or from 7 to 9, ¢(k) being 2 or 3, respectively, we obtain :

(‘A.

Il

)ij = Parya(e)Prikyr)Pat)at) Preyri)

M= I

Prq()Pra()0r(iyr() (IV.D.26)

I
—

k
= O4(i)a(j)0r(i)r(5)
dij (by the bijectivity of (g,7))

Thus *A. A = Id. Similarly, it can be shown that A.’A =1Id. Thus A is an orthogonal matrix.

Annexe B

CALCULATION OF THE MATRIX 2

The relation between the matrices of dimension 9 x 1 of the components of R in the coordinate system
R at F and at I’ (matrices Sy and S;/) :

Sr=C.Sp (IV.D.27)
with

9
Cij = D Patyatt)Pr(yr(9) Pati)at) Pr(iyr(e) Gkt + wia + S5 + wdir + 6xo) (IV.D.28)
k=1

To transform S into the matrix 6 x 1 §', the function s from {1,2,3,4,5,6,7,8,9} to {1,2,3,4,5,6} is
defined. It takes the following values :

s()[1]4]5]4[2[6]5]6]3

/

By construction, we have S; = S,;) for all 7 between 1 and 9.

To compute D;;, we can choose a value of m to satisfy s(m) = ¢ and sum all the C,,, to have s(n) = j.
The choice of m is irrelevent. We can also compute the sum over all m so that s(m) = ¢ and then
divide by the number of such values of m. We will use this method.

We define N (i) the number of integers between 1 and 9 so that s(m) = i. According to the preceeding,
we thus have
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1
0P
s(m=i
1
~ NQ@) Z P o(m)a (k) Prm)r () Pa(n)a (k) Pr(n)r k) (Or1 + wigs + x5 + wdpr + 0kbY.D.29)

s(m)=i
s(n)=j
1<k<O

e FIRST CASE : 1 <3 and j <3
In this case, we have N(i) = N(j) = 1. Additionally, if s(m) =4 and s(n) = j, then g(m) = r(m) =1
and ¢(n) =r(n) = j. Thus

9
D;; = Z Piq(k)Pir(k)ij(k)Pjr(k) (01 + wops + Ors + wWikr + dko) (IV.D.30)
k=1

When k belongs to {1,5,9}, ¢(k) = r(k) belongs to {1,2,3}. And for k =3 or k =7, g(k) = 1 and
r(k) = 3, or the inverse (and for &k even the the sum of Kronecker symbol is zero). Finally we have :

3
Dij = Z P?k:P?k + 2wP;1Pi3Pi1Pys (IV.D.31)
k=1

e SECOND CASE: 1< 3and j >4
Again we have N (i) = 1, and if s(m) = ¢ then g(m) = r(m) = 1.
On the contrary, we have N(j) = 2, the two possibilities being m; and ma.

- if j =4, then m; = 2 and mg =4, g(my1) = r(mg) = 1 and r(my) = q(msa) = 2. We then have
m=1andn=2.

- if 5 =5, then my; = 3 and ma = 7, ¢(mq1) = r(mz) = 1 and r(my) = g(mz) = 3. We then have
m =1 and n = 3.

- if 5 = 6, then my; = 6 and ma = 8, ¢(my) = r(mz) = 2 and r(m;) = g(mz) = 3. We then have

m=2andn=3.

And we have :

9
D;; = Z PiaoyPir(k) [Pmatk)Prr(e) T Prgto) Prrr) | (Ok1 + wiks + 0ks + wipr + ko) (IV.D.32)
k=1

But when % is in {1,5,9}, q(k) = r(k) is in {1,2,3}. Thus :

3 9
Dy =2 Z P3P kPok +w Z Piat)Pire) [Pmae)Prrk) + Prge)Pmr()] (Oks + 0k7)  (IV.D.33)
k=1 k=1

And for k=3 or k=7, q(k) = 1 and r(k) = 3, or the opposite. We finally have :

3
Dij =2 | PhPmiPrr + wPirPis (PmiPrs + PpiPrns) (IV.D.34)
k=1
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with (m,n) = (1,2) if j =4, (m,n) =(1,3) if j =5 and (m,n) = (2,3) if j = 6.

e THIRD CASE : ¢ >4 and j <3
By symmetry of C, we obtain a result which is the symmetric of the second case, except that N (i) is
now 2. Thus :

Z P3P Prs + wPj1Pj3 (PiniPrs + PuiPins) (IV.D.35)

with (m,n) = (1,2) if i =4, (m,n) = (1,3) if i =5 and (m,n) = (2,3) if i = 6.

e FOURTH CASE: i >4 and j >4

Then N(i) = N(j) = 2.

We have (m,n) = (1,2) if i =4, (m,n) = (1,3) if i =5 and (m,n) = (2,3) if i = 6. Likewise we define
m’ and n’ as a function of j. We then obtain :

9
1
Dij = 5> (Pmat)Pur(t) + PrattyPrrs)) (Penras) Prrr) + Prvra(hPrvrrii))
k=1

X (01 + wlks + Ok + wdkr + Oko)

3

1

- 5 Z 4P ik Pk PP + 2w (Pmlan + PanmB) (Pm’lpn’S + Pn’le’?)I:|V~D-36)
k=1
and finally :
3

Dij =2 PrsPukPrikPrk + @ (PrmiPrs 4+ PriPrms) (P Prrs + P Prus) (IV.D.37)

k=1

3)if i =5 and (m,n) = (2,3) if i = 6
1,3) if j =5 and (m,n’):(2,3) it j =6.
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E- codits routine

Function

This subroutine, called by predvv, turbke, covofi, resrij, reseps, amongst others, solves the
convection-diffusion equations of a given scalar a with source terms of the type:

JImP @ —a") 40 div((pu) 0™ ) ~0 div (o Vo)

implicit convection implicit diffusion
(IV.E.1)
=[P —(1-0) div((pu)a”™) +(1—0) div(pie Va")
—_——— —_———

explicit convection explicit diffusion

where pu, f&*P and fi™P denote respectively the mass flux, the explicit source terms and the terms
linearized in a™*!. @ is a scalar defined on all cells’. For clarification, unless stated otherwise it is
assumed that the physical properties ® (total viscosity tiot,...) are evaluated at time n + 04 and the
mass flux (pu) at time n + 0p, with 04 and 0r dependent on the specific time-integration schemes
selected for the respective quantities?.

The discretisation of the convection and diffusion terms in non-orthogonal grids creates numerical
difficulties, notably with respect to the reconstruction terms and the slope test. These are circumvented
by using an iterative process for which the limit, if there is one, is the solution of the previous equation.

See the programmers reference of the dedicated subroutine for further details.

Discretisation

In order to explain the procedure employed to address the computational problems, owing to the use
of reconstruction terms and the slope (or gradient) test, in treating the convection-diffusion terms,
we denote by &, (similarly to the definition given in navstv though without the associated spatial
discretisation) the operator:

Ed(a) = £ a+ 0 div((pu) a) — 6 div (s 10 Ya)

—femr — fimpan (1 - 0) div ((pu) a) — (1 — 0) div (p400 Va") (IV.E2)

Hence, equation (IV.E.1) is written:
En(a™™) =0 (IV.E.3)

The quantity &,(a™!) thus comprises:

~s fEmP gn L contribution of the linear, zeroth-order differential terms in a™*1,

~ 0 div ((pu) a®) =0 div (i 40r Va™ 1), full implicit convection-diffusion terms (terms without
flux reconstruction + reconstructed terms), linear® in a™*1,

s fEEP — fImP g et (1 —6) div ((pu) a™) — (1 — 6) div (1 10r Va™) all of the explicit terms (in-
cluding the explicit parts obtained from the time scheme applied to the convection diffusion equation).

Likewise, we introduce an operator £M,, that is close to &,, linear and simple to invert, such that its
expression contains:

La, in spatially discrete form, corresponds to a vector sized to NCELET of component aj, I describing all of the cells.

2 .
cf. introd

3During the spatial discretisation, the linearity of these terms could however be lost, notably through the use of the
slope test.
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~~ the consideration of the linear terms in a,
~» the convection integrated with a first-order upwind scheme in space,
~~ the diffusive flux without reconstruction.

EM(a) = £ a4 0 [div ((pu) a)] PV — 0 [div (@ s0r V)]~ 7o (IV.E.4)

This operator helps circumvent the difficulty caused by the presence of nonlinearities (which may be
introduced if the slope test is activated in conjunction with the convection scheme) and the high fill-in
that occurs in the matrix structure owing to the presence of reconstruction gradients.

We have, for each cell 7 of centre I, the following relation?:

EM gisc(a, I) = / EM, (a) dQ2
Q;
and want to solve the following problem:
0=_E(a™) = EM, (™) + Ep(a™ ) — EM,, (a" ) (IV.E.5)
Hence:
EM,,(a") = EM, (™) — En(a™T) (IV.E.6)

In order to do so, we will use a fixed-point algorithm, defining the sequence (a1 *),cn®:

an+1,0 — an
an—i—l,k—i—l — an—i—l,k +5an+1,k+1

n+1, k+1

where da is the solution of:

EM,,(a"THF 4 §am TR = €M, (a"THR) — £, (a™THF) (IV.E.7)
Which, by linearity of £M,,, simplifies out to:

EM (Sa™ T = g (o™ 1 F) (IV.E.8)

By applying this sequence with the selected operator &,, we are able to overcome the computational
difficulty that arises when dealing with the convection (discretised using numerical schemes that can
lead to the introduction of nonlinearities) and/or reconstruction terms. The user-specified scheme for
the convection (which may be nonlinear should the slope test be activated) as well as the reconstruction
terms will be evaluated at the iteration k and treated on the right-hand side via the subroutine bilsc2,
while the non-reconstructed terms are taken at iteration k£ + 1 and hence represent the unknowns of
the linear system solved by codits®.

We assume moreover that the sequence (a™*1¥); converges to the solution a™*! of equation (IV.E.2),
i.e. lim da™th* = 0, for any given value of n.

— 00
The equation solved by codits is the abovementioned (IV.E.8). The matrix EM , which is associated
to the operator £M,,, has to be inverted; the nonlinear terms are placed on the right-hand side, but
in explicit form (index k of a”*'*) and thus cease to pose a problem.

REMARK 1

The total viscosity pio considered in EM,, and in &, is dependent on the turbulence model used.
More specifically, the viscous term in EM,, and in &, is, as a general rule, taken as being psp; =
H laminar W turbulent, the exception being when an R;; —e model is used, in which case jttot = [igminar-

4For further details regarding £M g4, the discrete operator acting on a scalar a, the reader can refer to the subroutine
matrix.

51f the fixed-point iterative algorithm is used to solve the velocity-pressure system (NTERUP> 1), a™ 1.0 is initialised
by the last value that was obtained for a™t1.

6¢f. the subroutine navstv.




Code_Saturne

EDF R&D Code_Saturne Theory Guide documentation
Page 198/428

The choice of £M,, being a priori arbitrary, (€M, has to be linear and the sequence (a"*!*),cny must
converge for any given n), one of the options in the R;; — ¢ models (IRIJNU = 1) consists in forcing
the viscosity u',;, that appears in the expression of EM,, to take the value 1}, i ar + Wiurbuien: When
codits is called by the subroutine navstv for the velocity prediction step. There is no physical reason
for doing so (only the laminar viscosity p7,,.ine- 1S sSupposed to appear), however this can have a
stabilising effect in certain cases without there being any concomitant effect on the limit-values of the
sequence (a1 F),.

REMARK 2

When codits is used for strengthened transient velocity-pressure coupling (IPUCOU=1), a single itera-
tion k is made by initialising the sequence (a1 ¥).cn to zero. The Dirichlet type boundary conditions
are cancelled (we have INC = 0) and the right-hand side is equal to p|€2;|, which allows us to obtain
a diagonal-type approximation of EM . needed for the velocity correction step ”

Implementation

The algorithm for this subroutine is as follows:
- determination of the properties of the EM ,, matrix (symmetric if there is no convection, asymmetric
otherwise)
- automatic selection of the solution method for its inversion if the user has not already specified
one for the variable being treated. The Jacobi method is used by default for every convected scalar
variable a. The methods available are the conjugate gradient method, Jacobi’s and the bi-conjugate
gradient stabilised method (BICGStab) for asymmetric matrices. Diagonal pre-conditioning can be
implemented and is used by default for all of these solvers except for Jacobi.
- consideration of the periodicity (translation or rotation of a scalar, vector or tensor),
- construction of the EM = matrix corresponding to the linear operator £M,, through a call to the
subroutine matrix®. The 1mphclt terms corresponding to the diagonal part of the matrix and hence
to the zeroth-order hnear differential contributions in a"! (i.e. fi™P), are stored in the array ROVSDT
(realized before the subroutine calls codits).
- creation of the grid hierarchy if the multigrid algorithm is used (IMGRP > 0).
- call to bilsc2 to take the explicit convection-diffusion into account should 6 # 0.
- loop over the number of iterations from 1 to NSWRSM (which is called NSWRSP in codits). The iterations
are represented by k, which is designated ISWEEP in the code and defines the indices of the sequence
(@™t F), and of (da™thF),.
The right-hand side is split into two parts:

m a term that is affine in "1 #~1, easily updated during the course of the incremental-iterative
resolution procedure, which is written as:

_ fsimp (anJrl,kfl _ an+1,0) 4 fsemp _ (1 _ 0) [le ((pﬂ) an+1,0) — div (Htot yanJrl,O)jI

m the terms arising from the convection/diffusion computation (with reconstruction) performed
by bilsc2.
-0 [div ((p@) a"“’k_l) —div (,utot Za”“’k_l)]

The loop in k is then the following:

“cf. subroutine resopv.

8Remember that in matrix, regardless of the user’s choice, a first-order in space upwind scheme is always used to
treat the convection and there is no reconstruction for the diffusive flux. The user’s choice of numerical scheme for the
convection is only applied for the integration of the convection terms of &,, on the right-hand side of (IV.E.8), which
computed in the subroutine bilsc2.
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e Computation of the right-hand side (second member) of the equation, without the contribution
of the explicit convection-diffusion terms SMBINI; as for the whole right-hand side corresponding
to &, (a™t1F=1) it is stored in the array SMBRP, initialised by SMBINI and completed with the
reconstructed convection-diffusion terms by a call to the subroutine bilsc2.

At iteration k, SMBINI noted SMBINI® is equal to:

SMBINI = &% — (1 — ) [div ((pu) a") — div (1 gor Ya™)] — fI™P (a1 —a”)

e Before starting the loop over k, a first call to the subroutine bilsc2 with THETAP = 1 — 6 serves
to take the explicit part (from the time advancement scheme) of the convection-diffusion terms

into account.
SMBRP? = £ — (1 — ) [div ((pw) a™) — div (1t g0t Va™) ]

Similarly, before looping on k, the right-hand side SMBRP? is stored in the array SMBINI® and
serves to initialize the computation.

SMBINI® = SMBRP’

e for k=1,

SMBINI' = &% — (1— ) [div((pw) a") — div (j1por Ya™)] — £ (a+1:0 — ™)
— e — (11— ) [div((pu) a™1+0) — div (s rop Ya"1:0) | = 1m0 §amt1:0

This calculation is thus represented by a corresponding sequence of operations on the arrays:
SMBINI' = SMBINI® — ROVSDT = (PVAR — PVARA)

and SMBRP! is completed by a second call to the subroutine bilsc2 with THETAP = 6, so that
the implicit part of the convection-diffusion computation is added to the right-hand side.

SMBRP! = SMBINI' — 6 [div ((pu)a"™"0) — div (401 Va"T1:0) ]
= f&r — (1= 0) [div((pu) a™) — div (e Va™) | = fI7P (a0 — a™)
—6 [div ((pw) a"10) — div (@ 4oy Va™+1:0) |

e for k =2,
In a similar fashion, we obtain:

SMBINIZ = £ — (1—0) [div ((pw) a") — div (j1gor Ya™) ] = £ (@411 — a™)

Hence, the equivalent array formula:
SMBINI? = SMBINI' — ROVSDT % DPVAR'

the call to the subroutine bilsc2 being systematically made thereafter with THETAP = 0, we
likewise obtain:

SMBRP? = SMBINIZ — 0 [div ((pu)a" ™) — div (pser Va1 1)]

where
a"tt! = pvAR' = PVARY + DPVAR' = ¢" 10 + §g" 11

e for iteration k + 1,

The array SMBINI**! initialises the entire right side SMBRP**! to which will be added the con-
vective and diffusive contributions via the subroutine bilsc2.

The array formula is given by:

SMBINI**! = SMBINI* — ROVSDT % DPVARX
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Then follows the computation and the addition of the reconstructed convection-diffusion terms
of — &,(a™*1*%), by a call to the bilsc2 subroutine. Remember that the convection is taken
into account at this step by the user-specified numerical scheme (first-order accurate in space
upwind scheme, centred scheme with second-order spatial discretisation, second-order linear up-
wind "SOLU” scheme or a weighted average (blending) of one of the second-order schemes (either
centred or SOLU) and the first-order upwind scheme, with potential use of a slope test).

This contribution (convection-diffusion) is then added in to the right side of the equation SMBRP *+1
(initialised by SMBINT F+1).

SMBRP*T1 = SMBINI** — 0 [div ((pu)a" %) — div (p4or Va1 F
= £ (1 6) [div (pu) ") — div (g Ta") | = £ (a8 — a)
—6 [div ((pw) a™ 1) — div (e Va™ 1) |

e Resolution of the linear system in da™ % *+1 corresponding to equation (IV.E.8) by inversion of
the EMn matrix, through a call to the subroutine invers. We calculate ™1 **! based on the

formula:
an+1,k+1 — an-l—l,k' =+ §an+1,k+1

Represented in array form by:

PVAR**! = pvAR¥ + DPVARFH!

e Treatment of parallelism and of the periodicity.

e Test of convergence:
The test involves the quantity |[SMBRP**!|| < ¢[|[EM (a™) + SMBRP'||, where || .|| denotes the
Euclidean norm. The solution sought is a"+! = a"+1:#+1 If the test is satisfied, then convergence
has been reached and we exit the iteration loop.
If not, we continue to iterate until the upper limit of iterations imposed by NSWRSM in usinil is
reached.
The condition for convergence is also written, in continuous form, as:

ISMBRP 1| < el £ — div ((pu) a”) + div (1 por Ya)
v ((pu) a™)] o 4 [div (110 Ya)] ¥ e

As a consequence, on orthogonal mesh with an upwind convection scheme and in the absence of
source terms, the sequence converges in theory in a single iteration because, by construction:

|ISMBRP?|| = 0 < el fP]

End of the loop.

Points to treat

e Approximation EM,, of the operator &,

Alternative approaches should be investigated with the aim of either modifying the current definition
of the approximate operator so that the centred scheme without reconstruction, for example, is taken
into account, or abandoning it altogether.

e Test of convergence
The quantity defined as criterion for the convergence test is also needs to be reviewed and potentially
simplified.
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e Consideration of T/

During the resolution of the equation by codits, the ROVSDT array has two functions: it serves to
compute the diagonal elements of the matrix (by calling matrix) and it serves to update the right-
hand side at each sub-iteration of the incremental resolution. However, if T¢™P is positive, we don’t
include it in ROVSDT so as not to reduce the diagonal dominance of the matrix. In consequence, it
is not used in the update of the right-hand side, although it would certainly be feasible to include
positive values in the updates. The outcome of this is a source term that has been computed in a
fully explicit manner (T¢*P + Ti™Pq"), whereas the advantage of the incremental approach is precisely
that it allows for almost total implicitization of the solution (T*P + TimPa™+1krin=1 " where ky;, is
the final sub-iteration executed).

To achieve this, would require defining two ROVSDT arrays in codits.
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F- condli routine

Function

Boundary conditions are required in at least three principal cases :

e calculation of the convection terms (first order derivative in space) at the boundary : the cal-
culation uses a flux at the boundary and requires the value of the convected variable at the
boundary when the latter is entering the domain in the sens of the characteristic curves of the
system (in the sens of the velocity, in the case of the single equation of a simple scalar : sufficient
interpretation in the current framework of Code_Saturne') ;

e calculation of the diffusion terms (second order derivative in space) : a method to determine the
value of the first order spatial derivatives at the boundary is then required (more exactly, the
terms that depend upon it are required, such as the stresses of the thermal fluxes at the wall) :

e calculation of the cell gradients : the variable at the boundary faces are required (more generally,
the discrete terms of the equations which depend upon the gradient inside boundary cells are
required, such as the transpose gradient terms in the Navier-Stokes equations).

These considerations only concern the computational variables (velocity, pressure, Reynolds tensor,
scalars solution of a convection-diffussion equation). For these variables 2, the user has to define the
boundary conditions at every boundary face (usclim).

The subroutine condli transforms the data provided by the user (in usclim) into an internal format
of representation of the boundary conditions. Verifications of the completeness and coherence are also
performed (in vericl). More particularly, the smooth-wall boundary conditions (clptur), the rough-
wall boundary conditions (clptrg) and the symmetry boundary conditions for the velocities and the
Reynolds stress tensor (clsyvt) are treated in dedicated subroutines.

The subroutine condli provides as an output pairs of coefficients A, and B, for each variable f and for
each boudary face. These are used for the calculation of the discrete terms in the equations to be solved.
More specifically, these coefficients are used to calculate a value at the boundary faces fj ;n: (localised
at the centre of the boundary face, barycentre of its vertices) by the relation f ;s = Ap+ By f17, where
S is the value of the variable at point I’. I’ is the projection onto the centre of the cell adjoin to the
boundary on the line normal to the boundary face and passing by its centre (see figure IV.F.1).

See the programmers reference of the dedicated subroutine for further details.

Discretisation

e Notation
On désignera dans la suite par VarScalaire toute variable

- autre que la vitesse, la pression, les grandeurs turbulentes k, €, R;;, ¢, f et w,

- solution d’une équation de convection-diffusion.

Lexcept with the compressible module, see. cfxtcl

2The other variables (the physical properties for instance) have a different treatment which will not be detailed here
(for instance, for the density, the user defines directly the values at the boundary. This information is then stored ; one
is referred to usphyv or phyvar for more information).
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Bord du domaine de calcul
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Figure IV.F.1: Boundary cell.

La dénomination VarScalaire pourra en particulier désigner la température, un scalaire passif, une frac-
tion massique ou (sauf mention contraire explicite) la variance des fluctuations d’une autre VarScalaire.
Les variables d’état déduites (masse volumique, viscosité...) ne seront pas désignées par VarScalaire.

e Représentation des conditions aux limites standard dans usclim

Des conditions aux limites standardisées peuvent étre fournies par 'utilisateur dans usclim. Il est pour
cela nécessaire d’affecter un type aux faces de bord des cellules concernées®. Les conditions prévues
par défaut sont les suivantes :

e Entrée : correspond & une condition de Dirichlet sur toutes les variables transportées (vitesse,
variables turbulentes, VarScalaires...), et & une condition de Neumann homogene (flux nul) sur
la pression.

e Sortie :

- lorsque le flux de masse est effectivement dirigé vers 'extérieur du domaine, ce choix cor-

respond a une condition de Neumann homogene sur toutes les variables transportées et
0%pP
onor;
désignent respectivement le vecteur normal de la face de sortie considérée et deux vecteurs
normés, orthogonaux entre eux et dans le plan de la face de sortie). Cette condition est
appliquée de maniere explicite en utilisant le champ de pression et son gradient au pas de
temps précédent. En outre, la pression étant définie & une constante pres, elle est recalée en
un point de sortie pour y conserver la valeur PO (on évite ainsi toute dérive vers des valeurs
tres grandes relativement & 1’écart maximal de pression sur le domaine)?.

N

a

= 0, pris en compte sous forme de Dirichlet pour la pression (n et (7;)ic{1,2}

- lorsque le flux de masse est dirigé vers l'intérieur du domaine, situation peu souhaitable a
priori®, on impose une condition de Dirichlet homogene sur la vitesse (pas sur le flux de
masse), a défaut de connaitre sa valeur en aval du domaine. La pression est traitée comme

3L’affectation d’un type se fait en renseignant le tableau ITYPFB.

4Lorsqu’il n’y a pas de sortie, le spectre des valeurs propres de la matrice est décalé d’une valeur constante afin de
rendre le systéme inversible : voir matrix.

5Un message indique & I'utilisateur combien de faces de sortie voient un flux de masse entrer dans le domaine.
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dans le cas précédent ou le flux de masse est dirigé vers 'extérieur du domaine. Pour les
variables autres que la vitesse et la pression, deux cas se présentent :

- on peut imposer une condition de Dirichlet pour représenter la valeur du scalaire intro-
duit dans le domaine par les faces de bord concernées.

- on peut imposer, comme lorsque le flux de masse est sortant, une condition de Neumann
homogene (ceci n’est pas une situation souhaitable, puisque U'information portée sur les
faces de bord provient alors de l’aval de I’écoulement local). C’est le cas par défaut si
I’on ne donne pas de valeur pour le Dirichlet.

e Paroi: on se reportera a clptur (ou a clptrg pour les parois rugueuses) pour une description du
traitement des conditions aux limites de paroi (supposées imperméables au fluide). Briévement,
on peut dire ici qu’une approche par lois de paroi est utilisée afin d’imposer la contrainte tan-
gentielle sur la vitesse. La paroi peut étre défilanteS. Les VarScalaires recoivent par défaut une
condition de Neumann homogene (flux nul). Si l’on souhaite imposer une valeur en paroi pour
ces variables (par exemple, dans le cas d’une paroi & température imposée) une loi de similitude
est utilisée pour déterminer le flux au bord en tenant compte de la couche limite. Dans le cas
des couplages avec SYRTHES, Code_Saturne regoit une température de paroi et fournit un flux
thermique. La condition de pression standard est une condition de Neumann homogene’.

Symétrie : correspond a des conditions de Neumann homogenes pour les grandeurs scalaires
et & des conditions de symétrie classiques pour les vecteurs (vitesse) et les tenseurs (tensions de
Reynolds) : voir clsyvt.

60n doit alors fournir les composantes de la vitesse de la paroi.
7On pourra se reporter 3 gradrc pour la condition conduisant a l’extrapolation de la pression au bord, condition
pilotable par 'utilisation de la variable EXTRAP.
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e Représentation des conditions aux limites spécifiques dans usclim

On a vu que Daffectation & une face de bord d’un type standard (entrée, sortie, paroi, symétrie)
permettait d’appliquer simplement & ’ensemble des variables un assortiment de conditions aux limites
cohérentes entre elles pour les types usuels de frontiere physique.

Une solution consiste a définir dans usclim, pour chaque face de bord et chaque variable, des condi-
tions aux limites spécifiques® (celles-ci, comme les conditions standards, se rameénent finalement & des
conditions de type mixte).

Les deux approches ne sont pas nécessairement incompatibles et peuvent méme se révéler complémentaires.
En effet, les conditions aux limites standards peuvent étre surchargées par l'utilisateur pour une ou
plusieurs variables données. Il convient cependant de s’assurer que, d’une fagon ou d’une autre, une
condition & la limite a été définie pour chaque face de bord et chaque variable.

Des conditions de compatibilité existent également entre les différentes variables (voir vericl):

- en entrée, paroi, symétrie ou sortie libre, il est important que toutes les composantes de la vitesse
aient le méme type de condition ;

- lorsque la vitesse recoit une condition de sortie, il est important que la pression regoive une
condition de type Dirichlet. Pour plus de détails, on se reportera au paragraphe relatif a la
condition de sortie pour la pression, page 207 ;

- lorsqu’une des variables de vitesse ou de turbulence recoit une condition de paroi, il doit en étre
de méme pour toutes ;

- lorsqu’une des composantes R;; recoit une condition de symétrie, il doit en étre de méme pour
toutes ;

- lorsqu’une VarScalaire recoit une condition de paroi, la vitesse doit avoir le méme type de con-
dition.

8Les conditions aux limites spécifiques sont codées en renseignant directement les tableaux ICODCL et RCODCL pour
chaque face de bord et chaque variable : des exemples sont fournis dans usclim.
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¢ Représentation interne des conditions aux limites

Objectif

Les conditions fournies par 1'utilisateur sont retraduites sous forme de couples de coefficients A, et
By pour chaque variable f et chaque face de bord. Ces coefficients sont utilisés pour le calcul des
termes discrets intervenant dans les équations a résoudre et permettent en particulier de déterminer
une valeur de face de bord f in:. Il est important d’insister des a présent sur le fait que cette valeur
est, de maniére générale, une simple valeur numérique qui ne reflete pas nécessairement une réalité
physique (en particulier aux parois, pour les grandeurs affectées par la couche limite turbulente). On
détaille ci-dessous le calcul de A, By et de fp int.

Notations

- On considere Iéquation (IV.F.1) portant sur le scalaire f, dans laquelle p représente la masse
volumique, u la vitesse, a la conductivité et S les termes sources additionnels. C est défini plus
bas.

of

pr + div(puf) = div (%yf) +S (IV.F.1)

- Le coefficient « représente la somme des conductivités moléculaire et turbulente (selon les modeles

e . 1o s . s [t
utilisés), soit o = ayy, + a4, avec, pour une modélisation de type viscosité turbulente, oy = C' —,
Ot

ol oy est le nombre de Prandtl turbulent?.
- Le coefficient C), représente la chaleur spécifique, d'unité m? s 2 K—! = Jkg=* K~ 1.
- On note X la conductivité thermique, d'unité kgms 3 K1 =Wm~ 1 KL

- Il convient de préciser que C' = 1 pour toutes les variables hormis pour la température, cas dans
(6% e . . .
lequel on a!® C = C,. Dans le code, c’est la valeur de —% que l'utilisateur doit fournir (si

la propriété est constante, les valeurs sont affectées dans usinil a VISCLO pour la vitesse et a
VISLSO pour les VarScalaires ; si la propriété est variable, ce sont des tableaux équivalents qui
doivent étre renseignés dans usphyv).

- Pour la variance des fluctuations d’une VarScalaire, la conductivité a et le coefficient C' sont
hérités de la VarScalaire associée.

Condition de type Dirichlet simple : lorsque la condition est une condition de Dirichlet simple,
on obtient naturellement (cas particulier de (IV.F.6)) :

Jo,int = (IV.F.2)

fréel
——
valeur de bord utilisée par le calcul ~ valeur réelle imposée au bord
Autres cas : lorsque la condition & la limite porte sur la donnée d’un flux, il s’agit d’un flux diffusif'!.
On a alors :

¢int = (z)réel (IVF?’)
—— ——
flux diffusif transmis au domaine interne flux diffusif réel imposé au bord

9Le nombre de Prandtl turbulent est sans dimension et, dans certains cas usuels, pris égal & 0, 7.

10Plus exactement, on a C' = C), pour toutes les VarScalaires f que I’on souhaite traiter comme la température pour
les conditions aux limites. Ces VarScalaires sont repérables par 'utilisateur au moyen de l'indicateur ISCSTH=1. Par
défaut cet indicateur est positionné & la valeur 0 pour toutes les VarScalaires (qui sont alors traitées comme des scalaires
passifs avec C' = 1) hormis pour la variable thermique éventuelle (ISCALTiéme VarScalaire), pour laquelle on a ISCSTH=1 :
on suppose par défaut que la variable thermique est la température et non ’enthalpie. Si ’on souhaite résoudre en
enthalpie, il faut positionner ISCSTH a la valeur 2 pour la variable thermique. Pour le compressible, la variable thermique
est I’énergie, identifiée par ISCSTH=3. On se reportera & cfxtcl pour le traitement des conditions aux limites.

1En effet, le flux total sortant du domaine est donné par la somme du flux convectif (si la variable est effectivement
convectée) et du flux diffusif. Néanmoins, pour les parois étanches et les symétries, le flux de masse est nul et la condition
se réduit & une contrainte sur le flux diffusif. De plus, pour les sorties (flux de masse sortant), la condition & la limite ne
porte que sur le flux diffusif (souvent une condition de Neumann homogene), le flux convectif dépendant des conditions
amont (il n’a donc pas besoin de condition a la limite). Enfin, aux entrées, c’est le plus souvent une condition de Dirichlet
simple qui est appliquée et le flux diffusif s’en déduit.
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Le flux diffusif réel imposé peut étre donné

- directement (condition de Neumann), soit ¢ree; = Qimp, ezt OU

- déduit implicitement de deux informations imposées : une valeur externe fjp,p e+ €t un coefficient
d’échange himp et (condition de Dirichlet généralisée).

Selon le type de condition (Dirichlet ou Neumann) et en prenant pour hypothese la conservation du
flux dans la direction normale au bord, on peut alors écrire (voir figure IV.F.1) :

himp,ext(fimp,ext — fo,ext) (condition de Dirichlet)

) o f) = N Préel imposé
Nint (fb,znt f[ ) hy (fb,emt fI ) ¢imp, eat (Condition de Neumann)
¢int ¢b

Dréel imposé

(IV.F.4)

Le rapport entre le coefficient h; et le coefficient h;,; rend compte de 'importance de la traversée de
la zone proche du bord et revét une importance particuliere dans le cas des parois le long desquelles
se développe une couche limite (dont les propriétés sont alors prises en compte par h; : se reporter a
clptur). Dans le cadre plus simple considéré ici, on se limitera au cas hy = Rint €t fo.eat = fo,int = fo-
La relation (IV.F.4) s’écrit alors :

Rimp,ext (fimp,ext — fo)  (condition de Dirichlet)

. _ ) = ¢1éal imposé
Lmt(fb __/fI ) Dimp, ext (condition de Neumann) (IV.F.5)
Pint

Préel imposé

En réarrangeant, on obtient la valeur de bord :

him ex hzn ol ..
# fimpest + # frr (condition de Dirichlet)
fb — int 1zmp,ea,t int imp,ext (IVFG)
h Dimp,ext  + frr (condition de Neumann)
int

Conclusion : on notera donc les conditions aux limites de maniere générale sous la forme :
Jo=Av+ By fr (IV.F.7)

avec Ay et By définis selon le type des conditions :

him ext
Ab = Afimp,ext _ 1
Dirichlet i _?L_him”’e”t Neumann Ay = Rint Dimp,eat (IV.F.8)
By= — B,= 1

hint + himp7ea:t
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Remarques

- La valeur fp/ est calculée en utilisant le gradient cellule de f, soit : f;» = fr + II'V ;.

- Il reste a préciser la valeur de h;,:. 1l s’agit d’une valeur numérique, n’ayant a priori aucun
rapport avec un coefficient d’échange physique, et dépendante du mode de calcul du flux diffusif

Q
dans la premiere maille de bord. Ainsi h;,; = O3 (I'unité s’en déduit naturellement).

@
- On rappelle que dans le code, c’est la valeur de Fm que l'utilisateur doit fournir. Si la propriété

est constante, les valeurs sont affectées dans usinil & VISCLO pour la vitesse (viscosité dynamique
moléculaire p en kgm~! s71) et & VISLSO pour les VarScalaires (par exemple, pour la température

et enthalpie, ron en kgm~'s~1). Si la propriété est variable en espace ou en temps, ce sont

P
des tableaux équivalents qui doivent étre renseignés dans usphyv. En outre, la variance des

. . - . Qm, . Ny
fluctuations d’une VarScalaire hérite automatiquement la valeur de —- de la VarScalaire associée

C

(Code_Saturne 1.1 et suivantes).
- On rappelle également, car ce peut étre source d’erreur, que dans le code, on a :

- pour la température o, = A et C = C,

A
- pour 'enthalpie o, = — et C' =1
Cp

Exemples de cas particuliers

- Dans le cas d’une condition de Dirichlet, I'utilisateur est donc conduit a fournir deux données :
fimp,ext €t Rimp eat. Pour obtenir une condition de Dirichlet simple (sans coefficient d’échange) il
suffit d’imposer hjpmp ext = +00. C’est le cas d’utilisation le plus courant (en pratique, Rimp ezt =
1030 ).

- Dans le cas d’une condition de Neumann, l'utilisateur fournit une seule valeur ¢y, ez (nulle
pour les conditions de Neumann homogenes).
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e Condition de sortie pour la pression

On précise ici la condition de sortie appliquée a la pression dans le cas des sorties standards. Il est
nécessaire d’imposer une condition de type Dirichlet (accompagnée d’une condition de type Neumann
homogene sur les composantes de la vitesse). On la calcule & partir des valeurs de la variable au pas
de temps précédent.

- En raisonnant sur une configuration simple (de type canal, avec une sortie plane, perpendiculaire
a ’écoulement), on peut faire I’hypotheése que la forme des profils de pression pris sur les surfaces

paralleles & la sortie est inchangée aux alentours de celle-ci (hypotheése d’un écoulement établi,
2

loin de toute perturbation). Dans cette situation, on peut écrire = 0 (n est le vecteur

nor;
normal & la sortie, T, représente une base du plan de sortie).

- Si, de plus, on peut supposer que le gradient de pression pris dans la direction perpendiculaire
aux faces de sortie est uniforme au voisinage de celle-ci, le profil & imposer en sortie (valeurs py)
se déduit du profil pris sur un plan amont (valeurs pumont) en ajoutant simplement la constante
R =d¥(p).n (ol d est la distance entre le plan amont et la sortie), soit pp = Pamont + R (le fait
que R soit identique pour toutes les faces de sortie est important afin de pouvoir I’éliminer dans
Iéquation (IV.F.9) ci-dessous).

- Avec ’hypothese supplémentaire que les points I’ relatifs aux faces de sortie sont sur un plan
parallele & la sortie, on peut utiliser les valeurs en ces points (p;/) pour valeurs amont soit

Pamont = PI’ = PI +sz

- Par ailleurs, la pression étant définie & une constante pres (écoulement incompressible) on peut
fixer sa valeur arbitrairement en un point A (centre d’'une face de sortie choisie arbitrairement!?)
a po (valeur fixée par I'utilisateur, égale & PO et nulle par défaut), et donc décaler le profil imposé
en sortie en ajoutant :
Ry = po — (Pamont,.a + R) = po — (pr,a + R).

- On obtient donc finalement :

m = pr+R+ Ry
= pr+R+po— (pra+R)
= pr+ Po—Dpr,A (IV.F.9)
—_———

valeur constante R;

= pr+I

On constate donc que la condition de pression en sortie est une condition de Dirichlet dont les valeurs
sont égales aux valeurs de la pression (prises au pas de temps précédent) sur le plan amont des points
I’ et recalées pour obtenir PO en un point de sortie arbitraire.

Points a traiter

¢ Représentation des conditions par une valeur de face

Bien que la méthode utilisée permette une simplicité et une homogénéité de traitement de toutes les
conditions aux limites, elle est relativement restrictive au sens ou une seule valeur ne suffit pas toujours
pour représenter les conditions & appliquer lors du calcul de termes différents.

Ainsi, en k — € a-t-il été nécessaire, lors du calcul des conditions aux limites de paroi, de disposer
de deux couples (A4p, Byp) afin de prendre en compte les conditions & appliquer pour le calcul de la
contrainte tangentielle et celles & utiliser lors du calcul du terme de production (et un troisieme jeu de

12premiere face de sortie rencontrée en parcourant les faces de bord dans ’ordre naturel induit par la numérotation
interne au code
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coefficients serait nécessaire pour permettre le traitement des gradients intervenant dans les termes de
gradient transposé, dans visecv).

Peut-étre pourrait-il étre utile de mettre en place une méthode permettant d’utiliser (au moins en
certains points stratégiques du code) directement des forces, des contraintes ou des flux, sans passer
nécessairement par le calcul d’une valeur de face.

e Condition de sortie en pression

La condition de pression en sortie se traduit par py = pr» + R1 et le profil obtenu correspond au profil
amont pris aux points I’ et recalé pour obtenir py en un point A arbitraire. Ce type de condition
est appliqué sans précautions, mais n’est pas toujours justifié (une condition de Dirichlet basée sur
la valeur calculée directement aux faces de bord pourrait étre plus adaptée). Les hypotheses sont en
particulier mises en défaut dans les cas suivants :

- la sortie est proche d’une zone ou l’écoulement n’est pas établi en espace (ou varie en temps) ;
- la sortie n’est pas une surface perpendiculaire & ’écoulement ;

- le gradient de pression dans la direction normale a la sortie n’est pas le méme pour toutes les
faces de sortie (dans le cas de sortie multiples, par exemple, le gradient n’est probablement pas
le méme au travers de toutes les sorties) ;

- les points I’ ne sont pas sur une surface parallele & la sortie (cas des maillage irréguliers par
exemple).

Par ailleurs, en ’absence de condition de sortie, il pourrait peut-étre se révéler utile de fixer une valeur
de référence sur une cellule donnée ou de ramener la moyenne de la pression a une valeur de référence
(avec le décalage du spectre, on assure l'inversibilité de la matrice a chaque pas de temps, mais il
faudrait vérifier si la pression n’est pas susceptible de dériver au cours du calcul).

e Termes non pris en compte

Les conditions aux limites actuelles semblent causer des difficultés lors du traitement du terme de
gradient transposé de la vitesse dans I’équation de Navier-Stokes (terme traité de maniere explicite en
temps). Il est possible de “débrancher” ce terme en positionnant le mot clé IVISSE a 0. Sa valeur par
défaut est 1 (les termes en gradient transposé sont pris en compte).
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(G- covofi routine

Fonction

Dans ce sous-programme, on résout :
x soit ’équation de convection-diffusion d’un scalaire en présence de termes sources :
d(pa)

5 T div (pw)a) - div (KVa) = T)™Pq + TP +Ta, (IV.G.1)

convection diffusion

Ici a représente la valeur instantanée du scalaire en approche laminaire ou, en approche RANS, sa
moyenne de Reynolds a. Les deux approches étant exclusives et les équations obtenues similaires, on
utilisera le plus souvent aussi la notation a pour a.

* soit, dans le cas d’une modélisation RANS, la variance de la fluctuation d’un scalaire en présence de
termes sources’ :

oo - L B
% +div ((puw) a”2) —div (K ZCL”Q) — Tsv,mpawZ TP 4 Fa,,gi
convection diffusion
M vy - LE o2 (IV.G.2)
2—-(V _ = »
* Ot (760) Rfk “

termes de production et de dissipation dus & la turbulence moyenne

2 , .. , . ; ,
a”? représente ici la moyenne du carré des fluctuations? de a. K, I, Ti™P et TSP représentent respec-
tivement le coefficient de diffusion, la valeur du terme source de masse, les termes sources implicite

et explicite du scalaire a ou a’?. 1 et oy sont respectivement la viscosité turbulente et le nombre de
Schmidt ou de Prandtl turbulent, € est la dissipation de I’énergie turbulente k et R; définit le rapport

constant entre les échelles dissipatives de k et de a”?

adopté ici).
On écrit les deux équations précédentes sous la forme commune suivante :

(R est constant selon le modele assez simple

0 . . ;
K0I)  div ((pu)f) — div (K f) = T2 4 T 4T fo4 T2 (IV.G.3)
avec, pour f =aou f = a?
y 0 pour f = a,
Pt — ~ g 2 ) .G.
Ts ) ﬁ(za)Q _ P a772 pour f — a772 (IV G 4)
Ot Rfk
0
Le terme (gtf) est décomposé de la sorte :
apf) _ of | ,0p
— = p—= — IV.G.5
o "o (IV.G.5)
IDavroux A. et Archambeau F. : Calcul de la variance des fluctuations d’un scalaire dans le solveur commun.
Application & I'expérience du CEGB dite “Jet in Pool”, HE-41/99/043.

72 sous forme discréte en espace, correspondent donc en fait & des vecteurs dimensionnés & NCELET de com-

2

posantes ay et a

2a et a

1 respectivement, I décrivant ’ensemble des cellules.




Code_Saturne

EDF R&D Code_Saturne Theory Guide documentation
Page 213/428

En utilisant 1’équation de conservation de la masse (cf. predvv), 'équation précédente s’écrit finale-
ment :

p L div ((pu) £) — div (K J) = T2 4 57 40— )+ T2 4+ fdiv (ou)  (IV.G.6)

See the programmers reference of the dedicated subroutine for further details.

Discrétisation

Pour intégrer 1’équation (IV.G.6), une discrétisation temporelle de type #-schéma est appliquée a la
variable résolue? :

fn+0 —f fn+1 + (1 _ 9) f (IV.G.7)

L’équation (IV.G.6) est discrétisée au temps n + 6 en supposant les termes sources explicites pris au
temps n + fg, et ceux implicites en n + 6. Par souci de clarté, on suppose, en I'absence d’indication,
que les propriétes physiques ® (K, p,...) et le flux de masse (pu) sont pris respectivement aux instants
n+ 60 et n+ Op, ou Og et O dépendent des schémas en temps spécifiquement utilisés pour ces
grandeurs?.

fn+1 _ fn .
pl— — 1 4 div ((pg) fn+9) —div (Kzfn-‘re) _ Tszmp fn-‘r@ + Tseacp,n+95
At - — (IV.G.8)
+(F fi)n+9$ _Tn fn+9 + Tspd, n+6g + fn+0 div (pﬂ)
ou :

0 pour f = a,
Tspd7 nt+6s _ n+0s n o — — IV.G.9
2 [W(Vaf] — L5 (@)™ pour f=a? ( )

o Ry k™

Le terme de production affecté d’un indice n + 0g est un terme source explicite et il est donc traité
comme tel :

"L+9S n n—1
[’”(Va)ﬂ _ (14 6g) M (wamy? — gy M (a2 (IV.G.10)
Ot Ot Ot
L’équation (IV.G.6) s’écrit :
fnJrl B fn . n+1 . n+1
p L T 0 div (pu) ) — 6 div (K 95
— [0 T/ — 9T 460 TpLmP 46 div (p u)] fm! (IV.G.11)

_ (1 _ 0) Tsimp fn + Tsexp, n+0s + (F fi)nJrOS _ (1 _ 0) " fn + Tspd, exp __ aTspd, imp fn
(1= 0) rdiv (p u) — (1—0) div ((pu) /) + (1 — 0) div (K /")

avec :
0 pour f = a,
pd,imp _ n — IV.G.12
) _Rpfgkn pour f =a"? ( )
0 pour f = a,
Tpd, erp _ n+0s n o — — IV.G.13
S ? {Z(V’d)z} - Igfskn (a”*)"  pour f=a"? ( )

3Si § = 1/2, ou qu’une extrapolation est utilisée, le pas de temps At est supposé uniforme en temps et en espace.
4 .
cf. introd
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On rappelle que, pour un scalaire f, le sous-programme codits résout une équation du type suivant

fime Yy 40 div ((pu) 1Y) — 0 div (K V7
=[5 — (1= 0) div ((pw) f) + (1 = 0) div (K V.f") (IV.G.14)

convection diffusion explicite

fE7P représente les termes sources discrétisés de manieére explicite en temps (hormis contributions de
la convection diffusion explicite provenant du f-schéma) et fi™P f*+1 représente les termes linéaires
en f**! dans I’équation discrétisée en temps.

On réécerit I’équation (IV.G.11) sous la forme (IV.G.15) qui est ensuite résolue par codits.

(& QTP T g TP g diy (p@)) st

imp

| +0 div ((pu) f71) — 0 div (K Y f7+1) = (IV.G.15)
Tszmp fn + T:mp’ n+6g 4 (Ffi)n+95 B fn + Tspd, exp + fn div (Pﬂ)

femp
s

—(1=0)div((pw) f*) + (1 - 0)div (KVf")

Mise en ceuvre

On distingue deux cas suivant le type de schéma en temps choisi pour les termes sources :

e Si les termes sources ne sont pas extrapolés, toutes les contributions du second membre vont directe-
ment dans le vecteur SMBRS.

e Sinon, un vecteur supplémentaire est nécessaire afin de stocker les contributions du pas de temps
précedent (PROPCE). Dans ce cas :

- le vecteur PROPCE sert a stocker les contributions explicites du second menbre au temps n — 1
(pour lextrapolation en n + 0g).

- le vecteur SMBRS est complété au fur et a mesure.

L’algorithme de ce sous-programme est le suivant :

e mise & zéro des vecteurs représentants le second membre (SMBRS) et de la diagonale de la matrice
(ROVSDT).

e calcul des termes sources du scalaire définis par 'utilisateur en appelant le sous-programme
ustssc.

* Si les termes sources sont extrapolés, SMBRS recoit —fg fois la contribution au temps n — 1 des
termes sources qui sont extrapolés (stockés dans PROPCE). La contribution des termes sources
utisateurs (au pas temps courant) est répartie entre PROPCE (pour la partie TSP qui est & stocker
en vue de I'extrapolation) et SMBRS (pour la partie explicite provenant de I'utilisation du € schéma
pour T9™P). La contribution implicite est alors mise dans ROVSDT (aprés multiplication par )
quel que soit son signe, afin de ne pas utiliser des discrétisations temporelles différentes entre
deux pas de temps successifs, dans le cas par exemple ot T/™P change de signe®.

x Sinon la contibution de TP est directement mise dans SMBRS. Celle de T/™P est ajoutée
& ROVSDT si elle est positive (de maniere & conserver la dominance de la diagonale), ou explicitée
et mise dans le second membre sinon.

5cf. predvv
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e prise en compte des physiques particulieres : arc électrique, rayonnement, combustion gaz et
charbon pulvérisé. Seuls les vecteurs ROVSDT et SMBRS sont complétés (schéma d’ordre 1 sans
extrapolation).

e ajout des termes sources de masse en I' (f; — f) par appel au sous-programme catsma.

* Si les termes sources sont extrapolés, le terme explicite en I' f; est stocké dans PROPCE. Le
f-schéma, est appliqué au terme implicite, puis les contributions implicite et explicite réparties
entre ROVSDT et SMBRS.

* Sinon, la partie implicte en —I" f va dans ROVSDT, et tout le reste dans SMBRS.

e calcul du terme d’accumulation de masse en div (pu) par appel & divmas et ajout de sa contri-
bution dans SMBRS, et dans ROVSDT apres multiplication par 6.

e ajout du terme instationnaire a ROVSDT.

~ - . E T2\ - p . .
e calcul des termes de production (2&(20,)2) et de dissipation (—ﬁa”z) si on étudie la variance
Ot f
des fluctuations d’un scalaire avec un modele de turbulence de type RANS. Ce calcul s’effectue

en calculant préalablement le gradient du scalaire f par appel au sous-programme grdcel.

* Si les termes sources sont extrapolés, la production est mise dans PROPCE puis 1’énergie cinétique
k et la dissipation turbulentes e sont calculées (XK et XE) en fonction du modele de turbulence

e . P T3 ‘ , e pe .
utilisé. SMBRS recoit fﬂa au temps n et ROVSDT le coefficient d’implicitation o apres

f
multiplication par THETAP = 6.

* Sinon, la production va dans SMBRS, et la dissipation est répartie de la méme maniere que
précédemment avec THETAP = 1.

e une fois la contribution de tous les termes sources calculés, le second membre est assemblé, et le
vecteur PROPCE ajouté apres multiplication par 1+ 6g a SMBRS, dans le cas ou les termes sources
sont extrapolés.

e calcul du coefficient de diffusion K au centre des cellules, et des valeurs aux faces par appel au
sous-programme viscfa.

e résolution de I’équation complete (avec les termes de convection diffusion) par un appel au sous-
programme codits avec f*P = SMBRS et f:™P = ROVSDT.

e ajustement (clipping) du scalaire ou de la fluctuation du scalaire en appelant le sous-programme

clpsca.
n
e impression du bilan explicite d’expression ||&, (f™) — Z—t( FH— ™), ol ||.|| désigne la norme
euclidienne.

On résume dans les tableaux IV.G.16 et IV.G.17 les différentes contributions (hors convection-diffusion)
affectées a chacun des vecteurs PROPCE, SMBRS et ROVSDT suivant le schéma en temps choisi pour les
termes sources. En ’absence d’indication, les propriétés physiques p, y, ... sont supposées prises en au
temps n + 0, et le flux de masse ( pu) pris au temps n + O, les valeurs de O et de 65 dépendant du

Scette opération est faite quel que soit le schéma en temps de facon & rester cohérent avec ce qui est fait dans bilsc2
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type de schéma sélectionné spécifiquement pour ces grandeurs’.

AVEC EXTRAPOLATION DES TERMES SOURCES :

p ; . pe”
ROVSDT” — —9Ti™ —9d OT"™ + 6
A7 s iv (pu) +0T" + R
T
PROPCE™ Tsexp,n + IR fzn + 92 &(Yf")Q
gt
K T
SMBRS" | (1 + 05) PROPCE" — fg PROPCE™ ! + T™P f" 4 div (pu) f* — "™ f™ — Rp Ekn fn
f
(IV.G.16)
SANS EXTRAPOLATION DES TERMES SOURCES :
n P imp : n P e”
ROVSDT — + Max(=T/"?,0) — 0div (pu) + ™ +
At T (IV.G.17)
SMBRS" | T,/ + T/ f" +div (pu) " +T" (fi* — ") — S22 (V)2
Rf kn Ot
Points a traiter

e Intégration

du terme de convection-diffusion

Dans ce sous-programme, les points litigieux sont dus & 'intégration du terme de convection-diffusion.
On renvoie donc le lecteur au sous-programme bilsc2 qui les explicite.

7cf. introd
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Annexe 1 : Inversibilité de la matrice EMn

Dans cette section, on va étudier plus particulierement I'inversibilité¢ de la matrice £M . matrice du
systeme linéaire a résoudre associée a EM,, pour le cas d’un schéma en temps de type Euler implicite
d’ordre un (6 = 1). Pour toutes les notations, on se reportera a la documentation sur le sous-programme
covofi. On va montrer que la démarche adoptée permet de s’assurer que la matrice des systémes de
convection-diffusion dans les cas courants est toujours inversible.

Introduction

Pour montrer I'inversibilité, on va utiliser le fait que la dominance stricte de la diagonale 'implique®.
On cherche donc a déterminer sous quelles conditions les matrices de convection diffusion sont a
diagonale strictement dominante.

0
On va montrer qu’en incluant dans la matrice le terme en div (pu) issu de a—f, on peut établir directe-

ment et exactement® la propriété. Par contre, si ce terme n’est pas pris en compte dans la matrice, il
est nécessaire de faire intervenir le pendant discret de la relation :

/ div (pu)dQ =0 (IV.G.18)
Q;

Cette relation n’est cependant vérifiée au niveau discret qu’a la précision du solveur de pression pres
(et, en tous les cas, ne peut étre approchée au mieux qu’a la précision machine pres). Il parait donc
préférable de s’en affranchir.

Avant d’entrer dans les détails de ’analyse, on rappelle quelques propriétés et définitions.
Soit € une matrice carrée d’ordre N, d’élément générique C;;. On a par définition :
Définition : La matrice C' est a diagonale strictement dominante ssi

J=N
Vi € [1,N], |Cii‘ > Z |Cij| (IVGlQ)
J=1,j#i

On convient de dire que C est a diagonale simplement dominante ssi I'inégalité n’est pas stricte,
soit :
j=N
=1, j#i
Remarque : Si, sur chaque ligne, la somme des éléments d’une matrice est nulle, que les éléments
extradiagonaux sont négatifs et que les éléments diagonaux sont positifs, alors la matrice est a diagonale
simplement dominante. Si la somme est strictement positive, la diagonale est strictement dominante.

On a 'implication suivante :

Propriété : Si la matrice C est a diagonale strictement dominante, elle est inversible.

Cette propriété'® se démontre simplement si 'on admet le théoréme de Gerschgorin ci-dessous :

Théoreme : Soit B une matrice carrée d’ordre N dans C x C, d’élément générique Bj, les valeurs

j=N
propres A; de B sont, dans le plan complexe, telles que ||\ — Billc < Y. ||Bijllc
=1, j#i

J

8Ce faisant, on choisit cependant une condition forte et la démonstration n’est probablement pas optimale.
9Hormis dans le cas de conditions aux limites mixtes, qu’il conviendrait d’examiner plus en détail.
10T ascaux, P. et Théodor, R. : Analyse Numérique Matricielle Appliquée & 'art de I'Ingénieur, Tome 2, Ed. Masson.
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j=N
Si B est a éléments réels, on écrira ||\ — Byl|lc < >, |Bij]
=1, g

Démontration de la propriété précédente :

Soit C' a diagonale strictement dominante a éléments réels. On montre qu’il est possible d’inverser le
systeme C'X = S d’inconnue X, quel que soit le second membre S. Pour cela, on décompose C en
partie diagonale (D) et extradiagonale (—F) soit :

C=D-F

C étant a diagonale strictement dominante, tous ses éléments diagonaux sont non nuls. D est donc
inversible (et les élements de I'inverse sont réels). On considere alors la suite!! :

(X™)nen, avec X=p"1s et DX" =8+ EX" !
On peut écrire :
k=n
x"=Y (D'E)" D75
k=0

Cette somme converge si le rayon spectral de B = D™'E est strictement inférieur & 1. Or, la matrice
C est & diagonale strictement dominante. On a donc pour tout ¢ € N (& partir de la relation (IV.G.19)
et en divisant par |Cy;)) :

j=N

. |Cis |Cij]
Vi € [1, N], > J
Gl = 47 1Cul
ce qui s’écrit encore :
=N =N
1Dii |Eij| 1
Vi € [1,N], Dl > Z Dai| Z [[DTE]; |
i _ 1 iy
J=1,j#i J=1, j#i

ou bien :

j=N
Vie[l,N], 1> > |[Bjl
J=1,j#i

d’ou, avec le théoreme de Gerschgorin, une relation sur les valeurs propres A\; de B :

j=N
Vie [1,N], |[|A—Billc < Z |1Bij| <1
=1, jsti

et comme B;; =0 :
Nlle <1

en particulier, la valeur propre dont la norme est la plus grande vérifie également cette équation. Ceci
implique que le rayon spectral de B est strictement inférieur & 1. La suite (X™),cy converge donc (et
la méthode de Jacobi converge). Il existe donc une solution & I’équation CX = S. Cette solution est
unique'? et la matrice C est donc inversible.

1 On reconnait la méthode de Jacobi

120n peut le voir “par Pabsurde”. En effet, supposons qu’il existe deux solutions distinctes X7 et Xo a Iéquation
CX = 8. Alors Y = X5 — X3 vérifie CY = 0, soit DY = —EY, donc D"'EY = —Y. Ceci signifie que Y (qui n’est
pas nul, par hypothese) est vecteur propre de D~1E avec A = —1 pour valeur propre associée. Or, le rayon spectral de
D~ 1E est strictement inférieur & 1 et A = —1 ne peut donc pas étre une valeur propre de D~'E. En conséquence, il ne
peut exister qu’une seule solution & I’équation CX = S.
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. . 0
Avec prise en compte des termes issus de a—f dans EM

Introduction

Pour montrer que la matrice EM est inversible, on va montrer qu’elle est a diagonale strictement
dominante. Pour cela, on va considérer successivement les contributions :
- des termes différentiels d’ordre 0 linéaires en & f "+1<+1,

- des termes issus de la prise en compte de 8—'0,
- des termes différentiels d’ordre 1 (convection),
- des termes différentiels d’ordre 2 (diffusion).

Pour chacune de ces contributions, on va examiner la dominance de la diagonale de 'opérateur linéaire
associé. Si, pour chaque contribution, la dominance de la diagonale est acquise, on pourra alors conclure
a la dominance de la diagonale pour la matrice (somme) complete!® EM ,, €t donc a son inversibilité.

Contributions des termes différentiels d’ordre 0 linéaires en § f "1k+!

L’unique contribution est sur la diagonale : il faut donc vérifier qu’elle est strictement positive.

Pour chaque ligne I, /™, (cf. (IV.G.15)) contient au minimum la quantité strictement positive'*
pr €]
At

contribuent toutes positivemen

. Les autres expressions, (— Q| (T/™P); , +|Qi| L1, —|Q| (TP4mP) ), lorsqu’elles existent,
£,

L’opérateur linéaire associé a ces contributions vérifie donc bien la dominance stricte de la diagonale
(propriété 1). Ce n’est cependant pas vrai si on extrapole les termes source, a cause de T.™P. Il en
résulte une contrainte sur la valeur du pas de temps.

Contributions des termes différentiels d’ordre 1 et des termes issus de la prise

dp
en compte de a1

Les termes considérés sont au nombre de deux dans (IV.G.11) :

- la contribution issue de la prise en compte de gs se retrouve dans fJ™P ; (équation IV.G.15),

- la contribution du terme de convection linéarisé.

Apres intégration spatiale, la somme de ces deux termes discrets s’écrit :

1 n n

500 [(mmn I aFTE  ( — | (IV.G.21)
j€Vois(i)

1 n n n n n n

5 D [ I O e (= ) 0f (IV.G.22)
ke (i)

Pour chaque ligne I, on va chercher les propriétés de dominance de la diagonale en traitant séparément
les faces internes (équation (IV.G.21)) et les faces de bord (équation (IV.G.22)).

e la contribution des faces internes ij (facteur de 0 f; ntl, k+1) a la diagonale est positive ; la
contribution aux extradiagonales est négative (facteur de 0 f; o+, k“) et la somme de ces contributions

13 (Ce raisonnement n’est pas optimal (la somme de valeurs absolues étant supérieure a la valeur absolue de la somme),
mais permet d’obtenir des conclusions dans le cas présent (condition suffisante).
14 Ceci permettra de conclure 4 la stricte dominance de la diagonale de la matrice somme compléte EM EM .

£
k b
remet donc pas en cause la conclusion.

15Le terme de dissipation pr spécifique a I’étude de la variance des fluctuations, est positif par deﬁnltion et ne
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est exactement nulle (équation (IV.G.21)). Si l'on note Cr; les coefficients de la matrice issus de

J=N

la contribution de ces termes, on a donc |Crr| = > |Cry| qui traduit la dominance “simple”

J=1, J#£I

(I'inégalité n’est pas “stricte”) de la diagonale et reégle la question des contributions des faces internes.

e la contribution des faces de bord doit étre réécrite en utilisant ’expression des conditions aux
limites sur f pour préciser la valeur de 0 fp,, (on omet 'exposant (n + 1,k + 1) pour alléger les nota-
tions) :

On p

- pour une condition de Dirichlet : § fp,, = 0,
- pour une condition de Neumann : §f3,, = dfr,
- pour une condition mixte (fp,, = @ + Bfi) : 0fv,, = B f1.

Pour la contribution des faces de bord, il faut alors considérer deux cas de figure possibles.

Le flux de masse au bord est positif ou nul ( m} = (pu)} .S;, >0). Cette situation
correspond par exemple aux sorties standards (fluide sortant du domaine), aux symétries ou
aux parois étanches (flux de masse nul). Les contributions aux faces de bord sont alors toutes
nulles, quelles que soient les conditions aux limites portant sur la variable f. En conséquence, la
diagonale issue de ces contribution est simplement dominante.

Le flux de masse au bord est strictement négatif. Cette situation correspond a une entrée
de fluide dans le domaine. Les contributions considérées s’écrivent alors :

S0 [, VT s (o f R (IV.G.23)
ke (i)

Il convient alors de distinguer plusieurs situations, selon le type de condition a la limite portant
sur f:

x si la condition a la limite de f est de type Dirichlet, seule subsiste une contribution
positive ou nulle a la diagonale, qui assure donc la dominance simple :

S (=my, o (IV.G.24)
keyy (i)

x si la condition a la limite de f est de type Neumann, la somme des contributions dues
aux faces de bord est alors nulle, ce qui assure donc la dominance simple.
x si la condition a la limite de f est de type mixte, la contribution des faces de bord est

sur la diagonale et vaut :
1 n k
5 2 (=B (—mj ot (IV.G.25)

ke (i)

On ne peut pas se prononcer quand a la dominance de la diagonale, a cause de la présence de
(1—5) (la valeur de § est fixée par I'utilisateur) et la démarche adoptée ici ne permet donc pas
de conclure. Il faut néanmoins noter que cette situation est rare dans les calculs standards. Elle
demande un complément d’analyse et sera pour le moment exclue des considérations exposées
dans le présent document.

eut conclure, quand il n’y a pas de condition a la limite de type mixte, que la matrice associée

aux contributions des termes différentiels d’ordre 1 (convectifs) et & la prise en compte des termes issus

9]
de a—? et est a diagonale simplement dominante.
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Contributions des termes différentiels d’ordre 2

On va considérer enfin les contributions des termes différentiels d’ordre 2 (issus du terme
— div (K™ V4 f"t1F+1). Pour ces termes, la contribution & la diagonale est positive!S, négative aux
extradiagonales'®, compte tenu de :
fQi — div (K™ Yo fntbk+1) a0
n+1,k+1 n+1,k+1
> Kn.éfJ — o/
j€EVois(i) Y ry

. (5f;+17k+1 _ 6f]’n+1,k+1
Sij— > Kp . - Shis
ke'yb(i)

(IV.G.26)

Considérons deux cas :

- la cellule courante I n’a que des faces internes au domaine de calcul (pas de faces de bord).
La somme des contributions est nulle. On a donc dominance simple de la diagonale.

- la cellule courante I a des faces de bord. La somme des contributions diagonales et extra-
diagonales est positive quand on a une condition a la limite de type Dirichlet ou de type Neumann
sur f. La diagonale est alors strictement dominante. Lorsqu’il y a des conditions a la limite de
type mixte, il n’est plus possible de conclure (situation écartée précédemment).

On peut conclure, quand il n’y a pas de condition & la limite de type mixte, que la matrice associée
aux contributions des termes différentiels d’ordre 2 est au moins a diagonale simplement dominante.

Conclusion

En travaillant sur des maillages non pathologiques (& transmittivité positive, voir la note de bas de
page numéro 16) et en n’imposant pas de condition & la limite de type mixte sur les variables, on
peut donc conclure que EM , est la somme de matrices a diagonale simplement dominante et d’une
matrice & diagonale strictement dominante (paragraphe G). Elle est donc & diagonale strictement
dominante, et donc inversible (de plus, la méthode itérative de Jacobi converge).

dp

Sans prise en compte des termes issus de 57

dans M .

Introduction

Pour identifier les cas dans lesquels la matrice EM ,, st inversible, on va rechercher les conditions

qui assurent la dominance de la diagonale. Par rapport a I’analyse présentée au paragraphe G, seules

different les considérations relatives aux contributions des termes différentiels d’ordre 1, puisqu’elles
0

sont traitées au paragraphe G avec les termes issus de la prise en compte de gr

ot
Contributions des termes différentiels d’ordre 1

La contribution du terme de convection est la seule & prendre en compte. Elle s’écrit, d’apreés les
équations (IV.G.15) et la discrétisation explicitée pour le sous-programme covofi :

]‘ n n
50 [Ceml D ST 4 (il — ) (IV.G.27)
j€Vois(i)

n

16Ceci n’est en fait pas toujours vrai. En effet, pour chaque face ij, la transmittivité S;; fait intervenir la

K
1y’
mesure algébrique du segment I’J’, ot I’ et J' sont les projetés orthogonaux sur la normale & la face du centre des
cellules voisines. Cette grandeur est une valeur algébrique et peut théoriquement devenir négative sur certains maillages
pathologiques, contenant par exemple des mailles non convexes. On pourra se reporter au dernier point & traiter du
sous-programme matrix.
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) o f AL (IV.G.28)

bik

n k
S0 [, i, ST (i, —
b (2

N =
x>

On constate que pour chaque ligne I, la contribution des faces internes (facteur de Jf; L, k“) ala
diagonale est positive et qu’elle est négative aux extradiagonales (facteur de 0 f " +, k+1). Cependant,
contrairement au cas présenté au paragraphe G, la somme de ces contributions n’est pas nulle dans le
cas général. Pour obtenir un résultat quant a la dominance de la diagonale, il faut faire intervenir la

version discrete de la propriété (IV.G.18) rappelée ci-dessous :
/ div(pu)dQ2 =0
Q;

Soit, sous forme discrete :

Z m'; + Z mh = (IV.G.29)

j€Vois(i) ke (2)

Il n’est donc pas possible d’analyser séparément les contributions des faces internes et celles des faces
de bord (contrairement & la situation rencontrée au paragraphe G). On se place ci-apres dans le cas
général d’une cellule qui a des faces internes et des faces de bord (si elle n’a que des faces internes,
la démonstration est la méme, mais plus simple. On peut 1’écrire en considérant formellement que la
cellule “a zéro faces de bord”, c’est a dire que 7, (%) est Uensemble vide).

11 faut alors considérer deux cas de figure, selon la valeur du flux de masse aux faces de bord (éventuelles)
de la cellule :

e Le flux de masse au bord est positif ou nul ( m} = (pu)} .S, = 0). Cette situation
correspond a des cellules qui ont des faces de bord de sortle standard (ﬂulde sortant du domaine),
de symétrie ou de paroi étanche (flux de masse nul). Les contributions s’écrivent alors :

% Z [( +mly; + | mi| )Of T 4 ( m'y; — | m))6f; kH] Z miy, S ff R
j€Vois(i) ke (2)
(IV.G.30)
Dans ce cas, la somme des contributions a la diagonale est positive, les contributions aux extradi-
agonales sont négatives et, avec la relation (IV.G.29), on vérifie que la somme des contributions
diagonales et extradiagonales est nulle. On a donc dominance simple de la diagonale.

e Le flux de masse au bord est strictement négatif. Cette situation correspond a des cellules
qui ont des faces de bord d’entrée standard (entrée de fluide dans le domaine). Les contributions
considérées s’écrivent alors :

5> [ L A Gty [ 675 STy, s
jEVois(i) ke (i)
(IV.G.31)

Il convient alors de distinguer plusieurs situations, selon le type de condition a la limite portant
sur f (on omet lexposant (n + 1,k + 1) pour alléger les notations) :

- pour une condition de Dirichlet : § fp,, = 0,

- pour une condition de Neumann : éfp,, = dfr,

- pour une condition mixte (fp,, = « + Bfr): 6fp, = B f1.
Selon le cas on se trouve dans une des situations suivantes :

x si la condition a la limite de f est de type Dirichlet, la contribution des faces de
bord est nulle dans la matrice. La contribution des faces internes a la diagonale est positive, la
contribution aux extradiagonales négative et la somme de ces contributions vaut > m';,

jEVois(z)
soit avec la relation (IV.G.29) :

n
Z mj Z My,

jE€Vois(i) ke (1)
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Elle est strictement positive et la diagonale est donc strictement dominante.
x si la condition a la limite de f est de type Neumann, la contribution des faces de
bord se réduit au terme : > mi 5f1"+1’k+1. La somme des contributions a la diagonale est
kev (i)

1 n
SCi=5 D> (+my + > my

jEV0is(i) ke ()

alors SC;:

En utilisant deux fois la relation (IV.G.29), on obtient donc pour la diagonale :

sGi=g| X Imyle Y mi, S (Il = miy)

jEV0is(i) ke (i) jEV 0is(i)

Cette grandeur est positive et égale a I'opposé de la somme des termes extradiagonaux qui sont
tous négatifs. La diagonale est donc simplement dominante.

* si la condition a la limite de f est de type mixte, la somme des contributions dues aux
faces de bord est :

> Bmy, off (IV.G.32)

keyy (i)

On ne peut donc pas conclure quant au signe de cette contribution, le facteur 8 étant choisi
librement par 'utilisateur. Cette situation a été écartée dans le paragraphe G.

On peut donc conclure, quand il n’y a pas de condition a la limite de type mixte, que la matrice
associée aux contributions des termes différentiels d’ordre 1 (convectifs) est a diagonale simplement
dominante, & condition que la relation (IV.G.29) soit vérifiée exactement.

Conclusion

En travaillant sur des maillages non pathologiques (& transmittivité positive, voir la note de bas de
page numéro 16) et en n’imposant pas de condition & la limite de type mixte sur les variables, on peut
donc conclure que EM est & diagonale strictement dominante, donc inversible (et la méthode
itérative de Jacobi converge) a condition que la relation (IV.G.29) soit vérifiée exactement. Ce n’est
généralement pas le cas (la précision du solveur de pression et la précision machine sont finies). Méme
P 1]
At

si la contribution diagonale en peut suffire & assurer la dominance, on a cependant souhaité,

0
dans Code_Saturne, s’affranchir du probléme potentiel en prenant en compte les termes issus de il

ot

dans la matrice.
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Annexe 2 : Remarques a propos du respect du principe du
maximum discret

Introduction

Les considérations exposées ici sont relatives au fait que, en continu, une variable qui n’est que convectée
par un champ de débit a divergence nulle doit rester dans les bornes minimales et maximales définies
par les conditions initiales et par les conditions aux limites en espace. Ainsi, les valeurs d’un scalaire
passif initialement nul dont les conditions aux limites sont des conditions de Neumann homogene et
des conditions de Dirichlet de valeur 1 devront nécessairement rester comprises dans l'intervalle [0; 1].
C’est ce que 'on entend ici par “principe du maximum”.

Soient » un champ de vitesse figé et connu et ¢ un réel positif. On considere le probleme modele P de
convection des variables scalaires p et p f, défini par :

@-&- div (pu) =0

(IV.G.33)
or) , ((pu) f) =0

ot
avec une condition initiale f° donnée ainsi que des conditions aux limites associées sur f de type
Dirichlet ou Neumann.
Dans Code_Saturne, la deuxieme équation de P est réécrite en continu, en utilisant la premiere, sous la
forme :

p% — fdiv (pu) + div ((pw) f) =0 (IV.G.34)
et discrétisée temporellement comme suit :
fn+1 _ fn
P — " div (pu)™ + div ((pw)™ M) =0 (IV.G.35)

At
Dans un premier temps, on va étudier la discrétisation spatiale associée a (IV.G.35), qui correspond
donc a la prise en compte de la contribution de % dans ’équation en continu (et se traduit par la
présence de —div ((pu)™) dans expression de f/™F ), puis dans un deuxiéme temps, la discrétisation

spatiale de I'expression ;

n+1 n
W ST
At
qui correspond a un probleme de convection pure classique.

p + div ((pw)" f*) =0 (IV.G.36)

On étudiera ensuite un exemple simplifié (monodimensionnel & masse volumique constante).

Les considérations présentes mériteraient d’étre approfondies.
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Cas général

fn+1 _ fn

K iV (pw)" o+ div ((pw)" 1) =

Discrétisation spatiale de p"
En intégrant sur une cellule €; a I’aide de la formulation volumes finis habituelle, on obtient :

fn—i-l_ fn 11 . . 1
[ E = i w4 div (w7 e

i

Q; "
= |rt %_( Z (pu)” S”—i— Z pubk'§b7k) I+1

jGVois(z) k€ (i) (IVG37)
1 1
+ ) E (p U') ij - *IJ fnl-; + Z ) (p Q)Téqk '§b1k ffnb—tk
JeVow(l) ke (i)
\
- fI
ou f”;rl et f "H sont les valeurs de f aux faces internes et de bord issues du choix du schéma convectif.

En reprenant les notations précédentes, en imposant un schéma décentré amont au premier membre
- 1,k+1 1,k+1 . .

(i.e. en exprimant § f”+ et s fo, "+ *1) et en raisonnant en incréments (cf. sous-programme

navstv), on aboutit a :

1
+3 Z {( n L )OS (e — )
]GVOZS( )
+ Z |: ‘ )5fn+1 k+1 (mn |mb1k )6fn+1 k+1:|
kG% i)
I (] (FrE ) (IV.G.38)
At
| T wnS T S (pwh, S fT
jeVais(i) K (1)
- > (p Q)ZLJ ﬁz] + > (pw)h bin ﬁb f[n—H"k
jEVois(i) k€, (1)
avec 110
TL n
{ 6fn+1 k+1 1 f1"+1’k+1 _ f1n+17k,k’ cN (IVGSQ)

et (f"1F) e suite convergeant vers f "t n entier donné, solution de (IV.G.35) .
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fn+1 _ fn

Discrétisation spatiale de p" + div ((puw)™ /") =

At
En procédant de fagon analogue et en adoptant les mémes hypotheses, on obtient :
|Q | n+1,k+1
) At 1
5 2 [Eml D ST (= ) o
1 jE€Vois(i)
n n n+1,k 1 n n+1,k+1
5 D0 [ I, O e (= ) 0f (IV.G.A0)
k‘E’Yb(i|)Q |
= —Pni(fnﬂk IT)
Lk | 1,k
o [ Z ( ) ij - *’LJ ffn;]_ E ( )bLk bk ffnl:_k ]
j€Vois(i) kE’yb( )

(ou f”i;fl et f’”rl sont les valeurs de f aux faces internes et de bord issues du choix du schéma

convectif)

avec :

L0 _ pn
{ i k+1 ! PELIEL itk g N (IV.G.41)

t (f 1K) en suite convergeant vers f "t n entier donné, solution de (IV.G.36) .

Exemple pour le principe du maximum

On va maintenant se placer en monodimensionnel, sur un maillage régulier formé de trois cellules de
pas h constant (figure IV.G.1) et étudier le comportement du premier membre pour les deux types
d’expressions, entre le pas de temps n At et le pas de temps (n+ 1) At, avec, comme condition initiale
2= f2 = f) =0 et comme conditions aux limites, une de type Dirichlet et I'autre de type Neumann
homogene :
fo, =1
ol
oz |,

(IV.G.42)

On supposera de plus que :
* le schéma convectif utilisé est le schéma upwind
» la masse volumique est constante

*(pu)%l > 0, (pu)?Q >0, (pu)ES >0, (Pu)rgz >0 et Sp, < 0.

Figure IV.G.1: Définition du domaine de calcul unidimensionnel considéré.

On s’intéresse a 'influence sur le respect du principe du maximum discret de la précision avec laquelle
est vérifiée sous forme discrete la relation :

Vi € [1, N], / div (pu) d2=0
Q
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soit, ici :
- (p U)Zl Spy = (pu)iz.S12 = (pu)hs.S23 = (p U) Sby (IV.G.43)
. N dp .
Prise en compte de la contribution de n dans la matrice
Le systeéme a résoudre est alors, en omettant pour simplifier exposant (n+ 1,k + 1) :
|Ql| n _ n
P A O = (puw)y, -Se,dfi = —(puw)h, -Se fo,
Q
| 2| (5f + (p U)qz . 512 6f2 — (p U)qQ . 512 §f1 = 0 (IVG44)
Q
| 3' ofs + (puw)s.S23dfs — (pu)is.Sasdfs = 0
ce qui donne :
—(pu)y, Sk
Sfi=fu o w)h, -5
n |Q1| n
P1 AL (pu)y, - St
(pu)is- Sz
0f2= +dfi ‘QQ (IV.G.45)
28 12512
w) S’
ifs= +f —g ”| LILE
ps Ay TP Wi S
d’ou :
5f1 <1
6fy < 1 (IV.G.46)
(5f5 <1

On obtient donc bien une solution qui vérifie le principe du maximum discret, méme pour des grands
pas de temps At, et ce, quelle que soit la précision avec laquelle est vérifiée, & ’étape de correction, la

forme discrete (IV.G.43) de la conservation de la masse /

ici.

div (pu) dQ2 = 0 dont on ne s’est pas servi
Q;

I 0 .
Sans la contribution de op dans la matrice

ot
On obtient de méme :
Q ] ,
o Slsn ¢ (o swon = —(pwy, - Su, fu
Q
Py |Ai| 6fs + (pu)3z-S2dfe — (pu)ip-S126fi = 0 (IV.G.A7)
Q
o Do~ (s Swife 4 (pwp, Snifs = 0
soit :
pu”l.S’b1
Sh= fo ( )%
T g +( u)y-S12
B PU T2 -S12
6f2= 0f1 (IV.G.48)
P S )'33 - S23
S
6f3 _ (5f2 |Q/3)‘U 23 23
p?:l +(p )b2'5b2

At
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Ici, on constate que le respect du principe du maximum discret :

<1
6f <1 (IV.G.49)
<1

est équivalent a la condition :

Q
— (pwh, - Se < pff ‘Ail +(pu)iz- S
Q
(pu)iy - S12 < Pz"'fi' +(pu)'33-Sa3 (IV.G.50)
Qs

(pu)ss.Saz < pg'—— + (pu)y, S,

At
Contrairement a la situation du paragraphe G, on ne peut obtenir ici un résultat qu’en faisant intervenir
Pégalité (IV.G.43), forme discrete de la conservation de la masse. On obtient bien alors, a partir du
systeme précédent :

6f1 <1
5fr < 1 (IV.G.51)
5f3 <1

Si I'on s’intéresse a la cellule Q; et que I'on suppose (p u)7y.S12 = — (p u)}, . Sp, —€(p u)ta. S12 (01

¢ est la précision locale relative pour I’équation de conservation de la masse discrete), on constate que
lon obtient ¢ f; > fp, = 1 (valeur non admissible) des lors que :

1 n, .S 1At
<(PU)12 12

€ P14

(p )1y - S12At

c’est-a~dire dés que le nombre de CFL local
p1€]

excede 'inverse de la précision relative

locale €.

Conclusion

ap
ot

maximum discret, lorsque la précision de / div (pu) d©2 = 0 n’est pas exactement vérifiée.
Qi

Prendre en compte la contribution de dans la matrice permet un meilleur respect du principe du
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H- gradmc routine

Fonction

Le but de ce sous-programme est de calculer, au centre des cellules, le gradient d’une fonction scalaire,
également connue au centre des cellules. Pour obtenir la valeur de toutes les composantes du gradi-
ent, une méthode de minimisation par moindres carrés est mise en ceuvre : elle utilise ’estimation
d’une composante du gradient aux faces, obtenue a partir des valeurs de la fonction au centre des
cellules voisines. Cette méthode est activée lorsque 'indicateur IMRGRA vaut 1 et on I'utilise alors
pour le calcul des gradients de toutes les grandeurs. Elle est beaucoup plus rapide que la méthode
utilisée par défaut (IMRGRA=O0), mais présente 'inconvénient d’étre moins robuste sur des maillages
non orthogonaux, le gradient produit étant moins régulier.

Discrétisation

Figure IV.H.1: Définition des différentes entités géométriques pour les faces internes (gauche) et de
bord (droite).

On se reportera aux notations de la figure IV.H.1. On cherche & calculer G ;, gradient au centre de
la cellule i de la fonction scalaire P. Soit G ;;.d,; une estimation a la face ij (dont les voisins sont
les cellules i et j) du gradient projeté dans la direction du vecteur d,; (a préciser). De méme, on note
G fpik, - dp, i, une estimation a la face de bord ik (k'*™me face de bord appuyée sur la cellule i) du gradient
projeté dans la direction du vecteur d, ;;. (a préciser). L’idéal serait de pouvoir trouver un vecteur G, ;
tel que, pour toute face interne ij (j € Vois(i)) et toute face de bord ik (k € (7)), on ait :

Geyi-tig =Gy - di
G ’ . IV.H.1
{ Qc,i -db,z‘k = Qf,b,z’k -db,ik ( )

Comume il est généralement impossible d’obtenir 1’égalité, on cherche a minimiser la fonctionnelle F;
suivante :

1 2 1 2
FilGownGei) =5 D Geyody=Gpij-dy] +5 3. [Gei-dyn = Grpan-doa]”  (IV-H2)
JEVois(i) ks (i)

Pour ce faire, on annule la dérivée de F;(G, ;,G.,;) par rapport a chacune des trois composantes
(Geyiws Geiyys Geyiyz) du vecteur inconnu G ; et 'on résout le systeme qui en résulte.

Pour pouvoir inverser le systéme localement et donc a faible cotit, on cherche & éviter les dépendances

de Gy ;j-d;; et de Gy - dp i au gradient G ; (gradient pris dans les cellules voisines). Un choix
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particulier du vecteur d permet d’atteindre ce but :

di,: —
L]

= ik (IV.H.3)

Ainsi, pour les faces internes, le vecteur d est le vecteur normé joignant le centre des cellules voisines.
La quantité G ;. .d;; est reliée directement aux valeurs de la variable P prises au centre des cellules,
sans faire intervenir de gradient :
P; — P
Gpiodii =2 : IV.HA4
Cr- = L] .

Pour les faces de bord, il est possible d’opter pour un choix plus naturel sans pour autant faire intervenir
le gradient des cellules voisines : on utilise pour d le vecteur normé orthogonal a la face, dirigé vers
Pextérieur (le gradient le mieux connu, en particulier au bord, étant le gradient normal aux faces). On

a alors : P P
byik — /
Grpik-dpin = 7”1,17” (IV.H.5)

On utilise alors les relations (IV.H.6) au bord (A;x et B, permettent de représenter les conditions aux
limites imposées, Py ;i en est issue et représente la valeur & la face de bord) :

P, =P+II'G,,
{ Pyir = Aix + Bix, Pr = Ay + By (P + 1I'.G.. ;) (IV.H.6)
On obtient finalement :
1
Qf,b,ik: 'db,ik = ||I/FH [A’Lk + (Blk - 1) (P’L + LI/QC,Z):I (IVH7)

L’équation (IV.H.7), qui fait intervenir G, ,, doit étre utilisée pour modifier 'expression (IV.H.2) de
la fonctionnelle avant de prendre sa dlﬁerentlelle Ainsi :

2
Z [Qc,i di; — Gy -dij] +

jE€Vois(i)

By , 1
Z(‘) {chi . (dbﬂ-k Il],FH Q) [ida] (Aig + (Bix — 1) P)
(i

Fi(G

cz’fcz -

> (IV.HB)

[\D\H w\»—l

On annule alors la dérivée de F; (G, ;, G.. ) par rapport a chacune des trois composantes (Ge,i 2, Ge,iy, Ge,i z)

C’L’

du vecteur inconnu G ;. On obtient, pour chaque cellule 4, le systéme 3 x 3 local (IV.H.9) :

Ci,mz Ci,:vy Ci,zz Gc,i,r Ti,r
Ciye Ciyy Ciy: Geiy | = | Tiy (IV.H.9)
Ci,z:r Ci,zy Ci,zz Gc,i,z Ti,z
—_———
G T.

= e, L

avec

By, —1 B, —1
Citm = Z (dij)i(dij)m + Z <db,1‘,k - |I’F||II/)Z (db,ik - |I’F|II/>
~ —_— m

jEV0is(i) ke (i)
1 B —1
E,l = Z (Qf,ij ~dij)(dij)l + Z HI,FH (Alk + (B1k - 1) R) <db,ik~ - |]/F||II/)
jEVois(i) k€ (i) = l

(IV.H.10)
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On obtient finalement :

1 1—B2 1—Bl
Citm = Y. SUD)(LD)m + Y (nb_ik—k, u II’) (nb,ik—k . kII)
e ||L]]| AN [radal] ! ILLE|
j€Vois(i) 17 ke (@) B
1 ik — 1
T, = Y, (P-P) (LD Y e (A + (B — 1) ) (nbyik—’i H’)
e ||L]| L LZE]| ||I'F|| !
jEV 0is(i) k€ (i)
(IV.H.11)

Mise en ceuvre

La variable dont il faut calculer le gradient est contenue dans le tableau PVAR. Les conditions aux limites
associées sont disponibles au travers des tableaux COEFAP et COEFBP qui représentent respectivement
les grandeurs A et B utilisées ci-dessus. Les trois composantes du gradient seront contenues, en sortie
du sous-programme, dans les tableaux DPDX, DPDY et DPDZ.

e Calcul de la matrice

Les NCEL matrices C’ (matrices 3 x 3) sont stockées dans le tableau COCG, (de dimension NCELET x 3 x 3).
Ce dernier est initialisé & zéro, puis son remplissage est réalisé dans des boucles sur les faces internes
et les faces de bord. Les matrices Qz étant symétriques, ces boucles ne servent qu’a remplir la partie
triangulaire supérieure, le reste étant complété a la fin par symétrie.

Pour éviter de réaliser plusieurs fois les mémes calculs géométriques, on conserve, en sortie de sous-
programme, dans le tableau COCG, 'inverse des NCEL matrices C De plus, pour les NCELBR cellules
qui ont au moins une face de bord, on conserve dans tableau COCGB de dimension NCELBR x 3 X 3,
la contribution aux matrices C’ des termes purement géométriques. On précise ces points ci-dessous.
Notons donc des a présent qu wil ne faut pas utiliser les tableaux COCG et COCGB par ailleurs comme
tableaux de travail.

Cellule ne possédant pas de face de bord
Lorsque, pour une cellule, aucune des faces n’est une face de bord du domaine, ’expression de la matrice
C ne fait intervenir que des grandeurs geometrlques et elle reste inchangée tant que le maillage n’est pas
déformé. Son inverse n'est donc calculé qu’une seule fois, au premier appel de GRADMC avec ICCOCG=1
('indicateur INICOC, local & GRADMC, est positionné a 0 dés lors que ces calculs géométriques ont été
réalisés une fois). Le tableau COCG est ensuite réutilisé lors des appels ultérieurs au sous-programme
GRADMC.

Cellule possédant au moins une face de bord
Lorsque 'ensemble des faces d’une cellule contient au moins une face de bord du domaine, un terme
contributeur aux matrices Qi est spécifique a la variable dont on cherche & calculer le gradient, au

travers du coefficient Bjj, issu des conditions aux limites. II s’agit de :

1-— sz 1-—- sz
E . II . 11 IV.H.12
. <nb’”€+ || L2E]| > (nb’ZkJr IL2F|| > (IV-H.12)
ke (i) m

Au premier appel réalisé avec ICCOCG=1, on calcule la contribution des faces internes et on les stocke
dans le tableau COCGB, qui sera disponible lors des appels ultérieurs. En effet, la contribution des faces
internes est de nature purement géométrique et reste donc inchangée tant que le maillage ne subit pas
de déformation. Elle s’écrit :

v F(LIN(L)

jEVois(i) H |

A tous les appels réalisés avec ICCOCG=1, les termes qui dépendent des faces de bord (IV.H.12) sont
ensuite calculés et on additionne cette contribution et COCGB qui contient celle des faces internes :
on obtient ainsi les matrices C’ dans le tableau COCG. Leur inverse se calcule indépendamment pour
chaque cellule et on le conserve ' dans COCG qui sera disponible lors des appels ultérieurs.
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Lorsque GRADMC a été appelé une fois avec ICCOCG=1, des calculs peuvent étre évités en positionnant
l'indicateur ICCOCG & 0 (si ICCOCG est positionné & 1, tous les calculs relatifs aux cellules ayant au
moins une face de bord sont refaits).

- Si GRADMC est utilisé pour calculer le gradient de la méme variable (ou, plus généralement, d’une
variable dont les conditions aux limites conduisent aux mémes valeurs du coefficient B;i), les
matrices C . sont inchangées et leur inverse est disponible dans COCG (on positionne ICCOCG a 0
pour éviter de refaire les calculs).

- Dans le cas contraire, les termes relatifs aux faces de bord (IV.H.12) sont recalculés et on ad-
ditionne cette contribution et COCGB qui fournit celle des faces internes : on obtient ainsi les
matrices gl dans COCG. Il reste alors a inverser ces matrices.

Remarque :
Pour sauvegarder les contributions géométriques dans COCGB, on a recours a une boucle portant sur les
NCELBR cellules dont au moins une face est une face de bord du domaine. Le numéro de ces cellules est
donné par IEL = ICELBR(II) (II variant de 1 & NCELBR). Les opérations réalisées dans cette boucle
sont du type COCGB(II,1,1) = COCG(IEL,1,1). La structure (injective) de ICELBR permet de forcer
la vectorisation de la boucle.

e Inversion de la matrice

On calcule les coefficients de la comatrice, puis l'inverse. Pour des questions de vectorisation, la boucle
sur les NCEL éléments est remplacée par une série de boucles en vectorisation forcée sur des blocs de
NBLOC=1024 éléments. Le reliquat (NCEL — F(NCEL/1024) x 1024) est traité aprés les boucles. La
matrice inverse est ensuite stockée dans COCG (toujours en utilisant sa propriété de symétrie).

e Calcul du second membre et résolution
Le second membre est stocké dans BX, BY et BZ. Le gradient obtenu par résolution des systemes locaux
est stocké dans DPDX, DPDY et DPDZ.

e Remarque : gradient sans reconstruction

(non consistant sur maillage non orthogonal)

Dans le cas ou l'utilisateur souhaite ne pas reconstruire le gradient (i.e. ne pas inclure les termes de
non orthogonalité au calcul du gradient), une méthode spécifique est mise en ceuvre, qui n’a pas de
rapport avec la méthode de moindres carrés présentée ci-dessus.

Le volume de la cellule i est noté ;. P;; (resp. Py k) représente la valeur estimée de la variable P &
la face interne ij (resp. a la face de bord ik) de vecteur normal associé S;; (resp. S, ;). Le gradient
est simplement calculé en utilisant la formule suivante :

1
Goi= =¢q > PySy+ Y. PoaSyu (IV.H.13)
* |ievois(i) k€ (i)
. . FJ'
Les valeurs aux faces sont obtenues simplement comme suit (avec a;; = ﬁ) :

{ P =P+ (1—a;)P; (IV.H.14)

Py =Aip+Bip P
Points a traiter

e Vectorisation forcée
Il est peut-étre possible de s’affranchir du découpage en boucles de 1024 si les compilateurs sont
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capables d’effectuer la vectorisation sans cette aide. On note cependant que ce découpage en boucles
de 1024 n’a pas de cotit CPU supplémentaire, et que le cotit mémoire associé est négligeable. Le seul
inconvénient réside dans la relative complexité de 1’écriture.

e Choix du vecteur d
Le choix d;; = ﬁ permet de calculer simplement une composante du gradient a la face en ne faisant

1ot

intervenir que les valeurs de la variable au centre des cellules voisines. Le choix d;; = ﬁ serait
également possible, et peut-étre meilleur, mais conduirait naturellement a faire intervenir, pour le
calcul de la composante du gradient normale aux faces, les valeurs de la variable aux points I’ et J', et
donc les valeurs du gradient dans les cellules voisines. Il en résulterait donc un systeme couplé, auquel
un algorithme itératif (voir GRADRC) pourrait étre appliqué. L’aspect temps calcul, atout majeur de la
méthode actuelle, s’en ressentirait sans doute.

e Amélioration de la méthode

Cette méthode rencontre des difficultés dans le cas de maillages assez “non orthogonaux” (cas de la
voiture maillé en tétraedres par exemple). Une voie d’amélioration possible est d’utiliser un support
étendu (le support est 'ensemble des cellules utilisées pour calculer le gradient en une cellule donnée).
Un exemple est fourni sur la figure IV.H.2 ci-dessous : si la cellule I est la cellule courante, on choisit
pour support les cellules de centre J telles que la droite (I.J) soit la plus orthogonale possible & une
face de la cellule I.

& e Support actuel
Support etendu

Cellule courante : |

Figure IV.H.2: Différents supports pour le calcul du gradient.
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I- gradrc routine

Fonction

Le but de ce sous-programme est de calculer, au centre des cellules, le gradient d’une fonction scalaire,
également connue au centre des cellules. Pour obtenir la valeur du gradient, une méthode itérative de re-
construction pour les maillages non orthogonaux est mise en ceuvre : elle fait appel a un développement
limité d’ordre 1 en espace sur la variable, obtenu a partir de la valeur de la fonction et de son gradient
au centre de la cellule. Cette méthode, choisie comme option par défaut, correspond a IMRGRA=0 et
est utilisée pour le calcul des gradients de toutes les grandeurs. Cette technique est plus robuste mais
beaucoup plus lente que la méthode par moindres carrés correspondant a IMRGRA = 1.

Discrétisation

Méthode générale

Figure IV.I.1: Définition des différentes entités géométriques pour les faces internes (gauche) et de
bord (droite).

On se reportera aux notations de la figure IV.I.1, qui correspondent a celles employées dans le sous-
programme gradmc. On cherche & calculer G . ;, gradient au centre de la cellule i de la fonction scalaire
P. Le volume de la cellule i est noté ;. Soit G f,i; la valeur du gradient a la face 7j dont les voisins
sont les cellules i et j. P;; (resp. Py k) représente la valeur estimée de la variable P & la face interne
ij (resp. a la face de bord ik, k'®™¢ face de bord appuyée sur la cellule i) de vecteur normal associé
S,; (resp. Sy, )-

Par définition :

Qc,i = (YP) 1

Grij = P) g

On a:
G =(P)o,; =(P)F, (alordre 1 en P)

Afin de prendre en compte les non orthogonalités éventuelles du maillage, on calcule le gradient G . ;
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en effectuant un développement limité d’ordre 1 en espace. On obtient alors :

|Q|vp f/ VPdQ— Z PUS + Z szkak

jEVois(i) ke (1)

= > [Po,; +0yFiy; . (NP)o,]S;;+ > (INCAyu+ Boak Prr) S,

JEVois(i) ke () IV.I.1

( )

= ¥ leuPi+(-ay)P)]S;+ 5 [04Fy.(YP)sy] S,

jeVois(i) jE€Vois(i)
+ > (INCApik + Boix Prr) Sy,

ke (i)

La variable INC permet d’affecter correctement les conditions aux limites des quantités dont on veut
prendre le gradient. En effet,

e INC =1 correspond a un calcul de gradient de variable totale et donc a des conditions aux limites
standards,

e INC = 0 correspond a un calcul de variable en incrément et donc a des conditions aux limites
associées homogenes.

En faisant une approximation sur P d’ordre 1 en espace a nouveau :

{ (VP) iy =5 [(VP) +(TP)
Pr Pr+11' (VP);

d’ou :

1
U G.= Y [(OéijPI+(1Oéij)PJ)+20ijFij-(Gc,iJch,j) Si;

j€Vois(i)
+ Z [INC Ay + Boix Pr+ Boix LI'.G ;] S,
kev (1)
FJ
en notant a;; = I’:J’

On regroupe a gauche les termes en G . ; et on obtient :

1
UG- > 5 (OiFij . Go3)Sy — Y. BeaII'.G.;)S,, =
JEV 0is(i) ke (1)
1
Z [(aZJPI+(1_aZ])PJ)] Slj+ Z 5 Q )fw
jeVois(i) j€Vois(i)
+ Z (INCAbyik + Byik Py) Ebik (IV.1.2)
keyy (i)

ce qui donne pour la direction n (n, 5= z, y ouz) :

U Gein— Y, % D (045Fi) 3Geis | Sin— >, Boar | Y I 5Geip | Spin =

jE€Vois(i) B k€ (i) B

1
> ey Pr+(—ay)P)] Syqa+ Y, 3 D (O45F) 5G| Sijn
5

j€Vois(i) j€Vois(i)

+ Z (INC Ay ik + Byir Pr) Sty (IV.L3)
ke (i)
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Cas sans reconstruction des non orthogonalités

Lorsque le maillage est orthogonal ou lorsqu’on ne veut pas reconstruire, seules les contributions d’ordre
0 au centre des cellules interviennent dans le calcul du gradient (II' =0, OF =0) :

d
G, ef/ VPdY= > PiS;+ Y. PoiS,,

jEVois(i) k€ (i)
= > [layPr+(Q—ay)Pr)]S;;+ > (INCApk+ Boax Pr) Sy,
jeVois(i) ks (i)
d’ou :
1
G = R Z lasj Pr+ (1 —oij) Pr)] Sy + Z (INC Ay + By Pr) Sy, | (IV.L4)
| jevois(i) kevp ()
REMARQUE

Le gradient non reconstruit G #°° se calcule donc treés facilement et directement wvia I'équation (IV.1.4).

Il n’est cependant pas consistant sur maillage non orthogonal.

Reconstruction

Méthode de résolution

Afin de pouvoir résoudre le systeme (IV.I.2), on va impliciter les termes en G e ;» expliciter ceux en

G

¢,; et raisonner de facon itérative en introduisant une suite d’incréments (9 G ") pen définie par :

0 NRP(’
{ 0G, =G, (IV.1.5)

5Gk+1 Gk:+1 Gk )

et de systeme associé, dans la direction 7 :

1

k k k

Gl - E, 3 E (0iFij) sGET | Sijin — E By,ik E (L) s GE | Shin
jE€Vois(i) B8 ke (2) B

1
= Y lay Pr+(—ai) Pl Sia+ > 3 D (04Fi) sGE; 5| Sign
j€Vois(z) jE€Vois(i) B
+ Z (INCAb,ik+Bb,ikPI)Sbik,n (IV.1.6)
ke (i)

ou, comme :

Gk+1 Gk + 5Gk+1

—C,?
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1
oG- Y 3 > (04Fi) 56GE | Sijn— Y. Buae | D (I 56GE | Shpm
JEVois(i) B ke () B
=[G+ Y (e Prt (1= aij) Py)] Sijy
j€Vois(i)

1
+ Z Z(OZJFZJ)7ﬁ 5 (Gk , B + GC] B) Sijﬂl

JEV 0is(i) B

+ Z (INCAbﬂ‘k + B,k (Pr+ Z(LII)B Glg’i’ﬁ ))Slmmﬂ (IV.L.7)
ke (i) B

L’équation (IV.I.7) conduit & un systéme matriciel local par rapport a chacune des trois composantes
(0G ML sGhtl s Gﬁjl) du vecteur inconnu 5Q§+1. On obtient donc, pour chaque cellule 7, le systeme

Zl" Z’L]?
3 x 3 suivant :

Ci,wx Ci,a:y Ci,a:z 6Gk+1 Rk+1
Ciye Ciyy Ciy- 5G’“+1 = Rk“ (IV.1.8)
Ci,zm Ci,zy Ci,z z 1) GkJrl RkJrl

<, Felan RFH

avec, (n, S = x, youz) :

1
Cinn =18l = 9 Z (OijFij).n Sijn — Z Biit (L"), S, n
1 j€Vois(z) ke (7)
Cing =-3 Z (OiFij),pSij.n— Z Byik (L"), 5 Sv,,,n pour 1 # 3
fit j€Vois(i) k€ (1)
R’ Q; G“ + i Pr+ (1 —a;) Py)] Si;
] —[€] ) jEVZo;s(i) [(as; Pr+( i) Pr)l Sijon (IV.1.9)
1
=+ Z Z(OUFU) 5 (G]cc,i,ﬂ + G?,j,ﬁ)) Sijﬂl
j€Vois(i)
+ ) (INCApix+ Boaw | Pr [ D I sG5| |)Sbin
ke (i) B

L’inversion de la matrice C = permet de calculer (6 G K1y et done (GF). Les itérations s’arrétent

lorsque la norme euclidienne du second membre R f“ tend vers zéro (i.e. lorsque la norme euclidienne
de (6G f ) tend vers zéro) ou lorsque le nombre d’itérations en k fixé maximal est atteint.

REMARQUE 3

Pour les conditions aux limites en pression, un traitement particulier est mis en oeuvre, surtout utile
dans les cas ol un gradient de pression (hydrostatique ou autre) nécessite une attention spécifique
aux bords, ou une condition a la limite de type Neumann homogene est généralement inadaptée. Soit

Pp, . la valeur de la pression a la face associée, que 1’on veut calculer.
On note que :

Flbik-(ZP)I :Flbik 'Qc,i :ﬁb- .
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avec les conventions précédentes.

Sur maillage orthogonal

On se place dans le cas d’un maillage orthogonal , i.e. pour toute cellule

Qy, I et son projeté I’ sont identiques. Soit My, le milieu du segment IF} ,, .

On peut écrire les égalités suivantes :

_________ bP — 2 16%°P 3
PFbm :PMbik—i_Mbik‘Fbik'%A/j + My, Iy, in + O(h?)
bik 2P bik
—_ 4P 2 16 .
P =P My, I. — My, I . —— O(h?
T My, + Mo, 5”'1\4 My, I 553 y + O(h°)
bk bik
avec Mbikl = 7Mbikaik'
On obtient donc : 5p
Pp, —Pr=1IFy, . — + O(h?) (IV.1.10)
ik omn M,
ik
Grace a la formule des accroissements finis :
0P 1|0P 6P
57 = = 57 57 + O(hQ) (IV.I.ll)
APV 2 ny nlp,
On s’intéresse aux cas suivants :
e condition a la limite de type Dirichlet
Ppb”c = Pryposk, aucun traitement particulier
e condition a la limite de type Neumann homogene standard
On veut imposer :
oP
— =0+ O(h) (IV.I.12)
on Py
ik
Ona: 5p 5p
—| = = + O(h)
om|;, on Fy,,
et comme : 5P
Pp, =P +IFy, . o+ O(h?) (IV.1.13)
I
on en déduit : sp
Pp, =Pr+1IFy, . — + O(h?) (IV.1.14)
g on|p,
ik
soit :
Pp, =P+ O(h?) (IV.1.15)
On obtient donc une approximation d’ordre 1.
e condition a la limite de type Neumann homogene améliorée
Des égalités (IV.I1.10, IV.I.11), on tire :
11— 0P
Pr, =P+ -1F,. —| +0(?
Fb I+2 bik 5 ]+ ( )
On obtient donc une approximation d’ordre 2.
N o . . oP
e condition a la limite de type extrapolation du gradient — = —
on Fy,, on |,
Des deux égalités (IV.1.10, IV.I.11), on déduit :
— oP 3
Ppb“C =P+ IFbik . % + O(h ) (IVI].G)
I
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On obtient donc également une approximation d’ordre 2.

Sur maillage non orthogonal Dans ce cas, on peut seulement écrire :
1
Pp, =P+ iﬂbik [ (XP)1 + (¥P)p,, |+ O?) (IV.1.17)

e condition a la limite de type Dirichlet
Ppbik = Prvposk, toujours aucun traitement particulier

e condition a la limite de type Neumann homogene standard

On veut :
o =0+0(h) (IV.1.18)
on o,
ce qui entraine :
I'F,, . (NP)r, =O(h?) (IV.1.19)

On peut écrire :
(YP)r = (TP, , +O(h)

d’otr :
Pp, =Py +O(h?) (IV.1.20)

On obtient donc une approximation d’ordre 1.

e condition a la limite de type Neumann homogene améliorée
Le gradient n’est connu qu’au centre des cellules I et non aux points I’.

(YP)p = (NP)r +O(h)

d’ot :
1
Pp, =Pp+sI'F, [(NP)r+(YP)p,, |+O(R°)
: ’ (IV.1.21)
=Py + il’lm J(YP) 4+ (NP)p, ]+ O(h?)

ik

Compte-tenu de la condition imposée et de ’équation (IV.1.19), seule la contribution en I reste.

1
Pr,, =Pr+ 3 I'E,, (VP) +O(1?) (IV.1.22)
On obtient donc une approximation d’ordre 1.
PSRN . . . oP
e condition a la limite de type extrapolation du gradient — = —
on|p, N on |,
En tenant compte de cette égalité, I’expression de PFI,M devient :
Pp, =Pu+I'F, .(YP)+O(h?) (IV.1.23)

On obtient également une approximation d’ordre 1.

e Conclusion
On peut récapituler toutes ces situations wia la formule :

Pp, = Pp+ EXTRAP (I'F, . (VP)r)

avec EXTRAP valant 0, 0.5 ou 1.
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P
Il ne faut en aucun cas utiliser EXTRAP avec des conditions de type Neumann non homogenes —| =

on | g
Jbord 5 Jbord donnée non nulle ou de type Robin (mixtes) plus généralement
0P
aPFbik +b S = Gbord, le recours a EXTRAP n’ayant plus aucun sens.
Fy

Mise en ceuvre

La variable dont il faut calculer le gradient est contenue dans le tableau PVAR. Les conditions aux
limites associées sont disponibles au travers des tableaux COEFAP et COEFBP qui représentent respec-
tivement les grandeurs A et B utilisées ci-dessus. Les trois composantes du gradient sont contenues,
en sortie du sous-programme, dans les tableaux DPDX, DPDY et DPDZ.

e Initialisations

Le tableau (BX, BY, BZ) du second membre R est initialisé & zéro.

Le calcul du gradient cellule non reconstruit GN Rec gt réalisé et stocké dans les tableaux DPDX, DPDY
et DPDZ. Si aucune reconstruction n’est a faire, on a fini.

Reconstruction

Sinon, on cherche a résoudre le systéeme (IV.1.7) en incréments de gradient § G f *1. Le gradient non
reconstruit constitue alors une premiere estimation du gradient a calculer par incréments.
On effectue les opérations suivantes :

Phase préliminaire

Calcul de la matrice, hors boucle en &
Les NCEL matrices C . (matrices non symétriques 3x 3) sont stockées dans le tableau COCG, (de dimension
NCELET x 3 x 3). Ce dernier est initialisé & zéro, puis son remplissage est réalisé dans des boucles sur les
faces internes et les faces de bord. Pour éviter de réaliser plusieurs fois les mémes calculs géométriques,
on conserve, en sortie de sous-programme, dans le tableau COCG, I'inverse des NCEL matrices C' i

Cellule ne possédant pas de face de bord
Lorsque, pour une cellule, aucune des faces n’est une face de bord du domaine, I'expression de la
matrice C' . ne fait intervenir que des grandeurs géométriques. Son inverse peut étre donc calculé une
seule fois, stocké dans COCG et réutilisé si 'on rappelle gradrc séquentiellement et si on est sur un
maillage fixe (indicateur ICCOCG positionné & 0).

Cellule possédant au moins une face de bord
Lorsque 'ensemble des faces d’une cellule contient au moins une face de bord du domaine, un terme
contributeur aux matrices C’ est spécifique a la variable dont on cherche a calculer le gradient, au
travers du coefficient By 1, issu des conditions aux limites. 1 s ‘agit de :

Z Bb,ik (LI/)ﬁ Sba‘,k,n

ke (i)

Si, lors de 'appel précédent! & gradrc, les conditions aux limites relatives & la variable P traitée
condulsalent a des valeurs identiques de By i, les matrices C’ sont donc inchangées et l'inverse est
encore disponible dans COCG. Pour éviter de refaire les calculs assomes I’indicateur ICCOCG, passé en
argument, est alors positionné a 0.

Ldonc, & partir du second appel au moins
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Si, au contraire, les valeurs de By ;i sont différentes de celles de I'appel précédent, il est alors indis-
pensable de recalculer le terme et 'indicateur ICCOCG doit étre positionné a 1.

Toutefois compte-tenu du cotit total de l'inversion de ces matrices relativement au cout global du
sous-programme, cette démarche de stockage et donc d’économie de temps C.P.U. est un peu super-
flue et risque d’engendrer des erreurs (indicateur ICCOCG positionné a 0 au lieu de 1) beaucoup plus
pénalisantes que 1’éventuel gain escompté.

Inversion de la matrice
On calcule les coefficients de la comatrice, puis I'inverse. Pour des questions de vectorisation, la boucle
sur les NCEL éléments est remplacée par une série de boucles en vectorisation forcée sur des blocs de
NBLOC=1024 éléments. Le reliquat (NCEL — E(NCEL/1024) x 1024) est traité apres les boucles. La
matrice inverse est ensuite stockée dans COCG.

Phase itérative k, k € N

On suppose 6 G f connu et donc chﬂ- pour k donné et sur toute cellule £2; et on veut calculer 6 G f“
et GET1
e

Calcul du second membre R et résolution
Le calcul proprement dit du second membre R f“ correspondant au systeme (IV.1.9) est effectué et
stocké dans le tableau (BX, BY, BZ). Il est initialisé, a chaque pas k, par la valeur du gradient Q’Zl
multiplié par le volume de la cellule |€;|, avec ro,i = QJZ e Lincrément (6 G¥) de gradient est
obtenu par gi_lﬁfﬂ et ajouté dans les tableaux DPDX, DPDY et DPDZ pour obtenir Q]Z:El.

En ce qui concerne les conditions aux limites en pression, elles sont traitées comme suit dans Code_Saturne:

P =P+ LI/QCZ

Py =INCAy i “F’Bb,ik Pp = INC Ay + By (Pr+11I'.G . ;)
Py, i =Pr+1F;.G.;

Pry,., = Bb’ik(EXTRAP Py, ik + (1 — EXTRAP) Pb,ik) +(1- Bb,ik)Pb,ilc

ce qui correspond & :

m lorsqu’on veut imposer des conditions de Dirichlet (A = PF,%, By =0),

Pp, ., = Prupose (IV.1.24)
pour toute valeur de EXTRAP.
m lorsqu’on veut imposer des conditions de flux (Ap i = 0, By = 1) (condition de type
Neumann)
Pr,, = EXTRAP (P;+ (IF, .(YP);)+ (1 — EXTRAP)Pr (IV.1.25)

seules trois valeurs de EXTRAP sont licites.
e avec un maillage non orthogonal

L’ordre obtenu est égal a 1 dans tous les cas.

EXTRAP =0 Neumann homogene Pp, =Pr+ O(h?)

1 ' 1
EXTRAP = B Neumann homogene amélioré  Pp, = Pr + 3 Flbik A(NYP); +0O(h?)
EXTRAP =1 extrapolation du gradient Pp, =Pp+I'F, .(VP)+ O(h?)
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e avec un maillage orthogonal

On peut atteindre I'ordre deux.

EXTRAP =0 Neumann homogene Pp, = P+ O(h?)

on est a l'ordre 1
1 X S 1
3 Neumann homogene amélioré  Pp, = P+ 3 IF, . (VP)r+ O(h?)

EXTRAP

on est a 'ordre 2
EXTRAP =1 extrapolation du gradient Pp, =Pr+IF, .(VNP)+ O(h3)
on est a 'ordre 2

Test de convergence de la méthode itérative de résolution
On calcule la norme euclidienne RESIDU du second membre (BX, BY, BZ).
On arréte les itérations sur k si le test de convergence pour cette norme ou le nombre de sweeps
maximal NSWRGP est atteint. La valeur par défaut de NSWRGP est fixée a 100, ce qui permet un calcul
suffisamment précis pour 'ordre d’espace considéré.
Sinon, on continue d’itérer sur k.

Points a traiter

e Vectorisation forcée

Il est peut-étre possible de s’affranchir du découpage en boucles de 1024 si les compilateurs sont
capables d’effectuer la vectorisation sans cette aide. On note cependant que ce découpage en boucles
de 1024 n’a pas de cott CPU supplémentaire, et que le coiit mémoire associé est négligeable. Le seul
inconvénient réside dans la relative complexité de 1’écriture.

e Traitement des conditions aux limites de pression
1
Actuellement, 'ordre deux décrit dans le cas EXTRAP = — relativement aux conditions aux limites de

pression n’existe pas dans Code_Saturne en non orthogonal. Mais en a-t-on vraiment besoin 7

e Méthode itérative de résolution

La méthode itérative de résolution adoptée dans ce sous-programme marche, i.e. converge, mais
ne rentre dans aucun cadre théorique précis. Des réflexions sur le sujet pourraient éventuellement
permettre d’exhiber certaines propriétés des matrices considérées, cerner les limites d’application ou
expliquer certains comportements.
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J- inimas routine

Fonction

Le but de ce sous-programme est principalement de calculer le flux de masse aux faces. Il prend
une variable vectorielle associée au centre des cellules (généralement la vitesse), la projette aux faces
en la multipliant par la masse volumique, et la multiplie scalairement par le vecteur surface. Plus
généralement, inimas est aussi appelé comme premiere étape du calcul d’une divergence (terme en
div (pR) en R;; — ¢, filtre Rhie & Chow, ...).

Discrétisation

La figure IV.J.1 rappelle les diverses définitions géométriques pour les faces internes et les faces de
!/

(défini aux faces internes uniquement).

F
bord. On notera a = 7

IJ/

Figure IV.J.1: Définition des différentes entités géométriques pour les faces internes (gauche) et de
bord (droite).

Faces internes

On ne connalt pas la masse volumique a la face, cette derniére doit donc aussi étre interpolée. On
utilise la discrétisation suivante :

(pu)r = alprur) + (1 = ) (psuy) + grad(pu)o.OF (Iv.J.1)
La partie en a(pru;) + (1 — a)(pju;) correspondant en fait & (pu)o. Le gradient en O est calculé
1

par interpolation : grad(pu)o = = [grad(pu); + grad(pu)s]. La valeur = s’est imposée de maniére

heuristique au fil des tests comme apportant plus de stabilité a ’algorithme global qu’une interpolation
faisant intervenir . L’erreur commise sur pu est en O(h?).

Faces de bord

Le traitement des faces de bord est nécessaire pour y calculer le flux de masse, bien sir, mais aussi
pour obtenir des conditions aux limites pour le calcul du grad(pu) utilisé pour les faces internes.




Code_Saturne

EDF R&D Code_Saturne Theory Guide documentation
Page 247/428

Pour les faces de bord, on connait la valeur de pg, qui est stockée dans la variable ROMB. De plus, les
conditions aux limites pour u sont données par des coefficients A et B tels que :

uk,p = A + Brug, i = Ax + By (ug,r + Mug)r.11) (Iv.J.2)

(k € {1,2,3} est la composante de la vitesse, I'erreur est en O(Byh))

On a donc a l'ordre 1 :
(pur)r = pr [Ax + By (ug,r + Mug)r.11L)] (IV.J.3)

Mais pour utiliser cette formule, il faudrait calculer grad(u) (trois appels & GRDCEL), alors qu’on a déja
calculé grad(pu) pour les faces internes. Le surcotlit en temps serait alors important. On réécrit donc :

(puk)p = PFAk + pFBkuk,p (IVJ4)
e pFAk + Bk%(puk)l’ (IVJ5)
= prAr+ Bk%(puk)l + By, %Y(pukh.l (IV.J.6)

Pour calculer les gradients de pu, il faudrait donc en théorie utiliser les coefficients de conditions aux
limites équivalents :

A = prAy
By, = B,2E
pr

Ceci parait délicat, a cause du terme en p—F, et en particulier a 'erreur que 'on peut commettre sur
pr
pr si la reconstruction des gradients est imparfaite (sur des maillages fortement non orthogonaux par

exemple). On réécrit donc 1’équation (IV.J.6) sous la forme suivante :

PIPF Wt + B PF
pr pr

Mpuy)r. LI (IV.J.7)

(pur)r = prAr + Bx

Pour le calcul du flux de masse au bord, on va faire deux approximations. Pour le deuxieme terme,
on va supposer pr: /& py (ce qui conduit & une erreur en O(Byh) sur pu si pyr # pr). Pour le troisieme
terme, on va supposer p; =~ pg. Cette derniére approximation est plus forte, mais elle n’intervient
que dans la reconstruction des non-orthogonalités ; 'erreur finale reste donc faible (erreur en O(Bjh?)
sur pu si pp # pr). Et au final, le flux de masse au bord est calculé par :

3
e =Y [prAy + Beppur.s + Bu¥lpur) 1. LL] Sy (IV.J.8)
k=1

Pour le calcul des gradients, on repart de 1’équation (IV.J.5), sur laquelle on fait I'hypotheése que
prr = pp. Encore une fois, cette hypothese peut étre assez forte, mais les gradients obtenus ne sont
utilisés que pour des reconstructions de non-orthogonalités ; l'erreur finale reste donc la encore assez
faible. Au final, les gradients sont calculés & partir de la formule suivante :

(puk)r = prAx + Bi(pur) (IV.J.9)
ce qui revient a utiliser les conditions aux limites suivantes pour pu:
A = prAg
By = By,
REMARQUE

Dans la plupart des cas, les approximations effectuées n’engendrent aucune erreur. En effet :
- dans le cas d’une entrée on a généralement By = 0, avec un flux de masse imposé par la condition a
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la limite.

- dans le cas d’une sortie, on a généralement flux nul sur les scalaires donc sur p, soit pr = p; = py.
- dans le cas d’une paroi, on a généralement By = 0 et le flux de masse est imposé nul.

- dans le cas d’une symétrie, on a généralement prp = pyr = py et le flux de masse est imposé nul.
Pour sentir un effet de ces approximations, il faudrait par exemple une paroi glissante (B # 0) avec
un gradient de température (pp # pr).

Mise en ceuvre

La vitesse est passée par les arguments UX, UY et UZ. Les conditions aux limites de la vitesse sont
COEFAX, COEFBX, ... Le flux de masse résultat est stocké dans les variables FLUMAS (faces internes) et
FLUMAB (faces de bord). QDMX, QDMY et QDMZ sont des variables de travail qui serviront a stocker pu, et
COEFQA servira a stocker les A.

e Initialisation éventuelle du flux de masse
Si INIT vaut 1, le flux de masse est remis a zéro. Sinon, le sous-programme rajoute aux variables
FLUMAS et FLUMAB existantes le flux de masse calculé.

e Remplissage des tableaux de travail
pu est stocké dans QDM, et A dans COEFQA.

e Cas sans reconstruction
On calcule alors directement
3

FLUMAS = Z [a(prug,r) + (1 — a)(psuk,s)] Sk
k=1
et

3
FLUMAB = Z [pr Ak + Brprug, 1] Sk
k=1

e Cas avec reconstruction

On répete trois fois de suite les opérations suivantes, pour k =1, 2 et 3 :
- Appel de GRDCEL pour le calcul de V(puy).

- Mise a jour du flux de masse

1
FLUMAS = FLUMAS + {a(pluk,l) + (1 —a)(pjug,s) + 3 Mpur)r + Mpug) ;] .OF' | Sy,

et
FLUMAB = FLUMAB + [pp Ay, + Brpruk,1 + BpMpuy)r.LI'] Sk

e Annulation du flux de masse au bord

Quand le sous-programme a été appelé avec la valeur IFLMBO=1 (c’est-a-dire quand il est réellement
appelé pour calculer un flux de masse, et pas pour calculer le terme en div (pR) par exemple), le flux de
masse au bord FLUMAB est forcé & 0, pour les faces de paroi et de symétrie (identifiées par ISYMPA=0).
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K- itrmas/itrgrp routine

Fonction

Le but du sous-programme itrmas est de calculer un gradient de pression “facette”. Il est utilisé dans
la phase de correction de pression (deuxiéme phase de navstv) ou le flux de masse est mis a jour &
l'aide de termes en —At;;(VP);.9,; et en —Aty, (V;P)p,, .Sy, -

Le sous-programme itrgrp calcule un gradient “facette” de pression et en prend la divergence, c’est-
a-dire calcule le terme :

— Y At(VyP) i Sy — Y Aty (VP Sy,

jE€Vois(i) ke (7)

En pratique itrgrp correspond a la combinaison de itrmas et de divmas, mais permet par son traite-
ment en un seul bloc d’éviter la définition de tableaux de travail de taille NFAC et NFABOR.

See the programmers reference of the dedicated subroutine for further details.

Discrétisation

La figure IV.K.1 rappelle les diverses définitions géométriques pour les faces internes et les faces de
bord.

Figure IV.K.1: Définition des différentes entités géométriques pour les faces internes (gauche) et de
bord (droite).

Calcul sans reconstruction des non orthogonalités

Pour les faces internes, on écrit simplement :

At ;iS5
— At (VpP)ij. S5 = #(PI — Py) (IVK.1)
Pour les faces de bord, on écrit :
Aty Sy,
— Aty,, (ny) bik '§buc = b Db ((1- Bb,ik)PI — INC x Abﬂ‘;@) (IV.K.2)

I'F

Les pas de temps aux faces At;; et Aty,, sont calculés par interpolation par les sous-programmes
viscfa (cas isotrope, IPUCOU=0) ou visort (cas anisotrope, IPUCOU=1).
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Calcul avec reconstruction des non orthogonalités

Plusieurs discrétisations peuvent étre proposées pour le traitement des non orthogonalités. Celle
retenue dans le code est issue des premiers tests réalisés sur le prototype, et fait intervenir non seulement
le pas de temps interpolé a la face, mais aussi les pas de temps dans chaque cellule. 11 serait sans doute
bon de revenir sur cette écriture et évaluer d’autres solutions. La forme utilisée pour les faces internes
est :

At;:S;
Atj(VpP)ij. 84 = I’jJ’ L(Pr — Py)
1 Sij
+ (ﬂ/ . ﬂl)i [At[(zp)[ + Atl(zp)]] I’J]/ (IVK?))
Pour les faces de bord, on écrit :
At bikaik ’
— At bik (zfp) bik ﬁbzk = T [(1 — Bb,ik)(PI + 1T (YP)]) — INC x Ab,ik] (IVK4)

Mise en ceuvre

Les principaux arguments passés & itrmas et itrgrp sont la variable traitée PVAR (la pression), ses
conditions aux limites, le pas de temps projeté aux faces® (VISCF et VISCB), le pas de temps au
centre des cellules, éventuellement anisotrope (VISELX, VISELY, VISELZ). itrmas retourne les tableaux
FLUMAS et FLUMAB (flux de masse aux faces) mis & jour. itrgrp retourne directement la divergence du
flux de masse mis a jour, dans le tableau DIVERG.

e Initialisation
Si INIT vaut 1, les variables FLUMAS et FLUMAB ou DIVERG sont mises & zéro.

e Cas sans reconstruction

La prise en compte ou non des non orthogonalités est déterminée par I'indicateur NSWRGR de la variable
traitée (nombre de sweeps de reconstruction des non orthogonalités dans le calcul des gradients), passé
par la variable NSWRGP. Une valeur inférieure ou égale a 1 enclenche le traitement sans reconstruction.
Des boucles sur les faces internes et les faces de bord utilisent directement les formules (IV.K.1) et
(IV.K.2) pour remplir les tableaux FLUMAS et FLUMAB (itrmas) ou des variables de travail FLUMAS et
FLUMAB qui servent a mettre a jour le tableau DIVERG (itrgrp).

Ati]‘Sij ot AtbiL'S'bik.
rJj I'F

A noter que les tableaux VISCF et VISCB contiennent respectivement

e Cas avec reconstruction
Apres un appel & GRDCEL pour calculer le gradient cellule de pression, on remplit les tableaux FLUMAS
et FLUMAB ou DIVERG l& encore par une application directe des formules (IV.K.3) et (IV.K.4).

Points a traiter

Il est un peu redondant de passer en argument a la fois le pas de temps projeté aux faces et le pas
de temps au centre des cellules. Il faudrait s’assurer de la réelle nécessité de cela, ou alors étudier des
formulations plus simples de la partie reconstruction.

1Plus précisément, le pas de temps projeté aux faces, multiplié par la surface et divisé par I’J’ ou I'F, cf. viscfa
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L- matrix routine

Fonction

Le but de ce sous-programme, appelé par codits et covofi, est de construire la matrice de convec-
tion/diffusion, incluant les contributions adéquates des termes sources, intervenant dans le membre
de gauche d’équations discrétisées telles que celle de la quantité de mouvement, d’une équation de
convection diffusion d’un scalaire ou de modele de turbulence.
Le type d’équation considérée est, pour la variable scalaire a :

13) 0 0
aj+div<(pu>a>—ax(ﬁajj)=o

La matrice ne s’applique qu’aux termes non reconstruits, les autres étant pris en compte au second
membre et traités dans le sous-programme bilsc2. La partie convective, lorsqu’elle existe, est issue

du schéma upwind pur, quelque soit le type de schéma convectif choisi par 'utilisateur. En effet, c’est,
a I’heure actuelle, la seule facon d’obtenir un opérateur linéaire a diagonale dominante.

La matrice est donc associée & EM .q;, opérateur agissant sur un scalaire a (inspiré de celui vectoriel
EM défini dans navstv) d’expression actuelle, pour tout cellule ; de centre I :

ngcal(avl) :fimp ar
+ X FErert((pw)™ a)+ X0 Fgmort((pw)™, a)

jeVoisti) ken (D)
— Z Dinec(ﬁ, a) _ Z Dbifec(ﬁv a)
jeVois(i) ke (i)
avec :
p [$2|

o fiP le coeflicient issu du terme instationnaire , 8’il y a lieu, et de I'implicitation de certains

termes sources (contribution découlant de la prise en compte de la variation a—ft) de la masse volumique

p au cours du temps, diagonale du tenseur de pertes de charges par exemple...): cette initialisation est
en fait effectuée en amont de ce sous-programme,

o I %m‘mt le flux numérique convectif scalaire décentré amont calculé a la face interne ij de la cellule
Qi7

. Fl;‘i;”‘mt le flux numérique convectif scalaire décentré amont associé calculé a la face de bord ik de la
cellule €; jouxtant le bord du domaine 2,

° Df}r Ree Je flux numérique diffusif scalaire non reconstruit associé calculé & la face interne 3j de la
cellule Q;,

° Dé\j f“ le flux numérique diffusif scalaire non reconstruit associé calculé a la face de bord ik de la
cellule €2; jouxtant le bord du domaine 2,

e Vois(i) représente toujours I'ensemble des cellules voisines de 2; et v;(7) 'ensemble des faces de bord
de Ql

Du fait de la résolution en incréments, a est un incrément et ses conditions aux limites associées sont
donc de type Dirichlet homogene ou de type Neumann homogene.

See the programmers reference of the dedicated subroutine for further details.
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Figure IV.L.1: Définition des différentes entités géométriques pour les faces internes (gauche) et de
bord (droite).

Discrétisation

L’opérateur EM g, s’écrit, pour tout I centre de cellule :

5Mscal(aal) :f;:mp ar
+ X [(pu)?j-ﬁiﬂ apii+ > [(pwh, Su,] ar,,

JEVois(i) k€ (1) (IV.L.1)
aj— Dbk —

- 2 By I’J’ - > Boa k,— LSy,

j€Vois(i) k€ (i)

ol ay;; = ar oua, selon le signe de (pu)%;.S;; (schéma convectif upwind systématique), et avec I'.J’,
mesure algébrique, orientée comme la normale sortante a la face, i.e. allant de I vers J pour la cellule

Q; de centre I. On la notera I’J’ ! lorsqu’on aura besoin d’expliciter clairement ’orientation.

af,, = arouayp, selon le signe de (pw)% - Sy, (schéma upwind systématique) et a p, valeur au
bord est donnée directement par les conditions aux limites (valeur non reconstruite). I’F, mesure
algébrique, orientée relativement a la normale sortante a la face, i.e. allant de I vers l'extérieur du
domaine.

En général, sauf cas pathologiques, les mesures algébriques I'J’ et I’ F' sont positives et correspondent
aux distances I'J’ et I'F. On se reportera au paragraphe Points & traiter pour plus de détails.

Soit EM cal la matrice associée ; sa taille est a priori de NCEL*NCEL, mais compte-tenu de la nature de
la structure de données, seuls deux tableaux DA (NCEL) contenant les valeurs diagonales et XA (NFAC, *)
les contributions des termes extra-diagonaux sont nécessaires, avec NCEL nombre de cellules du maillage
considéré et NFAC nombre de faces internes associé.

Du fait des simplifications effectuées sur la matrice (non reconstruction des termes), les composantes
extradiagonales de la ligne I ne sont différentes de zéro que pour les indices J des cellules voisines de 1.
On peut donc stocker toutes les contributions non nulles de la matrice dans deux tableaux DA (NCEL)
et XA(NFAC,2) :

e DA(I) est le coefficient de la colonne I dans la ligne I,

e si IFAC est une face qui sépare les cellules €); et €);, orientée de I vers J, alors :

XA(IFAC,1) est le coefficient de la colonne J dans la ligne I et XA(IFAC,2) est le coefficient de la
colonne I dans la ligne J. Lorsque la matrice est symétrique, ¢.e. lorsqu’il n’y a pas de convection
(ICONVP = 0) et que seule la diffusion est & prendre en compte, alors XA(IFAC,1) = XA(IFAC,2) et on
réduit XA & XA(NFAC,1).

Soit m%; (m7, ) la valeur de (pu)’;.S;; (respectivement (pu)% .Sy, ).

Alors :
m contribution volumique : fJ™" ar

m contribution d’une face purement interne ij
L’expression
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+ Z Famont pu)n7a) o Z D%Rec(ﬂ, a)

jEV 0is(i) JEVois(i)
s’écrit :
n —ary
. VZ @) ([(pu) 1]§z]} Qafij — Bz] I'J/ S”>
o (IV.L.2)
= — m? + m"z a + — _ m a _ i ’L
€V ois(i) (i il e 2( ) J} jevzozs( )6 o I’J’ !
lei, TJ =T .
m contribution d’une face de bord ik
De méme :
S Fgret((ow,a) ~ S DYR(Ba)
kv (3) k€, (3)
Ay, — ay
= Sy — B, — 2=,
ke%(z‘) ([(pu) o= } O by = Pbus I'F b““) (IV.L.3)
1 n n 1 n n Ay, —
= 2 {2( Ml + 1 m, | )ar+5(mh, — |mbik|)abik} = 2 Brp—=—=— g,
ke (i) k(i) TF
avec :

bix = INCAy i1 + By ar = By ar

a n’étant associée qu’a des conditions aux limites de type Dirichlet homogene ou de type Neumann
homogene.

Mise en ceuvre

Initialisations

L’indicateur de symétrie ISYM de la matrice considérée est affecté comme suit :
e ISYM = 1, si la matrice est symétrique ; on travaille en diffusion pure , ICONVP = 0 et IDIFFP
= 17
e ISYM = 2 | si la matrice est non symétrique ; on travaille soit en convection pure ( ICONVP = 1,
IDIFFP = 0 ), soit en convection/diffusion ( ICONVP = 1, IDIFFP = 1 ).
Les termes diagonaux de la matrice sont stockés dans le tableau DA(NCEL). Ceux extra-diagonaux le

sont dans XA(NFAC, 1) si la matrice est symétrique, dans XA(NFAC,2) sinon.

Le tableau DA est initialisé & zéro pour un calcul avec ISTATP = 0 (en fait, ceci ne concerne que les
calculs relatifs & la pression). Sinon, on lui affecte la valeur ROVSDT comprenant la partie instationnaire,
la contribution du terme continu en — a div (pu)™ et la partie diagonale des termes sources implicités.
Le tableau XA (NFAC, %) est initialisé a zéro.

Calcul des termes extradiagonaux stockés dans XA

Ils ne se calculent que pour des faces purement internes IFAC, les faces de bord ne contribuant qu’a la
diagonale.

matrice non symétrique ( présence de convection )

Pour chaque face interne IFAC, les contributions extradiagonales relatives au terme a; et & son voisin
associé a; sont calculées dans XA(IFAC,1) et XA(IFAC,2) respectivement (pour une face orientée de I
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vers J).
On a les relations suivantes :

XA(IFAC,1) = ICONVP % FLUI — IDIFFP % VISCF(IFAC)

XA(IFAC,2) = ICONVP % FLUJ — IDIFFP % VISCF(IFAC) (IV.L.4)

1
avec FLUMAS (IFAC) correspondant & m', FLUI a 3 (mf; —|m

79

. Sij
), VISCF(IFAC) & 51-]-1/:;/.

%l

XA(IFAC,1) représente le facteur de a; dans la derniére expression de (IV.L.2).

1
FLUJ correspond & ~3 (mf; + | m;] ). En effet, XAC(IFAC,2) est le facteur de a; dans I'expression

équivalente de la derniere ligne de (IV.L.2), mais écrite en J.
Ce qui donne :

1 n n 1 n n ar —ayg
Z [2( mT; + | m| )as+ 5( m’; — | mji|)a1:| - Z Bjiﬁsji (IV.L.5)
i€Vois(j) i€Vois(j)
herchd R n S ji
Le terme recherché est donc : i(mji—\mji )—/Bjiﬁ .
Or:
m, = —mh (S, = -8, et (pu)%, = (pw)%; ), avec J'I” mesure algébrique, orientée relativement

N . . ——J
a la normale sortante a la face, i.e. allant de J vers I. On la note J/I’' .
On a la relation :

T = 77" = (TT) (IV.L.6)
d’on la deuxieéme égalité dans (IV.L.4).
matrice symétrique ( diffusion pure )

Pour chaque face interne IFAC, la contribution extradiagonale relative au terme a; est calculée dans
XA(IFAC,1) par la relation suivante :

XA(IFAC,1) = —IDIFFP % VISCF(IFAC) (IV.L.7)

S..
avec VISCF (IFAC) & ﬁijﬁ.

Calcul des termes diagonaux stockés dans DA
matrice non symétrique ( présence de convection )

Pour chaque face interne ij (IFAC) séparant les cellules €2; de centre I et Q; de centre J, DA(II) est
la quantité en facteur de a; dans la derniére expression de (IV.L.2), soit :

5( m7; + | mi| ) + ﬂz‘j—ip']jl (IV.L.8)
De méme, pour DA(JJ), on a :

1 S

5( —ml; + | mil ) + Bjiil,j, (IV.L.9)

d’apres lexpression de (IV.L.5) et ’égalité (IV.L.6).

L’implantation dans Code_Saturne associée est la suivante :

pour toute face IFAC d’éléments voisins IT = IFACEL(1,IFAC) et JJ = IFACEL(2,IFAC),

on ajoute a DA(II) la contribution croisée —XA(IFAC,2) (cf. (IV.L.8)) et a DA(JJ) la contribution
—XA(TIFAC,1) (c¢f. (IV.L.9)).
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Prise en compte des conditions aux limites

Elles interviennent juste dans le tableau DA, compte-tenu de leur écriture et définition. Elles se calculent
via la derniére expression de (IV.L.3). Pour chaque face IFAC, de 'élément de centre I, jouxtant le
bord, on s’intéresse a :

1 n n 1 n n Aby, — A1
kez(.) |:2( My, + | mbik| )CL[ + 5( My — ImblkD abz‘k:| - kez(‘)ﬁbik ;,strk (IVL]'O)
Yo (2 Yol
avec :
ay,, = Bk ar
soit :
1, " 1, ., n 1— By
S [GOmb I ) 5O, — DB |+ T Bt S, |
ke (i) L2 2 ke (i) I'E
(IV.L.11)

ce qui, pour le terme sur lequel porte la somme, se traduit par :
ICONVP # (—FLUJ + FLUT * COEFBP (IFAC) + IDIFFP % VISCB(IFAC) % ( 1 — COEFBP(IFAC))

1
3 (mf, +|my, |) par - FLUJ,

1
3 (mf, —I|m%. |)Bea par FLUI , By i par COEFBP (IFAC), By,

avec, mY ~ représenté par FLUMAB(IFAC) ,

Sbik
I'F

par VISCB(IFAC).

Décalage du spectre

Lorsqu’il n’existe aucune condition & la limite de type Dirichlet et que ISTATP = 0 (c’est-a-dire pour
la pression uniquement), on déplace le spectre de la matrice EM eal de EPSI (i.e. on multiplie chaque

terme diagonal par (1+ EPSI) ) afin de la rendre inversible. EPSI est fixé en dur dans matrix & 107".

Points a traiter

e Initialisation

Q.
Le tableau XA est initialisé a zéro lorsqu’on veut annuler la contribution du terme en p|A Z‘, i.e.

ISTATP = 0 . Ce qui ne permet donc pas la prise en compte effective des parties diagonales des termes
sources a impliciter, décidée par 'utilisateur. Actuellement, ceci ne sert que pour la variable pression
et reste donc a priori correct, mais cette démarche est a corriger dans 1’absolu.

e Nettoyage

La contribution ICONVP FLUI, dans le calcul du terme XA(IFAC,1) lorsque la matrice est symétrique
est inutile, car ICONVP = 0.

e Prise en compte du type de schéma de convection dans EM seal

Actuellement, les contributions des flux convectifs non reconstruits sont traitées par schéma décentré
amont, quelque soit le schéma choisi par 'utilisateur. Ceci peut étre handicapant. Par exemple, méme
sur maillage orthogonal, on est obligé de faire plusieurs sweeps pour obtenir une vitesse prédite cor-
recte. Un schéma centré sans test de pente peut étre implanté facilement, mais cette écriture pourrait,
dans I’état actuel des connaissances, entrainer des instabilités numériques. Il serait souhaitable d’avoir
d’autres schémas tout aussi robustes, mais plus adaptés a certaines configurations.

e Maillage localement pathologique
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Il peut arriver, notamment au bord, que les mesures algébriques, I’J’ ou I' F soient négatives (en cas
de maillages non convexes par exemple). Ceci peut engendrer des problémes plus ou moins graves :
perte de l'existence et ['unicité de la solution (I’opérateur associé n’ayant plus les bonnes propriétés de
régularité ou de coercivité), dégradation de la matrice (perte de la positivité) et donc résolution par

solveur linéaire associé non approprié (gradient conjugué par exemple).

Une impression permettant de signaler et de localiser le probleme serait souhaitable.
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M- navstv routine

Consideration is given to solving the non-stationary, pressure-based, single-phase, three-dimensional
Navier-Stokes system of equations for incompressible or weakly compressible flows based on first-order
implicit Euler or second-order Crank-Nicolson time discretization with collocated finite volume spatial
discretization.

See the programmers reference of the dedicated subroutine for further details.

Function

This subroutine is used to calculate, at a given time step, the velocity and pressure variables of the
problem following an approach that proceeds in two steps based on a decomposition of operators
(fractional step method).

The variables are assumed to be known at the instant ¢" and a determination of their new values is
sought at the instant! ¢"t!. Therefore, the associated time step is At™ = ¢! —¢". To begin with,
the velocity prediction step is performed by solving the momentum balance equation with an explicit
pressure. This is followed by the pressure correction (or velocity projection) step allowing to obtain a
null divergence velocity field.

The continuous equations are thus:

>

0 )
= (pu) +div (pu © u) =div (¢) + TS — K -u+T (u—u™),

f) = (IV.M.1)
E—Fdiv (pu) =T,
with p the density field, u the velocity field, [T'S — Ku | the other source terms (K is a symmetric
positive definite tensor by definition), g the stress tensor, 7 the tensor of viscous stresses, p the
dynamic viscosity (molecular and possibly turbulent), x the volume viscosity (usually null and therefore
neglected in the code and hereafter in this document, apart from the compressible module), D the

deformation rate tensor?, I' the mass source term and u" is the velocity of the injection.

g = 1-PlLd
T = 2uD+ (k- 3p)tr(D)Ld, (IV.M.2)
D = 5 (Nu+Yu").

Recalling the definition of the notations employed®:

8a,;

@L‘j - %j’

. Joj

ave), = 52

[Q@’Q]ij = a;bj,
and thus: 8asby)
. _ Q; Oj

[@(Q(gb)]z - axj

Remark M.1 When accounting for variable density, the continuity equation is written:

dp .
BN +div (pu) =T

IThe pressure is assumed known at instant t*~11¢ and its new value sought at t" ¢ with 6 = 1 or 1/2 depending
on the considered time-stepping scheme.

2Not to be confused, despite an identical notation D, with the diffusive fluxes D,; and sz‘k described later in this
subroutine.

3Using the Einstein summation convention.
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This equation is not taken into account in the projection step (we continue to resolve only div(pu) =T)

0
whereas the term op does appear during the velocity prediction step in the subroutine predvv. If this

term plays a significant role, the Code_Saturne compressible algorithm (which solves the full equation)
is probably better adapted.

Discretization

We define beforehand:
FJ
Ty

Qi = defined at the internal faces only and

Uper = Upe + (g@g);{. KK' at first order in space, for K = I orJ

(a) Internal face. (b) Boundary face.

Figure IV.M.1: Schema of the geometric entities defined for internal and boundary faces.

Fractional step method
Introduction

One of the methods used to numerically solve the Navier-Stokes equations consists of decomposing
the corresponding operators into a set of simpler operators (which can then be treated by efficient
algorithms) via the division of a single time step into a number of intermediate sub-steps. In this case,
two sub-steps are used: the first takes up the convective, diffusive and source terms of the momentum
equation and constitutes the velocity prediction step, the second treats the continuity equation and is
designated as the pressure correction or velocity projection step.

Velocity prediction step
The discretization in time is achieved by applying a #-scheme at time n + 6 to the resolved variable,
following the approach used for the transport equation of a scalar?.

The velocity at time n + 1 not being available until after the projection step, a predicted velocity at
time n + 1 is used herein to interpolate:

"t =0t + (1-0)u” (IV.M.3)

4cf. covofi
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With? :

{ =1 For a first-order implicit Euler scheme, (IV.M.4)

6 =1/2 For a second-order Crank-Nicolson scheme.

The predicted velocity field ™" is then obtained by:

e Partial linearization of the convection operator giving rise to a decoupling of the velocity com-
ponents.

e Explicitation of the pressure.
e Explicitation or extrapolation of the physical quantities (i.e p, i, Cp...) and the mass flux.

e Explicitation or extrapolation of the explicit source terms (for example injected mass T u'", ...)
at time n + fOg.

e The implicit source terms that are linear with respect to the velocity (implicit user-specified
source terms, the head losses K u, sources of mass I'u, etc...) are assumed to be evaluated at
time n + 6.

For clarification, unless otherwise specified, the physical properties ® = p, p ... and the mass flux (pu)
are assumed to be evaluated respectively at the instants n + ¢ and n + 6, with 4 and 6 being
dependent on the specific time-stepping schemes employed for these quantities®.

After rewriting the non-stationary terms based on the mass conservation relation, we solve the following
system:

~ 1
’U/n+ —u"

p (m) +div (@ @ (pw)) = div (¢"F) + TS™0 — K" w4 & div (pu), (IV.M.5)
with: 5
Qn+0 =u Lﬂn-‘r@ —Pn71+91:d + (,U (@)n#»@s)’r _ g(’u divg)nJroSI:d. (IVMG)

explicit source terms

Pressure correction step (or projection of velocities)

The predicted velocity has a priori non-zero divergence. The second step corrects the pressure by
imposing the nullity of the stationary constraint for the velocity computed at time instant ¢"+!. We

then solve:
(pw)" ! — (pu)"*!

Al = —VopmtY, (IV.M.7)
div (pu)"*t =T,
where the pressure increment 6P is defined as:
spntl — pntt _ pnoito, (IV.M.8)

Remark M.2 The p and p quantities remain constant over the course of both steps. If there has been
any variation in the interval, their values will be modified at the start of the next time step, after the
scalars (temperature, mass fraction,...) have been updated.

5In the § = 1/2 case, the time step At is assumed to be constant in time and uniform in space.
6cf. introd




Code_Saturne

EDF R&D Code_Saturne Theory Guide documentation
Page 261/428

Spatial discretization

Following the classical approach, the time-discretized equations are then integrated over the control
volumes ; (or cells).

Velocity prediction step

Second member
If we do not take account of the #-scheme convection and diffusion terms, the explicit volume source

terms of the equation (IV.M.5) for the system concerning the quantity (@"H — u™) are expressed as:

2

72Pn71+9 + div (,LL (E)T)nJer _ 3 MdiV@)nJrOSI:d +Lsn+93 _ énﬂn +g"div (P@)-

To integrate these terms over a cell £2;, we multiply their local value at the cell centre by the volume
of the cell.

Convection
After decomposition of @ based on the relation (IV.M.3), spatial integration of the convective parts

of the velocity field 6 div (E”H ® (p@)) and (1 — 0)div (u" ® (pu)) yields a sum of the numerical

fluxes I ;; calculated at the faces of the internal cells and F' bin calculated at the boundary faces of
the domain €. Taking Neigh(i) as the set of the centres of the neighbouring cells of €; and ~,(é) the
set of the centres of the boundary faces of 2;, we obtain:

/Q_div W (pw) dr= Y Eu(pw,uw)+ > F, ((pu),w),

i jENeigh(i) ke (i)
with:
Eij((ﬁ@)»ﬂ) = [(P@) ij~§ij] U ij (IV.M.9)
Fy, ((pw),w) = [(pw) b,,- S, uypy, - (IV.M.10)

The value of the flux F';; depends on the numerical scheme selected. Three different schemes are
available in Code_Saturne:

i/ a first-order upwind scheme:

Fi((pw),u) = F2 (pu), w)
where:
>0

<0,

Up,, = YUy if (p@)fij ﬁlj

j

(IV.M.11)

ii/ a second-order centred scheme:

F i ((pu),u) = E?;ntrﬁd((pg), u)
with:

ug, = ajup + (1 —ag)uy and up = ug + (Yu)x - KK’ for K =1 or J (IV.M.12)

ili/ a Second-Order Linear Upwind scheme (SOLU):
F i ((pu),u) = E57%7((pw), u)
with:
Usij U; + (@)I IF if (P@)fij 'ﬁij 20,

u, + (Yw); - JF if (pu) .8, < 0. (IV-ML13)
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The value of F by, 1S calculated as:

Uy, = urif (e Sy, 20 (IV.M.14)

with the boundary value u ;. obtained from the prescribed boundary conditions.

Remark M.3 When a centred scheme is used, for the simple reason of numerical stability we actually
write:

1
up,, = aiju; + (1= aij)u; + 5 [(Yu); + (Yu),] - OF

to preserve the order in space.

Remark M.4 A slope test (which may introduce nonlinearities in the convection operator) allows
switching between a second-order scheme and the first-order upwind scheme. Moreover, with standard
models, we use at all points a value of the velocity field ﬂfij derived from a barycentric mean between
the upwind value and the second-order value (blending, specified by the user).

Diffusion
~n+1 )

Likewise, the diffusive components 6 div (u grad u and (1 —6) div (ugrad u™) are written:

/Q‘@(M@)dﬂz > Dy(mw+ Y Dylpu)

j€Neigh(i) ke (i)
with:
Uy —Up
Dij(n,w) = py; I,Tj,sz‘j (IV.M.15)
and:
— Up —YUp
Dy (1) = o, =5 S (IV.M.16)

keeping the same notations employed beforehand and with the value u;, at the boundary provided
directly by the specified boundary conditions.

The face value of the viscosity iy, is calculated from the cell centre values using a specified function
f:
tfiy = S (s 1)

this function being either an arithmetic mean:

1
fas pg) = 5(#1‘ + Hy) (IV.M.17)
or a geometric mean:
Hi g
Flui,pi) = IV.M.18
(b 1) i + (1 — aiz) ( )
and the viscosity value pf, at the boundary face is given by the equality:
[f, = i (IV.M.19)
We also introduce here, for later use, the following additional notations:
Uy —u
DT, u) = uu%&j (IV.M.20)
Up — U
Dy, w) = iy, =S (IV.M.21)

which correspond to the non-reconstructed values at the internal and boundary faces, respectively.




Code_Saturne

EDF R&D Code_Saturne Theory Guide documentation
Page 263/428

Solution

As the system (IV.M.5) may contain nonlinearities owing to use of the slope test or may give rise
via the (cell) gradient reconstruction to a nearly-full matrix when non orthogonalities are present, we

solve the system using the iterative sequence (@"H’k)keN defined by:
ﬂn+170 — "
EULERL o gk ket (IV.M.22)
gM((S@kJrl,i) — _S(En+1,k7i)

which also defines the sequence (6% ) en.
The two operators £ and EM have the respective expressions:

E@i) =0T@1) + (1-0) T (i) + Il 5r @ —u)
el [Tt - (wp) |

Loy (m ()T yres

2
udiv u)"+95M> .S,
jENeigh(i) T

g( i
fis (IV.M.23)
average or linear interpolation between I’ and J’
2
£ 5 () - Sy tesd) s,
keyy (i) fo

obtained from the boundary conditions

with:
J(v,i) = ||[K" —div(pw)]i v;

+ > Fi((pu),v) + Z)Fib((pu)vv)>

jENeigh(i) ke (i

- >, Diy(mu)+ Dib(:u>v)>

jENeigh(i) k€vp (i)

EM(bu,i) = || (55 + 0" —div (pw)]: ) ou,

+0 > ES(pw), du) + X Ffépwmd((w)ﬁu))
jENeigh(i) k€ (i)

—0 S DY u) + Y D%REC(M,M))
jENeigh(i) ke (1)

n+1.k

~n+1
) ken converges towards ot

Furthermore, we assume that the sequence (u

Remark M.5 The boundary conditions associated with the operators £ and EM of the system (IV.M.23)
are those relating to the welocity field w. They are either homogeneous Dirichlet- or homogeneous
Neumann-type conditions on du, this being dependent on whether the same type of condition, in this
case a Dirichlet and a Neumann-type condition has been used for the velocity u. They are mized if a
symmetry condition applies to a face that is skewed with respect to the reference frame azes.

Remark M.6 The first two summations of the type (Y. ), i.e. comprising the F,((pu),u) and
ke (i)
D, (p,u) terms, use the velocity boundary conditions.

The volume term: )
S (i domr ) s
jENeigh(i) i

average or linear interpolation between I’ and J'
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The associated boundary term:

2
2. <<M (gradu) )"+ —3(udz‘vu)”+"sm> Sy,
ke (i) fo

from the boundary conditions

is treated in a specific way. In effect, the contribution of the first term (transposed gradient) is cancelled
out for a cell Q; adjoining the boundary, no proper boundary condition being attributed to it at this
time.

Remark M.7 The operator EM approaches € (there is no reconstruction of terms and the convective
term is systematically treated using an upwind scheme). This can introduce non-negligible numerical
diffusion if the sequence @"H’k)keN has not converged.

Pressure correction step

Applying the divergence of the first equation of the system (IV.M.7), we obtain:

div [(pu)"*! = (pu)" ] = div (-At VP H?) (IV.M.24)

By applying the stationary constraint div (pu)"*! =T, this becomes:

div (AtY 6P ) = div ((pu)" 1) =T (IV.M.25)
where: a +9) (o))
div (AtV oP" = div ((pu)"™ -T
{ (o)™ = (pR)" 1 — At VoPH (TV.M.26)
and:
n+1 ~n+1 At n-+60
u =u - —VoP (IV.M.27)
p
Integrating over a cell gives the discrete equation:
/ div (ALY 6P™)dy = Y D (AP + Y Dy (At,6P™) (IV.M.28)
s jENeigh(i) k€, (i)
and:
/ div (o)1 = > [ S, Y [ 8] (IV.M.29)
jENeigh(i) ke (i)

The formalism introduced previously for the integration of the diffusion term in the prediction step is
also adopted here: the boundary conditions on the pressure gradient J P are either of the homogeneous
Dirichlet or homogeneous Neumann type and correspond to the type of condition imposed on the
pressure P, i.e. a Dirichlet or Neumann-type condition respectively.

Computation of the second member of the equation relating to the pressure increment.

Discretization of the sum (pﬁ)?ﬁl : ﬁij} + > [(pﬁ)}‘b+1 - S;| presents a particularity.
jENeigh(i) ! ke (0)

The following choice denoted [ ]h”t, for example, yields unsatisfactory results for a cell not touching

the boundary with the discretization and numerical scheme here used, particularly for the following

equation (IV.M.27):

:|I’I’Lit

(P@}L;rl-ﬁij = [(P@)?:l~§¢j = [Oéij(P@?erl +(1— Oéij)(/)@?rl] '§z‘j (IV.M.30)
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As for the numerical flux calculation in the centred scheme, we legitimately use the following approx-
imation:

()5t = aujpitiy ™+ (1= 0uy)pyiiy
;T T . (IV.M.31)
+5 (@)™ ™): + (grad (o)™ )] - OF

which does not, in itself, pose a problem.

Init
] contains the term Gy ., effectively inherited from the prediction

On the other hand, [(p@)?;l

step, whose value is:

G = ay VP 4 (1 - ay) VP

However, on a regular orthogonal Cartesian mesh, with a velocity field "' =0and a pressure field

P1n71+0 = (—1)1, we obtain QZJ};@ = 0 and hence the pressure gradient SP"*+? = (. In this case,

the initial pressure anomaly can evidently never be corrected.

n+1
j

n+1

To fix this, we modify the | ]Imt expression of (pu) and (pu)?"" by substituting the corrected

value [ ]COW:

~n ~\n Corr
(7" Sy =[] -8y | (IV.M.32)
= ([(p@)”*l — B(-ALYP )M S, 4 B (—Dyg(At, P"—1+9))) o

with, for the inlet, symmetry (if any) or wall boundary conditions:

] Corr

()5 S = [(GD5] Sa = - S,

and for the outflow boundary conditions:
()5 8o = (o)

]com«
- ([pfbu}ljl - 5(_Atypn—1+9)1,} S+ B (—Dib(At,P"_Ha)))

Sy

B is the Arakawa coefficient. When it has a value of 1 (default value), it is the weighting factor in the
Rhie & Chow filter.

Remark M.8 This approach can be generalized to other source terms of the same type, for example
those in the R;; — € model.

Solution
To solve the equation (IV.M.28), which can lead, via reconstruction of the cell gradient, to a nearly-
full matrix when non-orthogonalities are present, we construct a sequence (§P"+1*),cy defined by:

6Pn+9,0 =0
FPrHORFL — pntok 4 O 5(5P)n Ok (IV.M.33)
fM(5(5P)"+0’k+1, Z) _ .7:(5P"+9>k, Z)

which also defines the sequence (§(JP)" 9k +1), .
The operators F and F M are expressed by:
. ~n Corr
FePi) = % [pyater) - [
jENeigh(i)

Corr
+ £ |patarse) - [ "] e r
ke (i)

(IV.M.34)
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and:

FM(8(6P),i) = > [—Df}[R“(At,d(éP))] + > [fD%ReC(At,é((YP))] (IV.M.35)
JENeigh(i) k€ (4)
respectively.

Chrelaz 1s a given coeflicient of relaxation set to 1 by default. We assume that the sequence (6P"+9’k)keN
converges to 6P,

The mass flux is updated at each iteration step, using §(6P). At convergence, the updated mass flux
equation is:

Corr
(Pﬂ)?jﬂ S = [(P@)?jl} Sy — Qij(Atn7 5P"+9) (IV.M.36)
and we compute the new velocity field at the centre of the cells thanks to the equality:
At
utt =gt - =y sprt? (IV.M.37)
p

Remark M.9 A specific treatment is implemented in order to ensure the conservation of mass express-
ing the mass budget for the flures computed at the cell faces is always verified to strictly and perfectly
uphold at the end of the correction step, whether or not the sequence (§P"+%F+1), .y has reached con-
vergence. The term 6P t0Fenatl which is in effect the last term evaluated in the sequence, is given
by:

FM(S(3P)H0kenatl )y = F(§Pnttkena i) (IV.M.38)

Instead of updating the mass fluz in the classical way, we compute it as follows:

n ~\n Corr n ec n
(p@)ij-H ﬁz] — [(pg)ij-i_l} §U _ Dij(At,(SP +9,kend) _ DZI\;R (At,é(éP) +0,kend+1)

and:

n+1 A n+1

()t - Sy = [(p)};

Corr
} - Sy — Dip(At, 5P 0 ena) — DIECC(AL, §(5P)" 0 enatl)

enabling to arrive at the formulation:

> (w8 X (W) Sy

JjENeigh(i) ke (i)
~\n+1 Corr ~\n+1 Corr

= > [(Pﬂ)fij } S+ > [(P@)fb } S
jENeigh(i) ke (i)

— E Dij(At, 5Pn+0’k€”d) — Z Dib(At76Pn+0’ke"'d)
JjENeigh(i) ke (4)

. Z Dlg}fRec(At’ 5(6P)n+6,kgnd+1) _ Z DgReC(At, 6(5P)n+0,kmd+1)
jeNeigh(i) ke (i)

corresponding to:

Do (iS4 Y ()t Sy = —F(EP e i) 4 FM(S(SP) et i) 4T
jENeigh(i) keyy (i)

and thus:
/ div(pu)"dQ =T
Q.

i

Implementation

Refer to the following appendices relating to the subroutines Predvv (prediction of velocities) and
Resopv (pressure correction).
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N- predvv routine

Function

This subroutine implements the prediction step for the velocity field w. This consists of solving the
momentum equation by treating the pressure explicitly. Once the pressure correction step has been
performed in the subroutine resopv, the velocity-pressure solution is obtained using the mass conser-
vation law:

% +div(pu) =T, (IV.N.1)
where T is the mass source term!.
The Reynolds-averaged momentum conservation equation obtained by applying the fundamental the-
orem of dynamics is:

Npu) | L .

ot +div (pu ® u) = div (g) + S — div (p R) (IV.N.2)
where:

g=-pld+1 (IV.N.3)

with the following linear relationship for the Newtonian flows:

- (IV.N.4)

gradu + ‘gradu)

=2uD+ Ntr(D) Id
L (era o
2 r—

IS 1~
I

o represents the stress tensor, 7 the viscous stress tensor, p the dynamic viscosity (molecular and
potentially turbulent),D the rate of deformation tensor?, R the Reynolds which appears when applying
the average operator to the simultaneous equation, S the source terms.

A is the second coefficient of viscosity. It is related to the volume viscosity k via the expression

2
A=K— il (IV.N.5)

When the Stokes hypothesis holds, the volume viscosity & is zero, in other words 3\ + 2 = 0. This
hypothesis is implicit in the code and in the rest of this, except in the compressible module.

The equation for the conservation of momentum is finally written as:

0
p = — div(pu®u) + div (i grad u)
ot —_——— —
9 convection diffusion
+ div (1 "grad u) — 3 Vudive) —div(pR) = V(p) + (p = po) g + udiv (pu)
| —
transpose of the velocity gradient term secondary viscosity
+ Tu;—u) — pKu +TSP+T) ™ u
N——— —_——

mass source term  head loss ~ other source terms
(IV.N.6)
with p denoting the difference in pressure relative to the reference hydrostatic pressure (the real
hydrostatic pressure being calculated with the density p and not with pg):

p=p —pog- X (IV.N.7)

n kgm=3.s71

2Not to be confused, despite the same notation D, with the diffusive fluxes described in the subroutine navstv
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(X being the vector of components z, y and z).

te, K, u; represent respectively the turbulent dynamic viscosity, the tensor related to head losses and
the value of the variable associated with the mass source.

The divergence of the Reynolds stress tensor is expressed by:

0] in laminar,
2 2
-3 V(pe divu) + div (pe (gradu + ‘grad u)) — 3 V(pk) for turbulent
. viscosity,
—d R) = IV.N.8
vrB) —div (p R) for second-order ( )
models,
2
-3 V(pe divu) + div (pe (gradu + ‘grad u)) in LES

The mass source term involves terms corresponding to the local velocity field u as well as a velocity
field u, associated with the mass injected (or extracted). When I' < 0, we remove mass from the
system thereby obtaining u; = u. The mass term is zero (i.e. I'(u; —u) = 0). When I" > 0, a non-zero
mass term if u, # u. All terms appearing in the conservation of momentum equation, apart from the
convection and diffusion terms, are computed in this subroutine and transmitted to the subroutine
codits which solves the full equation (convection-diffusion with source terms).

See the programmers reference of the dedicated subroutine for further details.

Discretization

The convective term in div (u ® pu) introduces a nonlinearity and coupling of the components of the
velocity w in the equation (IV.N.6). The three velocity components are linearized and decoupled during
discretization of the momentum equation in this prediction step.
For instance, taking:

u=u"+u (IV.N.9)

The exact contribution of the convective term to take into account in the prediction step would be:

div(u® pu) = div (u" ® pu") +div (du ® pu™) + div(v" @ pdu) + div (du® pow)
linear coupling term  nonlinear coupling term

(IV.N.10)
The last two terms of the expression (IV.N.10) are a priori neglected so as to obtain a velocity system
that is decoupled and thereby avoid the inversion of a potentially very large matrix. These two terms
can nevertheless be taken into account in an approximate manner by explicit extrapolation of the
mass flux in n + 0 (for the linear coupling term arising from the convection of u™ by du) and by
applying a fixed-point subiteration over the subroutine navstv (for the nonlinear term) implemented
by specifying NTERUP > 1.

The equation (IV.N.6) is discretized at the time level n + 6 using a 6-scheme and the tensor of velocity
head losses decomposed into the sum of its diagonal K  and extra diagonal K . terms (such that
K=K, +K)

e The pressure is assumed to be known at the point in time n — 14 6 (pressure/velocity time lag) and
the gradient evidently calculated at this instant.

e The secondary viscosity and the gradient transpose source terms, those coming from the turbulence
model®, p K LU (p—po)g as well as T 2P and T'w; are evaluated explicitly at time n or else extrapolated
according to the time scheme selected for the physical properties and the source terms.

e The source terms u div (pu), " u, Tsimp u and —péd w are implicit and calculated at instant n + 6.
e The diffusion term div (p+0: grad u) is implicitized: the velocity is taken at the instant n+ 6 and the
viscosity either explicitized or extrapolated.

3with the exception of div (u¢ (grad u))
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e Lastly, the convection term in div (u ® (pu) ) is treated implicitly: the resolved velocity component
is taken at n + 6 and the mass flux determined explicitly or extrapolated at n + 0p.

For clarification, unless explicitly stated otherwise the physical properties ® (p, fitot, ...) and the mass
flux (pu) are to be evaluated respectively at time steps n 4 0g and n + 0p, with 85 and 6 dependent
upon the specific time schemes selected for these quantities?.

The time-discrete form of the momentum equation (IV.N.6) then reads:
anJrl —un i o

p =g Tdiv(@ @ (pu)) - div (psor grad @) =
_ypnflJre + div (pg) @n+9 + (I‘gi)nJr@s I L Qn—‘rG

. IV.N.11
_p£Z En+9 _ (pée g)n-‘r@s + (Ise:cp) n+0s + Tszmp @n+0 ( )
2
+[div (s r0r "grad w)]" % — Z[V (rsor diva)] " + (p — po)g — (turd)" ¢
where, for simplification, the following definitions have been set:
oot = u~+ py  for turbulent viscosity or LI?S mo.dels, - (IV.N.12)
for second order models or in laminar regimes
and: 5
gy(p” k™)  for turbulent viscosity models,
turb™ = 4 div (p" R™) for second order models, (IV.N.13)
0 in laminar or LES

+

By analogy with the §-scheme equation for a scalar variable, u" % is interpolated from the predicted

velocity 2" in the following manner? :

"t =0t + (1-0)u” (IV.N.14)

With:

{ =1 For a first-order implicit Euler scheme. (IV.N.15)

0 =1/2 For a second-order Crank-Nicolson scheme.

Using the above interpolation function, (IV.N.11) is then rewritten in the following form:

L_ : n no_ imp ~n+l n
(At Odiv(pu) +0T" +0 pK" — 0T, )(@ u™)

imp
s

+0div (@ @ (pu) — 0div (por gradu™ ) =
— (1= 6) div (u" @ (pu)) + (1 — 0) div (140 grad u”) (IV.N.16)
_zpn—l-f-e + div (pﬂ) Hn + (anl )n+95 I Qn
feep —(pK _ u)" —p K" " + (L) "0 + T u”

. n 2 .
+[div (2 40 ‘grad u )]0 — 3V (ot divu)]" ™ + (p — po)g — (turb)"os

from which the equation solved by the subroutine codits is obtained:

FmP @ = ) 4+ 0 div (@ @ (pu)) — 0div (proor grad ) =
(IV.N.17)
(11— ) div (u" @ (pu)) + (1~ 0) div (1o grad u”) + £

4cf. introd
5if @ = 1/2, or a time extrapolation is used, second-order is only obtained provided the time step At is constant and
spatially uniform.
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The spatial discretization scheme is elaborated further in the section relating to the subroutine codits.

REMARKS:

m In the standard case without extrapolation, the term — T/ is only added to the coefficient f m?
if it is positive so as not to weaken the diagonal dominance of the matrix to invert.

m If, on the other hand, an extrapolation is used, T./™? is added to f ™ whatever its sign. In effect,
the intuitive idea which consists of taking:

. IV.N.18
(Ifrp) n+6g + Tszmp un—&-& if not ( )

{(T;emp + Tsimp g) n+0g if Tsimp >0
leads to inconsistency (loss of coherence) in the numerical treatment of the problem should 7:™P
changes sign between two time steps.

m The diagonal part K , of the head loss tensor term is used in f™P. Strictly speaking, only the
positive contributions should in fact be retained (as pointed out in the associated user subroutine
uskpdc). The approach currently in use requires improvement.

m The term I — 6div (pu) is not problematic for the diagonal dominance of the matrix as it is
exactly counterbalanced by the convection term (cf. covofi).

Implementation

The conservation of momentum equation is solved in a decoupled manner. The integration of the
different terms has therefore been carried out in order to treat separately the equations obtained for
each component of the velocity.

For each of these components, the second member f¢*P of the system (IV.N.16), the implicit terms of
the system (with the exception of the convection-diffusion terms) and the term representing the total
viscosity at the internal® and boundary faces is calculated in the subroutine predvv. These terms are
then transmitted to the subroutine codits which constructs and then solves the resulting complete
system of equations, with the convection-diffusion terms, for each component of the velocity.

The normalized residual for convergence of the solution of the system for the pressure correction
(resopv) is calculated in predvv. It is defined as the norm of magnitude

div (pa" ™ + Aty PP T

integrated over each cell IEL of the mesh ({2;¢;) or, symbolically, as the square root of the sum over
the mesh cells of the quantity

XNORMP(IEL)= [ [div (p@" "' + AtV P11 —T]dQ.
Qiel

It represents the second member of the equation system that would be solved for the pressure if the
pressure gradient were not taken into account in the velocity prediction step. Note that, if the second
member of the pressure increment equation were to be used directly, a normalized residual tending
to zero would be obtained for a stationary calculation that had been run to convergence. This result
would be penalizing and of little use for the computations.

At the start of predvv, " is not yet available and it is not possible therefore to calculate the
total normalized residual. On the other hand, calculating the total residual at the end of predvv is
undesirable as this would require monopolising a working array to store the pressure gradient for the
duration of the subroutine predvv. The calculation of the normalized residual is therefore carried out
in two stages.

SURFN
6value required for the integration of the diffusion term in codits, (1 tot)ij DIST
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The quantity [ div(AtVP"~1%) —Td is calculated at the beginning of predvv and the comple-
Qiel
ment [ div (p@"*")dQ added at the end of predvv.
Qiel
The pressure gradient at the cells is thus first computed at instant n — 1+ 0 by a call to grdcel. The
subroutine inimas is then used to evaluate At.S VP"1+%.p at the faces (of surface S and normal n).
On entry into inimas, the working array TRAV contains %ZP"‘H'Q; when exiting this subroutine,

the VISCF and VISCB arrays contain the value of At.SVP" 119 .15 at the internal and boundary faces
respectively.

We then use divmas takes the value of [ div (At VP 119)dQ at the cells from the contents of VISCF
Qier
and VISCB and places it into the array XNORMP.

Lastly, the contribution f —I'"dS) of the mass source term is added to XNORMP.
Qjer

For pu+AtV P, we apply the velocity boundary conditions. For the computation of [ div(At v Pr—1+940,
Qiet

the boundary conditions for the pressure gradient (or more precisely for %YP"‘H‘@) are therefore

the homogenized boundary conditions of the velocity. The pressure gradient (or rather % v pr-ito)

is consequently assumed to be zero normal to the walls and the inlets and to remain constant in the

direction normal to symmetries and to the outlets.

In addition, to save computation time when passing through inimas, the face values on non-orthogonal
meshes are evaluated merely to first-order accuracy in space (no reconstruction: NSWRP=1). Local
accuracy is moreover of no particular interest as the aim here is simply to determine a normalized
global residual.

The computation of the residual will be completed at the end of predvv.

e Partial calculation of the normalized residual for the pressure step

During this first step, we use the array XNORMP (NCELET) to compute the quantity
div(AtY P14 T

integrated over each cell IEL of the mesh (£2;¢;), which is expressed as:

XNORMP (IEL) = /div(AtyP"—“e)—FdQ

Qiel

This operation is carried out by successively implementing inimas (calculation at the faces in VISCF
and VISCB of At VP 119 using the contents of the working array TRAV:%ZP"_H‘Q together with
homogeneous velocity boundary conditions and without reconstruction) followed by divmas (compu-
tation in XNORMP of the integral over the cells). With a simple loop, we then add the mass source term
contribution I'. This calculation is completed at the end of predvv.

exp
s

e Partial calculation of the term f
To represent the second member corresponding to each component of the velocity, we use the arrays
TRAV(IEL,DIR), TRAVA(IEL,DIR) and PROPCE, with IEL being the number of the cell and DIR the di-
rection (x, y, z). Four cases need to be considered depending on whether or not the source terms
are extrapolated at n + g and whether or not a fixed-point iteration is implemented on the velocity-
pressure system (NTERUP> 1).

e If the source terms are extrapolated and we iterate over navstv
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- TRAV receives the source terms which are recomputed during each iteration over navstv but are
not extrapolated (VP and (p — po)g”).

- TRAVA receives the source terms whose values do not change during the course of the iterations
over navstv nor are they extrapolated (TP u™, —p K u™, —I"u", ...).

- PROPCE receives the source terms that have to be extrapolated.

e When there is no iteration over navstv, TRAVA has no use and its contents are directly stored in TRAV.

e If there is no source term extrapolation, PROPCE serves no purpose and its contents are directly
stored in TRAVA (or in TRAV if TRAVA is also of no use).

Therefore, when there is neither source term extrapolation nor iteration over navstv, all the source
terms go directly into TRAV.

o We already have a pressure gradient on the cells at the instant in time n — 1 4+ 6. The gravity
term is then added to the vector TRAV which already contains pressure gradient. This means we
have, for example, for the direction x:

TRAV(IEL,1) = \QIEL|(7(S—§)IEL + (p(IEL) — po)9g) (IV.N.19)

o If source term extrapolation is used, at the first iteration over navstv, the vector TRAV (or
TRAVA) receives —fg times the contribution at time n — 1 of the source terms to be extrapolated®
(stored in PROPCE). PROPCE is then reinitialised to zero so as to be able to receive afterwards the
contribution at the current time step of the extrapolated source terms.

e The value of the term corresponding to the turbulence model is only calculated during the first
iteration over navstv then added to TRAVA, TRAV or PROPCE depending on whether the source
terms are extrapolated, and/or whether we iterate over navstv.

m Turbulent viscosity models:
2 2
If IGRHOK = 1, then we calculate 3P Yk (and not, as should be the case, —§Z(pk)) by way of

simplification (cf. paragraph N). The gradient of the turbulent kinetic energy k is computed on
the cell by the subroutine grdcel.

If IGRHOK = 0, this term is expected to be implicitly taken into account in the pressure.

m Second order models:

Computation of the term —div (pR) is implemented in two steps. A call is first made to the
subroutine divrij, which projects the vector R.epp onto the cell faces along the direction DIR,
following which we then call the subroutine divmas to compute the divergence.

2
e The secondary viscosity —gy(u totdiv u) and transposed gradient div (w40t tg@ ) terms, when

these taken into account (i.e. IVISSE (IPHAS) = 1, where IPHAS is the number of the phase
treated) are computed by the subroutine visecv. They are only calculated at the first iteration

"In reality, the value of (p— po)g doesn’t change, however this is a computation and it avoids the need for additional
treatment of this term.
8Because (T5"P)" 05 = (1 +6s) (T*P)" — 05 (L)1
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over navstv. During this step, the array TRAV serves as a working array when the subroutine
visecv is being called. It reverts to its normal value at the end of the call during which its
contents are stored temporarily in the vectors W7 to W9.

e The terms corresponding to the velocity head losses (pKwu), if there are any ( NCEPDP > 0 ), are
calculated by the subroutine tspdcv at the first iteration over navstv. They are decomposed
into two parts:

m The first part, corresponding to the contribution of the diagonal terms (—pK d@), is not
extrapolated.

m The second, which corresponds to the extra diagonal terms (—p K eg), may or may not be
extrapolated.

During this step, the array TRAV is used as a working array while the call is being made to the
subroutine tspdcv. It reverts to its normal value at the end of this call, its contents having been
meanwhile stored in the vectors W7 to W9.

SURFN
e Calculation of the viscosity term at the faces (piot)ij——

The calculation of the total viscosity term at the faces is performed by the subroutine viscfa and the
solutions stored in the arrays VISCF and VISCB for the internal and boundary faces respectively.
During integration of the convection-diffusion terms in the subroutine codits, the non-reconstructed
terms, integrated in the matrix EM, are singled out from the full set of terms (unreconstructed +
reconstruction gradients) associated to the operator £ (nonlinear)?. Likewise, we differentiate between
the total viscosity at the faces used in £, arrays VISCF and VISCB, and the total viscosity at the faces
employed in EM , arrays VISCFI and VISCBI.

For turbulent viscosity models and in LES, these two arrays are identical and contain p; + p. For
second order models, they normally contain p however, for the simple reason of numerical stability, we
can choose to put j; + g in the matrix (i.e. in EM) while keeping p in the second member (i.e. in
£). Because the solution is obtained by increments, this manipulation doesn’t change the result. This
option is activated by the indicator IRIJNU = 1

When there is no diffusion of the velocity ( IDIFF(IUIPH) < 1), the terms VISCF and VISCB are set to
Zero.

e Calculation of the whole second member, of f/™” and solving of the equation

The evolution equations for the components of the momentum are solved in a coupled manner. Con-
sequently, we use a single array, ROVSDT, to represent the diagonal of the matrix obtained for each of
the velocity components.

For each of these components:

e During the first iteration over the subroutine navstv, the implicit and explicit parts of the user-
prescribed source terms are computed by a call to the subroutine ustsns.
m The implicit part (7:™P) is saved in the vector XIMPA for subsequent iterations if the fixed-point
method is used on the velocity-pressure system, with the contribution resulting from the same
implicit terms (T¢™? y™) being added either to TRAVA or to TRAV.
m The explicit part (T¢*P) is added to TRAVA, TRAV or PROPCE depending on whether the source
terms are extrapolated or not, and whether we iterate over navstv.

e The mass accumulation term (div (pu)) is calculated by calling the subroutine divmas with the
mass flux as argument. During the first iteration of the subroutine navstv, the term correspond-
ing to the explicit contribution of the mass accumulation (u" div (pu)) is added to TRAVA or
to TRAV. The vector ROVSDT is initialized by 6 div (pu) (to remain coherent with the approach

9Ensuring coherence with the definition of the operators £M and £ employed in navstv
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implemented in the subroutine bilsc2) after which the contribution of the non-stationary term
D\ .
—) is added to the latter.
(£)

e The vector ROVSDT is next completed with the contribution of the user-defined implicit source
terms (stored in XIMPA) and with that of the head loss term (p K ) should NCEPDP > 0.
m When there is no source term extrapolation, the implicit part of the user source terms is only
added to ROVSDT if it is negative so as not to weaken the diagonal of the system.
m When the source terms are extrapolated however, it is taken into account whatever its sign
may be.

e The implicit and explicit mass source terms, if any ( NCESMP > 0 ), are computed at the first
iteration by the subroutine catsma over navstv. I'u; is added to TRAV, TRAVA or PROPCE for
potential extrapolation. I'u™ is added to TRAV or TRAVA and —I" to ROVSDT.

e The second member is then assembled taking account of all of the contributions stored in the
arrays PROPCE, TRAVA and TRAV.
m If the source terms are extrapolated, then the second member reads:

SMBR = (1 — #g) PROPCE + TRAVA + TRAV

m If not, we directly obtain:
SMBR = TRAVA + TRAV

e If a specific physics (lagrangian, electric arc, ...) is taken into account, its contribution is directly
added to SMBR.

e The solution of the linear system is computed by the subroutine codits, taking as argument
ROVSDT and SMBR.

e When strengthened transient velocity-pressure coupling ( IPUCOU = 1 ) (only available with a
first-order scheme, where there is neither source term extrapolation nor iteration over navstv)
is implemented, codits solves the following equation:

EM . (RHO™) ' . Typ=2.1 (IV.N.20)

——DIR

with RHO™ the diagonal tensor of element p75,, Q the diagonal tensor of element |Q;gr| and 1
denoting the vector whose components are all equal to one.

Inversion of the system by codits yields (RHO™)~!. Ty, which is subsequently multiplied by
RHO™ to obtain T 1. This process is repeated for each component DIR of the velocity. T pp

is therefore a diagonal matrix approximation of RHO™ . EM ;1111’ with EM bIR representing the
implicit part of the solution to the discrete momentum equation (i.e. ROVSDT + contribution of
the convection-diffusion terms accounted for in the subroutine matrix). Ty is also involved in
the correction step (cf. subroutine resopv).

This terminates the loop over the velocity components.

¢ Final calculation of the normalized residual for the pressure step

As mentioned beforehand, the computation of the normalized residual for the pressure step of resopv
can now be completed.
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The XNORMP array already contains [ div (At VP 1+%) — T'dQ to which we now add [ div (p ﬁ;‘\‘ﬁ)dﬂ
Qiel Qier

To do so, we follow the same procedure used previously to compute the integral [ div (A t VP 140)d0).

Qjer
A call to inimas enables to obtain p S @"H -1 at the faces calculated from the of ﬂ"“ known at the
cells (array RTP). The boundary conditions employed in inimas are naturally those of the velocity. As
beforehand, evaluation of the face values is only up to first-order in space on non-orthogonal meshes
(no reconstruction : NSWRP=1) in order to save computation time when passing through inimas. The

subroutine divmas is then used to compute the divergence [ div (pﬁ”“)dﬂ at the cells, which is
Qiel
then added directly to XNORMP.

Lastly, the normalized residual is determined and then stored in RNORMP (IIPHAS) by a call to prodsc
(which computes the sum of the squares of the values at the faces contained in XNORMP and then takes
the square root of the result).
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The different contributions (excluding convection-diffusion) assigned to each of the vectors TRAV, TRAVA,
PROPCE and ROVSDT at iteration m are summarized in tables (IV.N.21), (IV.N.22), (IV.N.23) and
(IV.N.24). We differentiate two cases for each of the time-stepping schemes applied to the source
terms, depending on whether or not a fixed-point algorithm is used to solve the velocity-pressure
system (iteration over navstv for NTERUP> 1). Unless otherwise specified, the physical properties ®
(p,p,ete...) are assumed to be evaluated at the time level n + 0, and the mass flux (pu) at n + 0,
where 6g and 0 are dependent on the specific time-stepping schemes selected for these quantities (cf.

introd).

The terms appearing in these tables are written as they have been implemented in the code, this
being the source of some differences in relation to the form adopted in equation (IV.N.16).

In order to simplify the problem, we pose:

{ w~+ py  for turbulent viscosity models and in LES,
Htot =

for second-order models and in laminar regime

WITH EXTRAPOLATION OF SOURCE TERMS

2

3 p" YV (k™) for turbulent viscosity models,
turb™ = 4 giy (p" R")  for second-order models,

0 in laminar or LES computations.

e NTERUP = 1 : SMBR"™ = (1 — f5) PROPCE"™ + TRAV"

ROVSDT" é—@div(pg)—i—ﬁ " +60pK" — 0T
PROPCE™ et — p" K" u™ + I uf
—turb" + div (i}, "grad u™ ) + gz(u%t div @ )
TRAV" —Vp" 4 (p— po)g
—05 PROPCE" ™ — p K" u"
+T" u" + div (pu) u” — ™ u”

e NTERUP > 1 (sub-iteration k) : SMBR™ = (1 — f5) PROPCE" + TRAVA"™ + TRAV"

ROVSDT" éfﬂdiv(py)Jr@ "+ 0 pK" — 0T
PROPCE" ryent — p" K" u™ + I uf

a4 div (i, emad )+ 2 W div 22
TRAVA™ | —fgPROPCE" ! — pgt‘l u" + T, u" +div(pu) u” —T" u”
TRAV" V(" )* D + (p—po)g

WITHOUT SOURCE

TERM EXTRAPOLATION

2
= pV (k™) for turbulent viscosity models,

tur” = 4 diy (pR"™) for second-order models,

0 in laminaire or LES computations.

(IV.N.21)

(IV.N.22)
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e NTERUP = 1 : SMBR"™ = TRAV"

ROVSDT" | - — 0div (pu) + " + p K, + Maa(~1,"7,0)

TRAV" —Vp" 4 (p = po)g

AL — p K7 u" + T uj ) (IV.N.23)
pu
)

—p K" " + T, " +div (pu) u” — T u"

2
—turb”™ + div (p 40 ‘grad u™ ) + 3 V(pttor div

e NTERUP > 1 (sub-iteration k) : SMBR™ = TRAVA™ + TRAV"

ROVSDT" & —0div (pu) + I + p K" + Maz(—T,™7,0)
TRAVA” T7 — pK" u" + I" ]
b+ div (1o grad ) + 5 V(i iv (”:) ) (IV.N.24)
—p K" u" + T w4 div (pw) w” — 7 u”
TRAV" V@) * D+ (p— po)g

Points to treat

e Evaluation of the term V(pk) for turbulent viscosity models

When modelling turbulent viscosity, we compute p Vk instead of V(pk). This approximation was im-
plemented from the outset because the pk boundary conditions are not directly accessible, in contrast
to those of k.

e Expression of EM

With incremental solving, it is not absolutely necessary for convergence that the value of the viscosity
appearing in the expression of the operator £ be the same as that taken into account in the incremental
system matrix, EM. In R;; — ¢, for example, the total viscosity used in £M contains the molecular
viscosity but can also contain the turbulent viscosity if the option IRIJNU = 1 is selected, whereas
only the former is included in the operator £. This addition of the turbulent viscosity, which is not at
all relevant to the R;; — e model, has been inherited from practices implemented in ESTET and N3S-
EF to improve numerical stability (incremental smoothing). However, it may have other, potentially
less desirable effects. Moreover, it has not been demonstrated to date that this practice is of absolute
necessity in the use of Code_Saturne. An in-depth study would therefore be of some interest.

e Normalized residual relating to the pressure step
We could check the normalized residual computation and in particular the use of the velocity boundary
conditions.

e Calculation of the head losses
When the source terms are extrapolated in time, we now obtain:

(geg)’nﬁ‘r@s +£Z QnJrG
It would also be possible to envisage using;:

n+0gs n+0s . n+0
(K w) + K777 u
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O- resopv routine

Function

The velocity projection (or pressure correction) step is effected in this subroutine, called from navstv.
The equation of motion (prediction) is solved in predvv with a fully explicit treatment of the pressure
term. The resulting velocity field does not satisfy the continuity equation. T'wo correction algorithms
are proposed:

1. The algorithm that we will call ”weak velocity-pressure coupling”. This algorithm is implemented
extensively in industrial source codes. It only couples the velocity and the pressure through the
mass term (it is the algorithm proposed by default). It consists of a SIMPLEC-type algorithm,
similar to SIMPLE although the latter accounts for the simplified diagonals of the convection,
diffusion and implicit source terms in addition to the mass term.

2. The strengthened velocity-pressure coupling algorithm (option IPUCOU = 1). This algorithm
couples the velocity and pressure through all of the terms (convection, diffusion and implicit
source terms) of the equation of motion, though it is still approximate. In practice, the advantage
of this algorithm is that it allows large time steps without entirely decoupling the velocity and
the pressure.

Taking dp as the pressure increment (i.e. p"*! = p™ + dp) and u the velocity field resulting from the
prediction step, from a continuous point of view the projection step essentially comes down to solving
a Poisson equation for the pressure:

div (T" Vop) = div (pu) (IV.0.1)

and then correcting the velocity:
n+l _ . n mn
" =u"——T" Vop (IV.0.2)

T" is a second-order tensor whose components are homogeneous over a time step.

See the programmers reference of the dedicated subroutine for further details.

Discretization

The velocity description step is described in predvv. An operator notation is adopted here to provide a
simplified explanation of the code-based algorithms. The discrete equation of motion at an intermediate
point in time of solution is written, in each direction of space o (« € {1,2,3})in the form:

M" R (Vo —Va") + A" Vo=~ Ga P+ 8" +1, Va (IV.0.3)

* M 7;, is a diagonal matrix, of dimension NCEL x NCEL, containing the ratio of the volume of a cell

. W ‘ . . .
to the local time step ( M" (i,1) = A ), At ; represents the time step at time level n in the

o,
(spatial) direction « at the cell €;,
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* R" is the diagonal matrix of dimension NCEL x NCEL, that contains the density (which is separated
out from the mass matrix during this step so that a projection can be made of the value of pu).
By definition, R"(i,4) = p7, which means that the appearance of a vacuum (or null space) is
naturally excluded and the matrix will therefore always be invertible,

* ‘7;7 of dimension NCEL, is an array in which the o component of the predicted velocity field &

is stored,

* Vo, of dimension NCEL, is an array storing the a'™ component of the velocity u™ at the previous
instant of time n,

* A," denotes the convection/diffusion operator (it is not necessarily linear owing to the possible
use of slope tests in the convection scheme and may be dependent on V,),

* G, is the linear, "cell” gradient operator! in the direction « (it is therefore applied on the vectors

of dimension NCEL),

* P™ of dimension NCEL, is an array used to store the pressure p" computed at each cell during
the previous time step,

* S " is the array of dimension NCEL that contains all of the explicit source terms (see predvv for
more detail),

*x I ca is the diagonal tensor related to the implicit source terms of the velocity components.

The correction step consists of imposing the continuity constraint for the mass conservation:
div(pu) =T (IvV.0.4)

where I is an eventual mass source term.

Let W be the array of dimension 3 x NCEL that contains all of the momentum components (V denotes
Kn’ Zn+1 or E)
p" Vi
W=pr"V=|
Eas o Vs

Let D be the divergence operator. The continuity equation (IV.0O.4) is rewritten in compact form as:
DW=TL

I contains the values of I" at the cell centroids.

Rearranging the discrete equation (IV.0.3), we write for all « € {1,2,3} :

=s,a ‘= — —_—

(M" +As" (B = L (R )R Va=—Ga P"+Sa"+Ma R" V" (IV.0.5)

By grouping and posing the following definitions:

Bo=M" +A4," (R ~L  (B")"

=s,x

(R

Bl 0 0
B=| 0 B o0
0 0 Bs

Lstrictly speaking, this operator would no longer be truly linear if a gradient constraint option were to have been
activated by the user
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Gy
G| &
Gs

8"+ M, R"W"

Sn: &n MRTLvn

we can thus write the simplified equation as:

BW=-GP"+8" (IV.0.6)

With the fractional step method, 7?7 is decomposed into a sequence of two steps:

1. solution of the equation (IV.0.3) (this equation yields equation(IV.0.6)), namely:

M" R (Vo Vo) + A" VoL Va=—Go P"+5," (IV.0.7)

2. subtraction? of the solved velocity prediction equation (IV.0.7) from the equation of motion
evaluated at the subsequent time level (n 4+ 1):

M® B (V"7 Vo) + A" (Vo Vo)=L (V" Vo) = —

o (P —P™) (IV.0.8)

Reverting to compact notation, Equation (IV.0.8) gives:

BW" —W)=-G (P -P") (1V.0.9)

with:
Wn+1 _ Rn Vn+1

The continuity constraint has yet to be enforced:

an-‘rl :£

By combining the equations of continuity and motion and postulating that 6P = P""* — P" the
following Poisson-type equation is derived:

DB

[iop}

P=DW — (IV.0.10)

We still need to invert the system (IV.0.10) in order to determine ép (and thus p™*!) and correct
the projected velocity field so as to obtain uw™*!. The velocity correction is handled in navstv, by
incrementing the velocity by the calculated magnitude of the gradient of the pressure increment dp.

The problem initially arises with the calculation of B~*. It has already been judged too expensive
computationally to calculate the inverse de B. The solutions computed by the ”weak velocity-pressure
coupling” and the ”strengthened velocity-pressure coupling” algorithms correspond to an approxima-
tion of this operator.

In the case of the ”weak velocity-pressure coupling” algorithm, we assume B! =M ! (we could also
include the diagonal terms of the convection, diffusion and implicit source terms)

With ”strengthened velocity-pressure coupling”, we invert the system? B T = Q and we define the
equality é;l = diag(T,). This step takes place in the subroutine predvv.

2We neglect any variation in the explicit source terms Sa™ which are still those estimated at n.
= (|1, -, [Qncee|, (1], -, [Qweee |, [, -, [Onceel)-
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The use of operators when writing out the equations presents a major inconvenience when used in
conjunction with collocated discretization. More specifically, the operator* D B~ G can lead to odd-
even decoupling of the nodes on a regular Cartesian mesh®. To avoid this praolgm, we use the operator
L (already present in the collocated finite volume formulation of the operator div (V' )) defined in each
cell® Q; of centre I by”:

(LoPi= S (L5 (Yop)s,)-8y+ ¥ [Ty (s, S0, avou

jeNeigh(i) 7 ke (i) ¢

T" is a diagonal tensor of order 2 containing the time steps in the three spatial directions with S i
and S, the surface vector respectively of the purely internal face and of the boundary face ik. The
gradient (V&p) ; present in equation (IV.0.11) is a facet® gradient.

From a continuous perspective, we can write®:
(L P"Y; = / div (™ ¥Yp"t) dQ
= o, N

The operator L does not pose a problem of odd/even decoupling on regular Cartesian meshes.

At 0 0
With the ”weak velocity-pressure coupling” algorithm: 2? = OI Aty 0
0 0 Atp
Th 0 0
and with the "strengthened velocity-pressure coupling” algorithm: 2? = 0 T3 1 0
0 0 T3y g

The pressure system matrix is not easy to compute when ”strengthened velocity-pressure coupling” is
being used, this being due to the term:

for an internal face ¢j and the term:

[ gzlk (Vop) fbm] 'ib“f

for a boundary face.

The difficulty lies with the viscosity, which changes according to the spatial direction. As the tensor
T"™ is effectively anisotropic, the pressure gradients for each direction must consequently be computed
as a function of the normal gradient.

Without reference, for the moment, to the nature of the gradient V, we define for every scalar a:
Ty o
Ga=T"Va=| Ty

n
T33 a.

4We emphasize again that the operator G is the ”cell gradients” operator applied to the explicit pressure during
velocity prediction. o
51f u; is the value of a variable at the cell centres on a 1D Cartesian mesh, the Laplacian of u calculated by this
Ui + 2U; — Ujq2
4h2?
SRecalling that Neigh(i) is the set of cell centres of the neighbouring cells of Q; and ~,(i) the set of centres of the
boundary faces, if any, of €2;.
7If u; is the value of a variable at the cell centres on a 1D Cartesian mesh, the Laplacian of u calculated by the latter
m, with h the spatial step.
4h2
80n orthogonal mesh, (Vp) fij -84 = p‘]%pl Sij. I (vesp. J) et I’ (resp. J') are in effect superimposed.
9In the ”weak velocity-pressure coupling” algorithm case, TI" = At

operator in 7 is written: , where h is the space step. This is where the decoupling of the cells originates.

operator in ¢ reads:
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‘We can also define:

(@ a)ear| 559" (wa)], 5,

i VA

where Va is the standard cell gradient of a.

and likewise for the facet gradient (Va) s of a:

[(éa)f} S d:ef@" ((Ya)y].. .Sy

ij = ij Y

We need to calculate G (6p) . S at the face.
This is relatively simple with a cell gradient as all the components of the latter perfectly calculable.
The difficulty lies, on the contrary, with a facet gradient because the only exploitable options is the
o(6 o(6 a(6
( p), ©0p) 4 90p) |
Ox oy 0z
explicitly and separately, which makes it difficult to use the normal pressure increment gradient.
We therefore make an approximation of the gradient of the pressure increment by assuming it to be
equal to its normal component!'!, which is:

decomposition of the face normal gradient'®. We need the quantities

(V(op)) y = ((N(dp)) y.m) (IV.0.12)

where n denotes the outer unit normal vector. We then obtain:

G (dp) = (N(6p)) y - 1) (" n)
This enables reducing the computations to those of a scalar time step TZ, given by:

fz =T" n).n

=i ~/ =

(IV.0.13)

In which case:

¢

[T (NOp) g,)- 845 =~ (T} n). S5 (N(op)y,, -m)
= n (N(0p)y,, -n) Sij (IV.0.14)

or on the other hand:

T (Y(op)y,, -m) Sy =T2 N(op);,, -S

= ij == =ij

~ IV.0.15
=Ty [P piv (22— 100 (019

S,
(VP,+ NVP;) ﬁ

This is used during reconstruction of the gradients in the second member of the final system of equations
to solve, by calling the subroutines itrmas and itrgrp.

The approximation (77, = (;’;j n).n) is not in fact used. This is because the directional gradient of
the pressure increment is computed using the subroutine grdcel, allowing us to take the liberty of
using the tensor T to correct the term | gz (Vop) fi;1-S4; -

In practice, the latter is discretized, for an internal face ij, by'? :

- PP JJ —II'1

[2; (Vop) pi;)- 84 = (T4 Vi + 71775 (L7 VP +T" VP;)| Sy (IV.0.16)
10 According to the formula }”}#Sij.

114 e. no account is taken of the tangential component ((V(6p)) ¢ .7).7, T denoting the tangential unit vector.

1
12The factor — appearing in the discretization (IV.0.16) is introduced for reasons of numerical stability. Although

the use of weighting coefficients on the faces would in effect yield a more accurate numerical solution, it would probably
also be less stable.
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rather than by (IV.0.15). We use the same approach for the boundary terms.
The expression T (V(dp) Fo oS ;;) Will nevertheless be seen subsequently.

The last issue relating to the inversion of the system (IV.0.10) concerns the tensor term D W. This
term tends, via the cell pressure gradients present in the equation of motion, to decouple the odd and
even-numbered cells on a Cartesian grid. To avoid this problem, we apply a variant of the Rhie &
Chow filter which enables to dissipate (or smooth) the pressure field contribution in the equation of
motion. Expressed in discretized form, this yields:

(2 w)l = Z [an‘F & Arak (é (pn)) cell] fij ﬁl] — O Arak Z TZ (ypn) fij ﬁ”
jENeigh(i) _ jENeigh(i)
+ > [prutaarak (G (")) ceul f0,, Sy —ara > Ty, (V") g, Sy,
ke (i) B B SO
= Z mij + Z My,
JENeigh(i) k€ (i)
(IV.0.17)

where m;; and my,, denote respectively the mass flux at the purely internal face and the boundary
face ¢k) modified by the Rhie & Chow filter.

(Vp™)s,; represents a facet gradient while [p"% + & Arak (Q (P™)) cet] 7,; denotes a face value interpo-
lated from the estimated cell values (the pressure gradient in this term is a cell-based gradient). This
clarification also applies to the boundary terms.

For historical reasons, « arqr i known as "the Arakawa coefficient d’Arakawa” in Code_Saturne. It is
denoted ARAK.

It should be reiterated that, for the Rhie & Chow filter, the tensor 7™ is used in the volumetric term
G whereas the approximation (IV.0.13) is applied when computing the facet gradient.

In accordance with equations (IV.0.10) and (IV.0.11), we finally solve the Poisson equation under the
form:

> TH (NG s, Syt >, Ty (N6P) g, Sp = D, Mg+ >, fp, — I
JjENeigh(i) keyy (i) JENeigh(i) ke (i)
(IV.0.18)
To take account of the non-orthogonal elements, we use an incremental method to solve the linear
equation system, including the reconstructed terms in the second member. If 6(dp) denotes the incre-
ment of the increment (the increment of the variable dp to compute) and k the fixed-point iteration
index, we solve exactly :

(5(6p)) F1 — (5(6p)) EH ~ (60T = (8(op)) T
. —\ I S+ Z Ty, T

Tn

Sy,
jeNeigh() ry g

keys (i)
= 2 Myt Y My,
_ JENeigh(i) k€ (4)
- X TE (M), Sy - X Ty, (N6p)F) g, Sy, — Tr
jENeigh(i) k€ (7)
= > mi‘chF > my, — T
jENeigh(i) ke (i)
(Iv.0.19)
with:

{ (6(ep))’ (IV.0.20)

=0
(6(0p))*+t = (dp)*** = (dp)* Wk €N
The facet gradients, denoted (V(6p)*) s, and (V(0p)¥) fy,,» Will be reconstructed.

Implementation

We present hereafter the algorithm as it is written in resopv.

T"™ designates an array of dimension 3 containing the local time steps in each direction (for use with
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”strengthened velocity-pressure coupling). We keep the same notation for the ”weak velocity-pressure
coupling” algorithm although in this case the time steps are equal in the three spatial directions.

¢ Computation of the matrix of the equation system to be solved

e calculation of the diffusion coefficient at the cell faces for use in the Laplacian of pressure (the
diffusion coefficient uses the calculation time step or that of the ”strengthened velocity-pressure
coupling” algorithm). One of two cases will apply, depending on the algorithm selected by the
user for the velocity-pressure coupling:

1. Call to viscfa with a total viscosity equal to the time step At} for the "weak velocity-
pressure coupling” algorithm (IPUCOU = 0),

2. Call to visort with a diagonal total viscosity for the ”strengthened velocity-pressure cou-
pling” algorithm (IPUCOU = 1). It is at this level that 77} is calculated. The equivalent
time steps calculated in the subroutine predvv beforehand are stored in the array TPUCOU.

e Call to matrix for construction of the pressure diffusion matrix (without the reconstruction
terms which cannot be taken into account if we wish to preserve a sparse matrix structure) using
the previously calculated viscosity and the array COEFB of pressure boundary conditions p™ (we
impose a homogeneous Neumann condition on dp for a Neumann condition on p and wice versa.

e Calculation of the normalized residual RNORMP
Since version 1.1.0.s, this step is accomplished within the subroutine predvv and the normalized
residual transmitted via the variable RNORMP (IPHAS).

At this level of Code_Saturne the array TRAV contains the second member obtained from predvv without
the user source terms. The computational procedure for the calculation of RNORMP is enumerated below:

n
. Aty

— Atn
1. TRAV(]) =1, — (p1 — po) At}

TRAV(I) + — 2Ly
pr || ( pPr =

2. Call to inimas to compute the mass flux of the vector TRAV (we calculated at each face p;; TRAV;; .§ij,
where S is the surface vector ). We set the total number of sweeps (or iterations) to 1 (NSWRP =
1), which means that there is no reconstruction of the gradients during this run through inimas
(to save computation time). The boundary condition arrays passed into inimas contain those of
the velocity u™.

3. Call to divmas to compute the divergence at each cell of the above mass flux, which is stored in
the working are W1.

4. The mass source terms stored in the array SMACEL are added to W1.

wi(I) =wi(I) — |szi|SMACEL(I) (IV.0.21)
1

5. Call to prodsc (RNORMP = /W1.W1). RNORMP will be used in the stop test of the iterative pressure
solver to normalize the residual (see routine gradco for the conjugate gradient inversion method).

e Preparation for solving the system

e Call to grdcel for computation of the pressure gradient p™. The result is stored in TRAV. At this
) apn apn 8pn
level, TRAV contains ——, —, —

Ox’ Oy’ 0z
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e Introduction of the explicit pressure cell-based gradient p™ for use with the Rhie & Chow filter.

_ ARAK
TRAV(I) =u,+—— 1", Vp";
pr —

ARAK represents the ” Arakawa” coefficient, so-named within the code, whose default setting is 1
although this value can be modified by the user in usinil. To simplify the notations, we define
ARAK = & Arqk-

e (Call to inimas which calculates the mass flux in TRAV. The boundary conditions applied in this
case are those of the velocity (c¢f. subroutine navstv). This is still just an approximation of the
boundary conditions contained in TRAV. The mass flux (¢f. subroutine inimas for further details
concerning the calculation at the boundary faces) is thus equal to:

miy; = [p@"i_aArak zn Z(Ijn)] fis ﬁl]

e Call to itrmas to increment the mass flux at the faces'? by
—& Arak T;'T]L‘ (Vp") fij ﬁl]
e Call to clmlga to compute the inversion of the pressure matrix with the algebraic multigrid
algorithm.

e initialisation of dp, d(d0p) and SMBR to 0. SMBR will serve to store the second member. In the
code, dop and §(dp)arecontainedrespectivelyinRTP (*,IPRIPH) and DRTP.

e Call to divmas for calculation of the divergence of the mass flux resulting from the last call to
itrmas. This divergence is stored in the working array W7.

e Addition of the contributions of the mass source terms'* to W7.

W7(I) = W7(I) — || SMACEL(I) (IV.0.22)

e Loop over the non orthogonalities
Assuming that the mesh is orthogonal, a single inversion would enable resolving the problem. The
loop over the non-orthogonal elements is described below:

e Start of the loop at k (thereafter, we are at k + 1)
x Updating of SMBR at the start of the loop!®.
SMBR(I) = —W7(I) — SMBR([)
* Calculation of the norm of SMBR in prodsc. It is called RESIDU in the code. As we solve the
system incrementally, the second member must cancel out convergence.
x If RESIDU < 10 X € x RNORMP, convergence is attained!®.
= Call to itrmas to reupdate the mass flux with the facet gradient (V(dp)*);. We

calculate at each face f[; (Y(6p)*) g, -S4j et Tb"k (Y(6p)F) Foon - Sbo

Py — Pt

13(vpn) i .8 ;; is the gradient normal to the face that is equal to —~==—-5; on an orthogonal mesh.

14The array W7 contains the second member without the gradient of ép. It therefore remains invariant at each sweep.
On the other hand, SMBR contains the entire second member and consequently varies at each sweep.

15The sign ”-” results from the construction of the matrix.

16¢ is the pressure convergence tolerance which can be modified by the user in usinii, via the array EPSILO.
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I=k
= Reupdate!” of the pressure p"*! = p™ + > (6(6p)).
=1

* Alternatively,
= (8(dp)**t =0,
= Call to invers for inversion of the system (IV.0.19). The inversion algorithm stop
test data RESIDU is normalized by RNORMP (see gradco for the inversion of the pressure
operator).

* If the maximum number of sweeps is attained,

= (Call to itrmas to increment the mass flux by the pressure gradient (6p)*.

= Second call to itrmas for incrementation of the mass flux with the non-reconstructed
gradient of (§(dp))**! to ensure a final divergence-free field is obtained, thereby assur-
ing consistency with the pressure matrix which does not take non orthogonalities into
account!®.

= Update of the pressure increment (5p)**! = (6p)* + (6(6p))*+1.
* Otherwise,

= Incrementation of the mass flux taking into account a coefficient of relaxation. (6p)*+! =
(0p)* + RELAX x (§(0)p)**!. The relaxation factor has a default setting of 1; however
this can be modified in usinil.

= Call to itrgrp for calculation of the T V(dp) part of the second member (to which
the array W7 will be added at the start of a (new) loop).

SMBR(/) = Z Ti? (V(6p)*) 5.y - Sij + Z Ty, (V) £y, S
JENeigh(i) ke (4)

e End of the loop

e Updating of the pressure
We update the pressure with the sum of the increments of dp.

PP =" 4+ (0D)keons

where,
k=kconv

(0P)kony = (5(5p))*
k=1

In practice, RTP contains (dp)¥,,,. We therefore increment p™ by RTP:

RTP = RTPA + RTP

17(sp)k = i (8(p))* is stored in RTP (*,IPRIPH).

18Reference can be made to the subroutine navstv for further detail.
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Points to treat

There are a number of outstanding issues that still need to be resolved:

1. The use of the normal gradient as an approximation of the pressure increment gradient can pose
problems in terms of consistency, as indicated notably in the remark below.

2. The approximation 1" ~ (I n).n is not made for the reconstruction of the gradients in the
second member of the pressure equation. Nor is it made when calculating the cell-based gradient
during application of the Rhie & Chow filter.

1
3. Use of the weighting factor 5 to improve numerical stability when computing calculations based

on the values at the faces (e.g. in itrmas or itrgrp during reconstruction of the pressure
increment gradient at the face).

4. We could verify the normalized residual calculation (see predvv).

~  « . oy
5. When computing the mass flux of 4+ — T Vp™ in inimas, we use the boundary conditions of the

velocity at the time level n. The valiﬁity of this approach remains to be clarified, particularly
for the boundary conditions at the outlet. More generally, further analysis of the boundary
conditions of the variables in navstv is required. This issue is linked to the problem highlighted
at the end of visecv.

6. During the convergence test for the loop over the non-orthogonal elements, we multiply the
tolerance by a factor of 10. Is this really necessary?

7. The problem with the relaxation factor used during updates of the pressure-correction term in
the loop over the non orthogonalities (it might be worthwhile replacing this with a dynamic
relaxation factor).

8. Use of the Rhie & Chow filter can prove quite problematic in some configurations. However,
before undertaking any work to modify this, it would be worthwhile to first verify its utility by
assessing whether or not it plays a clear and positive role in any of the configurations.
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P- turbke routine

Fonction

Le but de ce sous-programme est de résoudre le systeme des équations de k et € de maniere semi-
couplée.
Le systeme d’équations résolu est le suivant :

k
T div [puk ~(u+ fjtwk] — P+ G pe + kdiv (pu) + T (ks — B)
k

P ot
+aik + 8
B¢ s ’“6 k 2 (IV.P.1)
p— +div |pue — (u+ —=)Ve| =Ce, = [P+ (1 — C¢,)G] — pCe, — + ediv (pu)
ot O k k
+I(e;i —€) + aze + B
P est le terme de production par cisaillement moyen :
Ou; ou; Ou; 2 Ou 2 Ou;
= —pRjj—=—|— J —py=—0;; + =pkdi;| =—
i P Oz a <8xj + 5)@) * SMtB:I;k i 37 ”} Ox;
Ou;  Ouj\ Ou; 2 . 5 2 .
= — —ue(d — —pkd
Ht (835] + &vz) 8J?j SMt( 1VQ) 3p a (@)

o ox dy 0z dy Ox 0z Ox 0z Oy
—%ut(divg)z - gpkdiv (u)
1 p 9p

G est le terme de production par gravité : G = ——— g
p oy Ox;

2
La viscosité turbulente est p; = pCp,—.
€

Les constantes sont :
C,=009:;C,=192;0,=1;0.=1,3
C., =051 G > 0 (stratification instable) et C., = 1 si G < 0 (stratification stable).

dp
I' est un éventuel terme source de masse (tel que ’équation de conservation de masse devienne — +

ot

div (pu) =T). ¢; (p =k ou ¢) est la valeur de ¢ associée a la masse injectée ou retirée. Dans le cas
ou on retire de la masse (I' < 0), on a forcément ¢; = ¢. De méme, quand on injecte de la masse, on
spécifie souvent aussi ¢; = . Dans ces deux cas, le terme disparait de 1’équation. Dans la suite du
document, on qualifiera d’injection forcée les cas ot on a I' > 0 et ¢; # .

ag, Br, ae, Be sont des termes sources utilisateur éventuels, conduisant a une implicitation partielle,
imposés le cas échéant par le sous-programme ustske.

See the programmers reference of the dedicated subroutine for further details.

Discrétisation

La résolution se fait en trois étapes, afin de coupler partiellement les deux variables k et . Pour
simplifier, réécrivons le systeme de la fagon suivante :
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Ok
p— = D(k) + Sk(k,e) + kdiv (pu) + T'(k; — k) + axk + Br
t (IV.P.2)
Por = D(e) + Sc(k,e) + ediv (pu) + T(e; — &) + ace + Be

D est Popérateur de convection/diffusion. Sy (resp. S.) est le terme source de k (resp. ¢).

PREMIERE PHASE : BILAN EXPLICITE

On résout le bilan explicite :

ke — k(™)
pM = = D(k™) + S (™, ™) + k™M div (pu) + T(k; — k™) + ark™ + By

A (IV.P.3)
p(")eTt = D(e™) + S.(k™, ™) 4 eMdiv (pu) + (e — ™) + ace™ + 4.
(le terme en T" n’est pris en compte que dans le cas de U'injection forcée)
DEUXIEME PHASE : COUPLAGE DES TERMES SOURCES
On implicite les termes sources de maniere couplée :
() Kes — K™ (n) () g1 (n) (n)
AL = D(E'"™) + Sk (kis,ers) + B\ div (pu) + T(k; — E') + apk'™ + B (IV.P.4)
_e(n) o
> s g n n . n n
(n) 2t N D(e™) + S.(kis, e15) + e™div (pu) + T(e; — ™) 4+ ae™ + B,
soit (n) (n)
ks — k" ke — k™
P = =y S (ks £s) — Sk(E™) )
At (IV.P.5)
(m&ts =™ _ye =™ +S.(k ) — S(k™, M)
AL =p At e\Fts, Ets € , €

Le terme en div (pu) n’est pas implicité car il est lié au terme D pour assurer que la matrice d’implicitation
sera a diagonale dominante. Le terme en I' et les termes sources utilisateur ne sont pas implicités non
plus, mais ils le seront dans la troisieme phase.

Et on écrit (pour ¢ =k ou )

a5, oS,

Sy (krsyets) — Sp(k™, e = (kyy — kM) 222 + (g4 — ™) =2 (IV.P.6)
k() e(m) e k() ,e(m)
On résout donc finalement le systéeme 2 x 2 :
&,% ,% ()ke—k(”)
At Ok | eom e |pom em (kes — k™) ! At
s ) = .P.
_ ase ﬁ _ 8S€ (ets - g(n)) p(n) e — 5(n) (IV 7)
Ik RCONECO) At de k(n) e(n) At

TROISIEME PHASE : IMPLICITATION DE LA CONVECTION/DIFFUSION
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On résout le systeme :

)k(n+1) — k)

pt" = D(E" V) + S (kes, £0s) + KTV div (pu) + T (k; — K™TY)

At KD 4 g
+ak\" T 4+ By
L) _ (o) 1 1 1 (IV.P.8)
p(")T = D(e™V) + S.(kus, £15) + "V div (pu) + T(e; — D)
+a55(n+1) + B
soit
k(n+1) _ f(n) ks — k(™
) = D) — D) ) B (D — KO div ()
—T(k(nt1) _ f(n) (n+1) _ f(n)
Tk R) + o (R ) v.p)

_ =(n)
= D("D) = D) 4 pM = () — iy (pu)

(@ ) 4 g (o) o)

€D — g
At

o

Le terme en I n’est la encore pris en compte que dans le cas de 'injection forcée. Le terme en « n’est
pris en compte que si « est négatif, pour éviter d’affaiblir la diagonale de la matrice qu’on va inverser.

PRECISIONS SUR LE COUPLAGE
Lors de la phase de couplage, afin de privilégier la stabilité et la réalisabilité du résultat, tous les termes
ne sont pas pris en compte. Plus précisément, on peut écrire :

K2 /. 2
S = pCu= (P +G) — Spkdiv (u) - pe

) Ly 2 (IV.P.10)
S. = pC., Ok (P T(1- 053)9) — Sy pediv (u) — pCly
5 aul 87.Lj 8’1.% 2 . 2
en notant P = <8xj + ami) oz, 3 (divu)
5 1 9p
o= _E Ox;
On a donc en théorie iy L 5
ko k(s 5 2 .
- 20Cyu (P+3) - pdiv (w)
k p—
g — ) (IV.P.11)
. ~ - €
gé = Pc;lcu (P +(1- C€3)g> + PCezﬁ
e _ 4 . _ €
5c = 3Capdiv(y) —2pCc,

En pratique, on va chercher & assurer k;s > 0 et ;5 > 0. En se basant sur un calcul simplifié, ainsi
que sur le retour d’expérience d’ESTET, on montre qu’il est préférable de ne pas prendre en compte
certains termes. Au final, on réalise le couplage suivant :

k. — k™
A A (ks — k™Y [ — A
< Ag1 Agp ) ( (e¢s _5(")) - ﬂ (IV.P.12)

At
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avec
1 RN 2 :
Ay = N QOME(—R)Mm KP + Q) ,0} + gMaX [div (u), 0]
A12 =1
N . £\ 2 (IV.P.13)

Aot = =€y (P4 (1= 02)6) — € ()
A _i+20 Max [div (u), 0] + 2C, e

2= T gla ax |diwv (u), €2 1.(n)

(par définition de C.,, P + (1 — C,)G est toujours positif)

Mise en ceuvre

e Calcul du terme de production
On appelle trois fois grdcel pour calculer les gradients de u, v et w. Au final, on a

TnsTk — 2 ( 2% 2+2 dv 2+2 ow 2+ u , v 2+ Ou | Ow 2+ ov  dw :
N ox Oy 0z Oy Oz 0z Ox 0z Oy
et
prvy = 24 v 0w
COxr Oy Oz
(le terme div(u) n’est pas calculé par divmas, pour correspondre exactement & la trace du tenseur des

déformations qui est calculé pour la production)

e Lecture des termes sources utilisateur
Appel de cs_user_turbulence_source_terms pour charger les termes sources utilisateurs. Ils sont
stockés dans les tableaux suivants :

W7 = QB
w8 = Qf.
DAM = Qay,
W9 = Qa,

Puis on ajoute le terme en (divu)? & TINSTK. On a donc
TINSTK =P

e Calcul du terme de gravité

Calcul uniquement si IGRAKE = 1.

On appelle grdcel pour ROM, avec comme conditions aux limites COEFA = ROMB et COEFB = VISCB = (.
PRDTUR = o, est mis a 1 si on n’a pas de scalaire température.

G est calculé et les termes sources sont mis a jour :
TINSTK=P +¢G
TINSTE = P + Max {QN,O} =P+ (1-0C.,)G

Si IGRAKE = 0, on a simplement
TINSTK = TINSTE = P

e Calcul du terme d’accumulation de masse
On stocke W1 = Qdiv (pu) calculé par divmas (pour correspondre aux termes de convection de la
matrice).

e Calcul des termes sources explicites
On affecte les termes sources explicites de k et & pour la premiere étape.

L2
SMBRK = (ut(P +6) - gp(”)k(")divg - p<”>e<”>> + QkMdiv (pu)
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£(n)

SMBRE = Q—— (C’El (ut(ﬁ +(1-C.,)G) — zp(”)k(")divu) - C’62p(")8(")> + Qe div (pu)

k(n)

soit SMBRK = Q5™ 4+ Qk(™div (pu) et SMBRE = Q5™ + QM div (pu).

e Calcul des termes sources utilisateur

On ajoute les termes sources utilisateur explicites a SMBRK et SMBRE, soit :

SMBRK = QS + Qk(Mdiv (pu) + Qagk™ + QB
SMBRE = QS + QeMdiv (pu) + Qae™ + Q.

Les tableaux W7 et W8 sont libérés, DAM et W9 sont conservés pour étre utilisés dans la troisieme phase

de résolution.

e Calcul des termes de convection/diffusion explicites

bilsc2 est appelé deux fois, pour k et pour ¢, afin d’ajouter & SMBRK et SMBRE les termes de convec-
tion/diffusion explicites D(k(™) et D(™). Ces termes sont d’abord stockés dans W7 et W8, pour étre

conservés et réutilisés dans la troisieme phase de résolution.

e Termes source de masse

Dans le cas d’une injection forcée de matiere, on passe deux fois dans catsma pour ajouter les termes en
QT (k; — k(™) et QT'(; — (™)) & SMBRK et SMBRE. La partie implicite (QI") est stockée dans les variables
W2 et W3, qui seront utilisées lors de la troisieme phase (les deux variables sont bien nécessaires, au cas

oll on aurait une injection forcée sur k et pas sur €, par exemple).

e Fin de la premiére phase
Ceci termine la premiére phase. On a

ke — k(™
SMBRK = Qp(m ¢~
p A
SMBRE = Qp(™ 2~ °
P At

e Phase de couplage
(uniquement si IKECOU = 1)

On renormalise SMBRK et SMBRE qui deviennent les seconds membres du systeéme de couplage.

SMBRK — — - SMBRK — ke — k™
Q) At

SMBRE = LSMBRE = e e
Qp() At

2
et DIVP23 = gMaX [div (w), 0].

On remplit la matrice de couplage

1 K™ 2 .
A1l = Kt 720;,{@1\4111 |:(’P+g) 70:| +§M3X[dlv(ﬂ),0}
A12=1
_ . ()
A21 = —C.,C, (P +(1 - CSS)Q> - Ce, (k<n>)
222 = 1 4 200 Maxdiv (). 0] + 20,
—E‘f‘g e, Max [div (u), 0] + 2 (n)

On inverse le systeme 2 x 2,

DELTK = ks — k(™)
DELTE = g5 — (™

et on récupere :

¢ Fin de la deuxieme phase
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On met a jour les variables SMBRK et SMBRE.

kg — k()

SMBRK = Qp™ 2t~

P Ar

SMBRE = QpmEts — & 7
P At

Dans le cas ol on ne couple pas (IKECOU = 0), ces deux variables gardent la méme valeur qu’a la fin
de la premiere étape.

e Calcul des termes implicites
On retire a SMBRK et SMBRE la partie en convection diffusion au temps n, qui était stockée dans W7 et
w8.

k()

SMBRK = Qp(”)% — QD(E™)
_ )

SMBRE = QpW% — QD(eM)

On calcule les termes implicites, hors convection/diffusion, qui correspondent & la diagonale de la
matrice.

Qpn)
TINSTK = P

— Qdiv (pu) + QT + OMax[—ay, 0]
Qp(™)
TINSTE =

A

— Qdiv (pu) + Q' + OMax[—a, 0]

(T" n’est pris en compte qu’en injection forcée, c’est-a-dire qu’il est forcément positif et ne risque pas
d’affaiblir la diagonale de la matrice).

¢ Résolution finale
On passe alors deux fois dans codits, pour k et &, pour résoudre les équations du type :

TINST x (1) — (™) = D(p("*+1)) + SMBR.

e clipping final
On passe enfin dans la routine clipke pour faire un clipping éventuel de k(1) et g(+1),
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Q- turrij routine

Fonction

Le but de ce sous-programme est de résoudre le systeme des équations des tensions de Reynolds et de
la dissipation € de maniére totalement découplée dans le cadre de I'utilisation du modéle R;; — LRR*
(option ITURB = 30 dans usinil).

Le tenseur symétrique des tensions de Reynolds est noté R. Les composantes de ce tenseur représentent
le moment d’ordre deux de la vitesse : R;; = u;u;. o

Pour chaque composante R;;, on résout :

R,“ . 1
P 815] +div(pu Rij — pNRij) = Pij + Gij + g + dij — ey + Ry div (pu) (IV.Q.1)
+I(R;}" — Rij) + agr,; Rij + Br;

P est le tenseur de production par cisaillement moyen :

81&]' 8u2
ij = = ik ik vV.Q.2
Pij P{RkakarRJkaxJ (IV.Q.2)
g est le tenseur de production par gravité :
1
Gij = [Gij - C3(Gij — 361‘ij1¢):| (IV.Q.3)
avec
3C,
GU _i?t%(rlgj + 7“391)
k= 5Ru (IV.Q.4)
v, 9P
i — vk axk

Dans ce qui précede, k représente I’énergie turbulente?, ¢; la composante de la gravité dans la direction
i, oy le nombre de Prandlt turbulent et C),, C3 des constantes définies dans Tab. Q.1.

® est le terme de corrélations pression-déformation. Il est modélisé avec le terme de dissipation € de
la manieére suivante :

p
ij — e — 30 0ijel = Pija + dijz + dij (IV.Q.5)

Il en résulte :

2
Di; —eij = Gij1 + Dij2 + Dijw — 3P i€ (IV.Q.6)

1a description du SSG est prévue pour une version ultérieure de la documentation
2Les sommations se font sur I'indice I et on applique plus généralement la convention de sommation d’Einstein.
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Le terme ¢;;1 est un terme "lent” de retour a l'isotropie. Il est donné par :

%(RM — gk(sij) (IV.Q.7)

¢z‘j,1 = *pcl 3

Le terme ¢;; 2 est un terme "rapide” d’isotropisation de la production. Il est donné par :
2
Pij2 = —Ca(Pij — 3Pbij) (IV.Q.8)

avec,

1
P - §Pk;k

Le terme ¢;;,., est appelé "terme d’echo de paroi”. Il n’est pas utilisé par défaut dans Code_Saturne,
mais peut étre activé avec IRIJEC = 1. Si y représente la distance a la paroi :

k 3 3 l
Gijw = pCI— | Remninmdij — iRkinknj - 2Rkjnk”i:| f(=)
< 5 5 Y ; (IV.Q.9)
+p CY | Prm 2nknmbi; — §¢ki,2nknj - 2¢kj,2nkni} f(;)

f est une fonction d’amortissement construite pour valoir 1 en paroi et tendre vers 0 en s’éloignant

des parois.
3

k2
La longueur [ représente —, caractéristique de la turbulence. On prend :
€

! ; o075 K :
di; est un terme de diffusion turbulente® qui vaut :
d , k OR;;
dij = Cs=—(p= Rigm ——2 Iv.Q.11
J S 8xk (p€ k axm ) ( Q )

™ |

On notera par la suite A = Cs p — R. Ainsi, d;; = div(AV(R;;)) est une diffusion avec un coefficient

tensoriel.
Le terme de dissipation turbulente ¢ est traité dans ce qui précede avec le terme .
I est le terme source de masse?, R/ est la valeur de R;; associée a la masse injectée ou retirée.

(ag,; Rij+Br,,;) représente le terme source utilisateur (sous-programme cs_user_turbulence_source_terms)
¢éventuel avec une décomposition permettant d’impliciter la partie ag,; i si ag,; > 0.

De méme, on résout une équation de convection/diffusion/termes sources pour la dissipation e. Cette
équation est tres semblable a celle du modele k—e (voir turbke), seuls les termes de viscosité turbulente
et de gravité changent. On résout :

2
. S 9 .
+div [pue — (u¥e)] = de + Cey 1 [P+ Ge] = pCe, 7 + ediv (pu) (IV.Q.12)

. * k
+T(Ee™ —¢e) + ace + B:

de
P o

3Dans la littérature, ce terme contient en général la dissipation par viscosité moléculaire.

4Dans ce cas, I’équation de continuité s’écrit : 8—? + div (pu) =T.



Code_Saturne

EDF R&D Code_Saturne Theory Guide documentation
Page 298/428

Table Q.1: Définition des constantes utilisées.

d. est le terme de diffusion turbulente :

d. = .2 <ka 0c > (IV.Q.13)

P
Oz, \" e " Oxyy,

k
On notera par la suite A’ = pC.—R. Le terme de diffusion turbulente est donc modélisé par :
£ e =

de = div(A'V(e))
La viscosité turbulente usuelle (;) en modele k — € est remplacée par le tenseur visqueux A’.

1
P est le terme de production par cisaillement moyen : P = ipkk' Ce terme est modélisé avec la notion
de viscosité turbulente dans le cadre du modele k£ — . Dans le cas présent, il est calculé a ’aide des
tensions de Reynolds (& partir de P;;).

Ge est le terme de production des effets de gravité pour la variable e.

Ge = mazx(0, %Gkk) (IV.Q.14)

See the programmers reference of the dedicated subroutine for further details.

Discrétisation

La résolution se fait en découplant totalement les tensions de Reynolds entre elles et la dissipation e. On
résout ainsi une équation de convection/diffusion/termes sources pour chaque variable. Les variables
sont résolues dans l'ordre suivant : Ry, Rao, R3s, Ri2, Ri3, Ra3 et €. L’ordre de la résolution n’est
pas important puisque 'on a opté pour une résolution totalement découplée en n’implicitant que les
termes pouvant étre linéarisés par rapport & la variable courante®.

Les équations sont résolues a l'instant n + 1.

Variables tensions de Reynolds

Pour chaque composante R;;, on écrit :
Rin‘H - Rjj .
P div [(w) R -t YRET] = PG
+¢£:?+1 + ¢i7;,2 + ¢2’TJL’,w
+di7;')ni~_l _ gp%"@j + RiTJL_+1diV (pg)n
T (R — R
(IV.Q.15)

u™ est la viscosité moléculaire®.
L’indice (n,n+ 1) est relatif & une semi implicitation des termes (voir ci-dessous). Quand seul l'indice

5En effet, aucune variable n’est actualisée pour la résolution de la suivante.
6La viscosité peut dépendre éventuellement de la température ou d’autres variables.
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(n) est utilisé, il suffit de reprendre 1’expression des termes et de considérer que toutes les variables
sont explicites.

Dans le terme gb?j’ﬁﬂ donné ci-dessous, la tension de Reynolds R;; est implicite (les tensions diagonales

apparaissent aussi dans I’énergie turbulente k). Ainsi :
_ %
3

)R — 0ij5 (K" = SRE) (IV.Q.16)

n,n+1 n En
bijn = —p"Ch T [( 9

Le terme de diffusion turbulente d s’écrit : d;; = div @ZR@]. Le tenseur A est toujours explicite. En
intégrant sur un volume de controle (cellule) €, le terme d de diffusion turbulente de R;; s’écrit :

n,n+1 _ n n
/ﬂz dyj = Z [A" VR Sim (IV.Q.17)

me Vois (1)

4y, €st la normale unitaire a la face” 00y, = 'y de la frontiere 0Q; = U Q.. de Q, face désignée
m

par abus par Im et Sy, sa surface associée.

On décompose A" en partie diagonale D" et extra-diagonale E" :

A"=D"+E"
Ainsi,
[o7] mé Vois(l) tie di 1 (IV Q 8)
partie diagonale Q.1
N
meVois(l)

partie extra-diagonale

La partie extra-diagonale sera prise totalement explicite et interviendra donc dans l’expression re-
groupant les termes purement explicites f*P du second membre de codits.

Pour la partie diagonale, on introduit la composante normale du gradient de la variable principale
R;;. Cette contribution normale sera traitée en implicite pour la variable et interviendra a la fois dans
I’expression de la matrice simplifiée du systeme résolu par codits et dans le second membre traité par
bilsc2. La contribution tangentielle sera, elle, purement explicite et donc prise en compte dans f?
intervenant dans le second membre de codits.

On a:
Comme

@n [(ZRZ] 'ﬂlm> ﬂlmH Ny, = r)/llm (ZRZJ 'le)
avec

Yim = (D11) n21,lm + (D3) n22,lm + (D33) n23,lm

on peut traiter ce terme 7}, comme une diffusion avec un coefficient de diffusion indépendant de la
direction.

"La notion de face purement interne ou de bord n’est pas explicitée ici, pour alléger exposé. Pour étre rigoureux et
homogene avec les notations adoptées, il faudrait distinguer m € Vois(l) et m € ~p(1).
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Finalement, on écrit :

/ ;AR =
Q

+ > [E'VR}],  14,Sim

meVois(l) (IVQ20)
+ Y [D'VRZ], S

meVois(l)
- Z Aﬂllm (szer '@lm) Slm + Z ’yrll?n (ZRZT;Jrl '@lm) Slm

meVois(l) meVois(l)

Les trois premiers termes sont totalement explicites et correspondent a la discrétisation de ’opérateur
continu :

div(E" VR) +div (D" [VR — (VR .n)n])
en omettant la notion de face.
Le dernier terme est implicite relativement a la variable R;; et correspond a I'opérateur continu :

div (D" (VR .n)n)

Variable ¢

On résout I’équation de e de facon analogue a celle de R;;.

€n+1 _n

n . IS + diV((pQ)n5n+1) —div (:U'n ygn-‘rl) _ d::z,n-H

g At L ( n)2
€
+Ce, — [P" + G| - p”O@?
+e™t div (pu)"
+T (g™ — ™) 4 ale™t 4 g7
(IV.Q.21)

Le terme de diffusion turbulente d/»"*7 est traité comme celui des variables R;; et s’écrit :
a2t = div [A" Vet
Le tenseur A’ est toujours explicite. On le décompose en une partie diagonale D' " et une partie

extra-diagonale E":

A/n:gn+£n

Ainsi :

/ drttde = Y [E"VE"] 1y, Sim

& me Vois(1)

+ Y [D'Ve], S — X 0, (V" ny,) Sim (IV.Q.22)
meVois(l) meVois(l)
+ Z 777m (ZE”H -le) Slm
meVois(l)

avec :

On peut traiter ce terme 77, comme une diffusion avec un coeflicient de diffusion indépendant de la
direction.
Les trois premiers termes sont totalement explicites et correspondent a 'opérateur :

div(E'"e™) +div(D " [Ve™ — (Ve™. n)n])

en omettant la notion de face.
Le dernier terme est implicite relativement a la variable € et correspond a ’opérateur :

div (D" (Ve™'.n)n)
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Mise en ceuvre

La numéro de la phase traitée fait partie des arguments de turrij. On omettra volontairement de le
préciser dans ce qui suit, on indiquera par () la notion de tableau s’y rattachant.

e Calcul des termes de production P

* Initialisation a zéro du tableau PRODUC dimensionné & NCEL X 6.

* On appelle trois fois grdcel pour calculer les gradients des composantes de la vitesse u, v et w

prises au temps n.
Au final, on a :

PRODUC(1,IEL) =
PRODUC(2,IEL) =
PRODUC(3,IEL) =

PRODUC (4, IEL) =

PRODUC (5, IEL) =

PRODUC(6,IEL) =

-2 Rﬁgﬂ-Rlﬂgaauin-l-Rﬁ;%
—2 R128; +R228;n +RQ388 .
-2 R138;U +R23a;” +R338g“—;

= RIQ?JFRQQ‘?;; +Rggag—"

- Rllaav "@JFR{;,%’;

ou™ ou™ ou™

*3136 +R238 +R338z

aw n aw n aw n
Ry —— or + Riy—— Y + Ri B
[, ovn 311” n OV
|y Y Ra]
ow™ aw ow
R12 or + Rgy—— ay + Ry —— B

(production de R{})

(production de Rg)

(production de Rgj)

(production de R{})
} (production de R{Y)

} (production de RJj)

e Calcul du gradient de la masse volumique p" prise au début du pas de temps courant®

(n+1)

Ce calcul n’a lieu que si les termes de gravité doivent étre pris en compte (IGRARI() = 1).

* Appel de grdcel pour calculer le gradient de p™ dans les trois directions de I’espace. Les con-

ditions aux limites sur p”
bord ik (variable IFAC) est connue et vaut py,, .

forme habituelle,

on pose alors COEFA =

On a donc :
op"

GRAROX = —— |
ox

sont des conditions de Dirichlet puisque la valeur de p" aux faces de
Pour écrire les conditions aux limites sous la

b, = COEFA + COEFB p',

PROPCE(IFAC,IPPROB(IROM)) et COEFB = VISCB = 0.
PROPCE(1,IPPROB(IROM)) (resp.VISCB) est utilisé en lieu et place de 'habituel COEFA (COEFB),
lors de I'appel a grdcel.

ap”